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Abstract—In this paper, we propose eigendecompositionprecoded faster-than-Nyquist (FTN) signaling with power allocation in a frequency-selective fading channel. More specifically,
we derive mutual information associated with the proposed FTN
signaling. Then, the optimal power coefficients are calculated
such that the derived mutual information is maximized. Our
analytical performance results show that the proposed FTN
signaling scheme achieves a higher information rate than the
conventional FTN signaling scheme without relying on power
allocation and the classic Nyquist-based signaling scheme, under
the assumption that all the schemes employ a root-raised cosine
shaping filter. Moreover, our numerical simulation results of
the bit error ratio performance and the power spectral density
demonstrate that the proposed FTN scheme outperforms the
conventional Nyquist-based signaling scheme without sacrificing
any bandwidth broadening.
Index Terms—Faster-than-Nyquist signaling, Nyquist criterion, eigenvalue decomposition, frequency-selective channel,
information-theoretic analysis, capacity, information rate, power
allocation.

I. I NTRODUCTION
The classic Nyquist criterion has played an essential role in
bandlimited communication systems, having finite bandwidth
2W Hz, since it achieves intersymbol interference (ISI)-free
information transmission. In the Nyquist criterion, a minimum
symbol interval is limited to T0 = 1/(2W ) [s], and hence
the achievable symbol rate is upper-bounded by 1/T0 . To
overcome this limitation, the concept of faster-than-Nyquist
(FTN) signaling has been studied [1, 2]. In FTN signaling,
a symbol interval is defined by T = τ T0 (0 < τ ≤ 1),
where τ is a symbol’s packing ratio. Therefore, FTN signaling has the potential of achieving a higher transmission
rate than the conventional Nyquist-based ISI-free counterpart
without imposing any extra bandwidth. Several properties of
FTN signaling have been revealed in the literature [1, 3–10].
In [1], it was shown that the minimum Euclidean distance
(MED) of FTN signaling is the same as that of Nyquist-based
signaling for τ ≥ 0.802 under the assumption of the ideal
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rectangular shaping filter (sinc pulse). In [3], the capacity of
FTN signaling was derived for the first time, where the use
of a root raised-cosine (RRC) shaping filter having a roll-off
factor β was assumed. It was revealed that FTN signaling
achieves a higher capacity than the conventional Nyquist-based
counterpart employing the same RRC shaping filter, owing to
the exploitation of the excess bandwidth. In [5], an achievable
information rate of FTN signaling for a finite block-length was
analyzed.
Furthermore, information-theoretic analysis of precoded
FTN signaling was carried out based on the matrix factorization [7–10]. In [7], the capacity of eigenvalue decomposition (EVD)-precoded FTN signaling was derived based on
the eigenvalue distribution analysis of an FTN-induced ISI
matrix. The capacity derived in [7] coincided with that of
[3]. In [8], power allocation was introduced in EVD-precoded
FTN signaling, where the power allocation coefficients were
optimized such that the mutual information of EVD-precoded
FTN signaling is maximized, based on the Lagrange multiplier method. The EVD-precoded FTN signaling scheme
with optimal power allocation achieves a higher capacity
than unprecoded FTN signaling and Nyquist-based signaling
counterparts. However, the FTN-induced ISI matrix typically
includes significantly low eigenvalues for a small packing
ratio in the range of τ < 1/(1 + β), while optimal power
allocation proposed in [8] made an idealistic assumption that
such very low eigenvalues are precisely computed. Since
it is challenging to compute significantly low eigenvalues
accurately, truncated power allocation was further proposed
in [8], where substreams associated with significantly low
eigenvalues were deactivated. Moreover, in [9], it was revealed
that in EVD-precoded FTN signaling with power allocation,
there exists a tradeoff between the achievable information rate
and the calculation precision of the floating-point arithmetic
employed. More specifically, higher calculation precision leads
to a higher information rate since the number of activated
substreams increases. However, in the previous informationtheoretic studies [7–11], the simplified additive white Gaussian
noise (AWGN) and frequency-flat channels were assumed, and
a more realistic frequency-selective fading channel has not
been considered.
The novel contributions of this paper are as follows. Moti-

