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Abstract—Artificial Intelligence (AI) models can learn from
data and make decisions without any human intervention.
However, the deployment of such models is challenging and
risky because we do not know how the internal decisionmaking is happening in these models. Especially, the high-risk
decisions such as medical diagnosis or automated navigation
demand explainability and verification of the decision making
process in AI algorithms. This research paper aims to explain
Artificial Intelligence (AI) models by discretizing the black-box
process model of deep neural networks using partial
differential equations. The PDEs based deterministic models
would minimize the time and computational cost of the
decision-making process and reduce the chances of uncertainty
that make the prediction more trustworthy.
Keywords: Artificial Intelligence, Deep Neural Networks, Partial
differential equations, Discretization.

I.

INTRODUCTION

Deep learning is a subset of machine learning that learns
from big data and uses more hidden layers than the classical
architecture of the neural networks. With the aid of
hundreds to thousands of iterations, deep learning classifiers
can give an accurate decision, albeit without knowing the
learning path, which is basically an audit trail of the
decision-making process. We cannot trust the outcomes of
these models if we do not know the process they follow to
make predictions. We need to understand, analyse, and
interpret the deep learning models to improve trust and
confidence in them so that we can reliably exploit them for
extracting and processing complex information [1].
There are three approaches to explain or interpret the
black-box AI models, namely, Model-Explanation (globalinterpretation), Outcomes-Explanation (local interpretation),
and Model-Inspection (visual-interpretation). Simple and
modest size models can be explained by decision trees and
decision rules. However, it is hard to explain the deep neural
networks by using these approaches [2]. By highlighting the
salient parts of input images, the authors in [3] explain the
outcomes of the black-box model. The visual explanation
can be generated with the aid of an attention mechanism and
this explanation provides direction for textual justification
[4].
The continuous interpretation of deep neural networks has
been recently discussed in [5,6,7], where the researchers

connect the different architectures (PolyNet, FractalNet,
RevNet) with the approximation methods (backward Euler,
Runge-Kutta, forward Euler) of ordinary differential
equations. Due to the limited availability of memory, the
authors in [8,9] offer stable and reversible networks. The
reversible architectures in neural networks allow us to
reconstruct activations from the input layer to the output
layer and vice versa [10] also, to train a deep architecture
with minimal memory storage.
As a powerful modelling tool, partial differential
equations (PDEs) interpret many image processing tasks
such as denoising, image segmentation. With the help of a
strong and well- established theoretical approach of PDEs,
[11] proposed three architectures to interpret the deep
architecture of one of the variants of convolutional neural
networks (CNNs) known as the residual neural network
(ResNet). Our aim is to establish a bridge between the
residual neural network (ResNet) and discretized PDE that
explains the ResNet more accurately with the aid of more
stable approximate methods.
II.

RESEARCH PROBLEM

Existing approaches emphasize the local and visual
explanation of the black-box model consisting of deep
neural networks. However, due to the complex
architectures, these networks are still facing the challenge of
complete or global explanation. We aim to globally explain
the black-box in the AI models by using deterministic
models such as PDEs. Consequently, whenever an error
occurs, instead of unfolding all the neural network, this
deterministic model will identify the issue by observing the
parameters in a PDE, improve it with less trial and error,
and quickly fix the issues leading to reliable and trustworthy
decisions.
In the recent past, partial differential equations (PDEs)
have been widely used for the modelling of many complex
physical phenomena, thus as a powerful mathematical tool,
PDEs can provide a transparent model that mimics the
black-box model and explains it at the global level. To
accomplish the real-life and scientific problems, PDEs
approximate their solution by choosing a suitable
approximation method, such as the finite difference method,
finite element method.

III.

PROPOSED AND PLANNED WORK

To explain the black-box model containing deep neural
architectures, a novel approach has been proposed, where
we will discretize the deep neural network (DNN) using the
mathematical model such as Partial differential equations
(PDEs). A combination of a suitable approximation method
and the well-established theory of PDEs with the
coefficient’s values and initial constraints would help us to
explain the deep architectures of the neural network and
make AI models trustworthy. PDEs can solve the existing
gaps as follows:
 The partial derivatives can keep one variable constant
to check the impact of other variables on the system.
This would help to identify the more significant
neurons of deep neural networks that contribute to
predictions.
 The discretization techniques transfer the continuous
domain of PDEs into discrete parts. As a result, the
complex non-linear PDE appears as a simple set of
linear algebraic equations or ordinary differential
equations.
 Lastly, we can choose the appropriate approximation
methods such as the finite difference method and finite
element method for the resultant equations for the
ultimate explanation and interpretation of the deep
architecture of neural networks.
Hence, PDEs based deterministic models reduce the
chances of uncertainty and make the prediction more
trustworthy as these models give the same results for
specific data sets, no matter how many times we compute it.
To address the black-box model explanation problem we
will
 Discretize the deep neural networks (DNN) using
mathematical models such as Partial differential
equations (PDEs).
 Tune the parameters such as weights, learning rate and,
activation function during the training of DNN that
would enable us to design a set of partial differential
equations (PDEs) that can accurately represent the
functionality of the original DNN.
 Apply the proposed system of PDEs on DNNs to
optimize their functionality and to explain the behavior
of the deep neural network.