vated by the conventional precoded FTN signaling [8], EVDprecoded FTN signaling with power allocation is proposed
in the scenario of a frequency-selective fading channel. More
specifically, we derive mutual information of FTN signaling
for a frequency-selective fading channel, and then the design
guideline of the optimal power coefficients are provided such
that the derived mutual information is maximized. Analytical
performance results show that the proposed FTN signaling
scheme achieves a higher information rate than the FTN
signaling scheme without relying on power allocation and the
classic Nyquist-based signaling scheme under the assumption
that the same RRC shaping filter is employed in each scheme.
More specifically, the proposed FTN scheme achieves the
information rate close to the performance upper bound of
Nyquist signaling with an idealistic rectangular shaping filter
while employing a practical RRC shaping filter.

First, we introduce the system model of linearly-precoded
FTN signaling for the frequency-selective fading channel.
At the transmitter, information bits are modulated onto N length complex-valued symbols s = [s0 , · · · , sN −1 ]T ∈ CN ,
which has E[|sn |2 ] = σs2 (n = 0, · · · , N − 1), where E[·]
denotes the expectation operation. Note that we consider the
block transmission and the effects of inter-block interference
(IBI) are ignored similar to most previous FTN studies. Then,
the modulated symbols s are precoded by a linear-precoding
matrix of P ∈ CN ×N as follows:
(1)
(2)

The precoded symbols x are passed through the RRC shaping
filter
∫ ∞ h(t) 2having a roll-off factor β and a unit energy of
|h(t)| dt = 1. Then, the bandlimited signal is transmitted
−∞
with an FTN-specific symbol interval T = τ T0 . The transmit
FTN signal x(t) is expressed by
∑
x(t) =
xn h(t − nT ).
(3)
n

In an L-tap frequency-selective fading channel, the received
FTN signal after passing through a matched filter h∗ (−t) at
the receiver is given by [12–15]
r(t) =

L−1
∑∑
l=0

where

hl xn g(t − (l + n)T ) + η(t),

(4)

g(t) =
∫
η(t) =

∞

−∞
∞

−∞

h(ζ)h∗ (ζ − t)dζ
∗

n(ζ)h (ζ − t)dζ.

(7)
(8)

where the noise components η = [η(0), · · · , η((N − 1)T )]T
have an FTN-specific correlation of E[ηη H ] = N0 G [3], and
G ∈ RN ×N is a Toeplitz matrix whose first column is given
by [g(0), g(T ), · · · , g((N − 1)T )]T . Additionally, the kth-row
and mth-column element of the ISI matrix Gh ∈ CN ×N ,
which includes both the effects of the FTN-induced ISI and
the dispersive channel, is given by
L−1
∑

hl g(kT − (m + l)T ).

(9)

The weight matrix W is multiplied by the received block r
of (8) as follows:
rd = Wr
= WGh x + Wη.

(10)
(11)

The average transmit energy per block is calculated by [8]
[∫ ∞
]
(12)
EN = E
|x(t)|2 dt
−∞
[
]
∑∑
∗
=E
xk xm g((k − m)T )
(13)
m

[ k
]
= E xH Gx
[
]
= E sH PH GPs .

(14)
(15)

If P = IN , the average transmit energy becomes EN = N σs2 ,
where IN is the (N × N )-sized identity matrix [8]. Hence, the
precoding matrix P has to be designed such that EN = N σs2
is satisfied. Note that based on EVD, the FTN-induced ISI
matrix G is factorized into [7, 16]
G = VΛVT ,

(16)

where V ∈ RN ×N is an orthogonal matrix. Moreover,
Λ ∈ RN ×N is a diagonal matrix having the diagonal entry
of λ0 , · · · , λN −1 , i.e., Λ = diag[λ0 , · · · , λN −1 ], which are in
descending order.
B. Mutual Information
Mutual information between the received block r and the
transmit symbols x is calculated by

n

∫

= Gh x + η,

l=0
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r = [r0 , · · · , rN −1 ]T ∈ CN

Gh (k, m) =
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x = [x0 , · · · , xN −1 ]T ∈ CN

mean and a spectral density of N0 . Furthermore, hl (l =
0, · · · , L − 1) represent the channel coefficients.
Moreover, by defining the kth received sample rk =
r(kT ) (k = 0, · · · , N − 1), the received sample block is
expressed by

(5)
(6)

Here, n(t) is a complex-valued AWGN, represented by a
complex-valued white Gaussian random process with a zero

I(x; r) = he (r) − he (r|x)
= he (r) − he (η),

(17)
(18)

where he (·) represents a differential entropy. The upper bounds of the differential
entropies of) r and η are
(
given( by he (r) ≤ log2) (πe)N E[rrH ] det and he (η) ≤
log2 (πe)N E[ηη H ] det [17], where | · |det denotes the

determinant operation. For an instantaneous fading channel,
the covariance matrix E[rrH ] is given by
E[rr ] = E[(Gh x + η)(Gh x + η) ]

(19)

= Gh Rx GH
h + N0 G,

(20)

H

H

maintaining the power constraint, let us consider
UH Rx U = σs2 Γ

Gh Rx GH
h + N0 G det
|N0 G|det
1
−1
= log2 IN +
Gh Rx GH
h G
N0
|A|−1
det

(21)

Λ

Here, (32) is achievable when we set the precoding matrix
P = UΓ 2 ,

det

which provides the precoded symbols of x = UΓ s. With
(32), the mutual information (30) is upper-bounded by
I(x; y) ≤ log2 IN +

(23)
T

V .

=

(24)

N
−1
∑
k=0

With (24), (22) is modified to
1
−1 T
Gh Rx GH
V
h VΛ
N0
det
1
T
H
− 12 − 12
= log2 IN +
Rx Gh VΛ Λ V Gh
N0
1
,
= log2 IN +
Rx DH D
N0
det

I(x; r) ≤ log2 IN +

(25)
(26)
det

1
σs2 1
Ξ 2 ΓΞ 2
N0

(
)
σ2
log2 1 + s γk ξk .
N0

= E[tr{xH Gx}]

(27)

= E[tr{Gxx }]

(39)
1
2

= tr{GUΓ E[ss ]Γ U }

D = Λ− 2 VT Gh .
1

(28)

Note that the relationship of |IN + AB|det = |IN + BA|det is
used for the modification from (25) to (26). Based on EVD,
the matrix DH D in (27) is factorized into DH D = UΞUH ,
where U ∈ CN ×N is an orthogonal matrix, and Ξ ∈ RN ×N
is a diagonal matrix having N descending-order eigenvalues
of ξ0 , · · · , ξN −1 . Hence, (27) is further modified to
I(x; r) ≤ log2 IN +

=
=

H

H

σs2 tr{ΓΦ}
N
−1
∑
2
σs
γk ϕk ,

(40)
(41)
(42)

k=0

where Φ = UH GU, and ϕk represents the kth diagonal
element of Φ. Also, tr{·} represents the trace operation.
Hence, with the relationship of EN = N σs2 and (42), we have
the energy constraint of

(29)
.

(36)

(38)

H

1
2

1
2

(35)
det

Note that Γ has to satisfy the energy constraint of EN =
N σs2 . More specifically, From (14), the transmit energy per
1
block for the precoded symbols of x = UΓ 2 s is calculated
by
[
]
EN = E xH Gx
(37)

where

1
Rx UΞUH
N0
det
1
1 1 H
= log2 IN +
Ξ 2 U Rx UΞ 2
N0

(34)
1
2

G−1 = VΛ−1 VT
= VΛ

(33)

as

(22)

−1

− 12

Γ = diag[γ0 , · · · , γN −1 ] ∈ RN ×N .

1

,

where the relationship of
= |A |det is used. Furthermore, since G is positive-definite for the finite block length
N [7], we have the relationship of
− 12

(32)

where we have a real-valued diagonal matrix of

where we have Rx = E[xxH ]. Hence, the mutual information
I(x; r) is upper-bounded as follows:
I(x; r) ≤ log2

(31)

Rx = σs2 UΓUH ,

N
−1
∑

(30)

γk ϕk = N.

(43)

k=0

det
1

Note
that 1the matrix of Ξ UH Rx UΞ 2
=
1
1
1
2
(Rx UΞ 2 )H Rx2 UΞ 2 in (30) is a positive semi-definite
Hermitian matrix.

According to Hadamard’s inequality, the determinant of an
(N × N )-sized positive semi-definite
∏N −1 Hermitian matrix C is
upper-bounded by |C|det ≤ k=0 C(k, k) [17, 18], where
C(k, k) denotes the kth diagonal entry of C. The equality
holds if and only if C is a diagonal matrix. Hence, the
1
1
mutual information (30) is maximized when Ξ 2 UH Rx UΞ 2
H
becomes a diagonal matrix, i.e., when U Rx U becomes a
diagonal matrix. To satisfy this diagonal relationship while

C. Optimal Power Allocation
In this section, we derive the optimal coefficients γk that
maximize the mutual information (36), based on the Lagrange
multiplier method.
The Lagrange function is formulated as follows:
(N −1
)
)
(
N
−1
∑
∑
σs2
J=
γk ξk − α
log2 1 +
γk ϕk − N ,
N0
k=0

k=0

(44)
where the first term represents mutual information of (36) and
the second term corresponds to the energy constraint of (43).
Also, α is the Lagrange multiplier. In order to optimize the

coefficients γk , the following problem is solved [8]:

Then, the optimal coefficients γk are given by
(
)
1
N0
γk = max
−
,
0
,
αϕk ln 2 ξk σs2

7

(45)

(46)

which is calculated in the same manner as the classic waterfilling algorithm for the singular-value decomposition based
multiple-input multiple-output scheme [19].
By normalizing (36) by the block duration of N τ T0 [3, 4,
7], the information rate of EVD-precoded FTN signaling with
optimal power allocation is given by
)
(
N −1
1 ∑
σs2
γk ξk
[bits/sec], (47)
R=
log2 1 +
N τ T0
N0
k=0

Normalized information rate [bps/Hz]

∂J
= 0, subject to γk ≥ 0.
∂γk
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where γk is determined according to (46).1 Furthermore, by
assuming an infinite block length, the associated capacity is
given as follows [21]:2
(
)
N −1
1 ∑
σ2
FTN
Copt
= lim
log2 1 + s γk ξk .
N →∞ N τ T0
N0
k=0
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Fig. 1. Normalized information rate of the proposed FTN signaling scheme.
The roll-off factor was set to β = 0.25, while the symbol’s packing ratio was
given by τ = 0.9 and 0.8. The block size and the delay spread were set to
N = 1000 and L = 20, respectively.

(48)
In (48), it is assumed that the optimal coefficients γk can be
calculated for N → ∞ and that the packing ratio is in the
range of τ ≥ 1/(1 + β).
D. Detection Algorithm
In this section, we present the detection algorithm for the
proposed FTN signaling scheme with optimal power alloca1
tion. Let the weight matrix be W = UH DH Λ− 2 VT , and
then, the weighed received block rd is given by
1

rd = Wy = UH DH DUΓ 2 s + ηw
1
2

= ΞΓ s + ηw ,

(49)
(50)

where we have ηw = Wη. Moreover, the correlation matrix
of ηw is calculated by
H
E[ηw ηw
] = WE[ηη H ]WH

(51)

= N0 Ξ.

(52)

As seen from (50) and (52), the received block is diagonalized
and regarded as the N independent parallel substreams, while
the associated noise components are whitened. Hence, the
received symbols are demodulated in a symbol-by-symbol
manner.
The proposed FTN signaling transceiver has to calculate
the matrix DH D, the EVD of DH D, the precoding matrix
1 We describe the metric (47) as the information rate to distinguish from
the rigorous capacity that assumes the infinite block length (N → ∞). We
exploit (47) as the performance metric in Section III. To rigorously evaluate
the achievable information rate for a given finite block size N , the penalty
caused by the non-zero block error should be taken into account [5, 20].
2 In [21], the coefficients similar to (46) were derived, while any analytical
and numerical performance results were not provided.

P, the weight matrix W, and the optimized coefficients γk .3
Furthermore, these calculations have to be updated in each
coherence time. However, the aim of this paper is to determine
the achievable performance upper bound of FTN signaling
in a frequency-selective fading channel. To develop lowcomplexity detection of the proposed FTN signaling scheme
is left for future studies.
E. Implementable Packing Ratio Range
As mentioned in Sections II-B, II-C, and II-D, the calculations of the inverse matrix G−1 = VΛ−1 VT are needed
in the proposed FTN signaling scheme. The ISI matrix G
is positive definite and its inverse exists for a finite block
length N [7, 10]. However, for τ < 1/(1 + β), the part of
the eigenvalues λk become significantly low. Since it is a
challenging task to precisely compute such a low eigenvalue in
the standard floating-point arithmetic, truncation of substreams
may have to be invoked in order to accurately implement the
proposed FTN signaling scheme for a low symbol’s packing
ratio τ [8]. However, when τ ≥ 1/(1 + β), the ISI matrix G
does not include significantly low eigenvalues, and its inverse
is accurately calculated [10]. To avoid this problem, we limit
the packing ratio in the range of 1/(1+β) ≤ τ ≤ 1 throughout
the paper.
III. I NFORMATION R ATE R ESULTS
Fig. 1 shows the information rate normalized by the associated bandwidth 2W (1 + β) for the proposed FTN signaling
3 The inverse matrix G−1 is calculated offline, since the ISI matrix G is
uniquely determined by τ and β [8].
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was set to P = U, i.e., Γ = IN . The roll-off factor was
set to β = 0.25, while the symbol’s packing ratio was set
to τ = 0.9 and 0.8(= 1/(1 + β)). Moreover, we employed
the block size of N = 1000, and the delay spread was set
to L = 20. For comparison, we considered the Nyquistbased signaling (τ = 1) with and without power allocation,
employing the RRC filter having β = 0.25 and the idealistic
rectangular shaping filter (β = 0) as the benchmarks. Observe
in Fig. 1 that the proposed FTN signaling scheme with power
allocation outperformed other benchmark schemes, employing
the RRC shaping filter. Additionally, the proposed scheme with
power allocation achieved the information rate close to the
rectangular-filter bound (β = 0).

Maximum achievable
limit for 3 [bps/Hz]
10-3

IV. S IMULATION R ESULTS
We consider the channel-encoded system model of our
proposed FTN signaling transceiver, employing the threestage serially-concatenated turbo coding architecture [22]. At
the transmitter, information bits are encoded by the half-rate
recursive systematic coding (RSC) encoder. The RSC-encoded
bits are interleaved by the first interleaver Π1 . Then, the
interleaved bits are encoded by the unity rate coding (URC)
encoder [23], and the URC-encoded bits are interleaved by the
second interleaver Π2 .
In the proposed scheme, the part of symbols are deactivated
for maximizing the achievable information rate, according
to (46). Furthermore, we introduce the concept of bit loading per symbol, where binary phase-shift keying (BPSK),
quadrature PSK (QPSK), 16–quadrature amplitude modulation
(QAM), 64–QAM, 256–QAM, and 1024–QAM schemes were
assigned onto each activated symbols in order to achieve a
target transmission rate [8]. The transmission rate Rt of the
proposed FTN signaling scheme is defined by
Rt =

N
−1
∑
1
1
1
·
·
bk bps/Hz,
·
2 2W (1 + β) N τ T0

(53)

k=0

where the coefficient 1/2 corresponds to the rate loss due to
the half-rate RSC encoder, while bk represents the number of
bits assigned onto the kth symbol.
The received sample block is decoded in an iterative manner
between the three soft decoders. At the log-likelihood ratio
(LLR) calculator, the LLR of each symbol is calculated based
on the received sample and the extrinsic information fed back
from the URC decoder. The LLR is easily calculated since
the received sample is diagonalized and the associated noise
is whitened. The number of outer iterations between the URC
decoder and the RSC decoder is denoted by Iout , while the
number of inner iterations between the URC decoder and the
LLR calculator block is denoted by Iin . We employed the halfrate RSC code with the constraint length of two and the octal
generator polynomials of (3, 2). The number of outer iterations
and that of inner iterations were set to Iout = 40 and Iin = 2,
respectively. The block length was set to N = 1000, while the
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Fig. 2. BER performance of the proposed three-stage turbo-coded FTN
signaling system. The roll-off factor was fixed to β = 0.25, while the
symbol’s packing ratio was given by τ = 1, 0.9, and 0.8.

interleaver length was set to 200000 bits.4 We considered the
target transmission rates of Rt = 1 and 3 bits/s/Hz. The delay
spread was given by L = 20.
Fig. 2 shows the bit error ratio (BER) performance of the
proposed FTN signaling scheme. The roll-off factor was fixed
to β = 0.25, while the symbol’s packing ratio was given by
τ = 0.9 and 0.8. We plotted the BER performance of Nyquistbased signaling (τ = 1) with the RRC filter having the rolloff factor β = 0.25 and that of the idealistic rectangular filter
(β = 0). Furthermore, the maximum achievable limit, corresponding to each BER curve, was plotted, which represents
the bound calculated based on the information rate of (47).
Observe in Fig. 2 that in each transmission rate scenario, the
proposed FTN signaling with τ = 0.8 exhibited a better BER
performance than that of τ = 0.9 and the Nyquist signaling
benchmark with the same RRC filter. For the target rate of
3 bps/Hz, the gap between the proposed FTN scheme with
τ = 0.8 and the Nyquist signaling with the rectangular shaping
filter was as low as 0.4 dB.
Fig. 3 shows the power spectral density (PSD) of the
proposed FTN signaling scheme with optimal power allocation, where the SNR of 10 dB and the delay spread of
L = 20 were considered. Moreover, the block length was
set to N = 1000, while sampling over the sufficiently-long
4 In order to characterize the achievable performance bound, we ignored the
effects of IBI similar to the previous studies of FTN signaling. The 200000
bits were divided into multiple blocks, and each block was independently
precoded and transmitted.
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Fig. 3. PSD of the proposed FTN signaling scheme with optimal power
allocation. The roll-off factor was fixed to β = 0.25, while the packing ratio
was given by τ = 0.86, 0.84, 0.82, and 0.8. We considered the SNR of 10
dB and the delay spread of L = 20.

time interval [−100T0 , N T0 + 100T0 ]. The roll-off factor was
maintained to be β = 0.25. The packing ratio was given by
τ = 0.86, 0.84, 0.82, and 0.8. For comparison, the PSD of
Nyquist-based signaling with optimal power allocation was
also plotted. As shown in Fig. 3, the PSD of the proposed FTN
scheme sharply dropped at the frequency of W (1+β) = 0.625
Hz, irrespective of the τ value. Although the spectral side-lobe
level slightly increased upon decreasing τ , it was sufficiently
low in each τ scenario. Hence, the proposed FTN signaling
scheme does not suffer from the effects of bandwidth broadening.
V. C ONCLUSIONS
In this paper, we proposed the novel EVD-precoded
FTN signaling scheme with optimal power allocation for
a frequency-selective fading channel. We formulated mutual
information of the proposed FTN signaling scheme, while
optimizing the power allocation coefficients in terms of the
derived mutual information. We showed that the proposed
FTN signaling scheme achieved the information rate close to
the bound of Nyquist signaling with the idealistic rectangular
shaping filter. Moreover, our simulation results of the BER
performance demonstrated that the proposed FTN signaling
scheme with optimal power allocation outperforms the conventional FTN signaling scheme without power allocation and the
classic Nyquist signaling scheme with the same RRC shaping
filter, which is achieved without suffering from any bandwidth
broadening.
ACKNOWLEDGEMENT
This work was supported in part by the Japan Society for
the Promotion of Science (JSPS) KAKENHI (Grant Numbers
16KK0120, 17H03259, 17K18871, 20K22410), and in part by
the Japan Science and Technology Agency (JST) Precursory

[1] J. E. Mazo, “Faster-than-Nyquist signaling,” The Bell System Technical
Journal, vol. 54, no. 8, pp. 1451–1462, Oct. 1975.
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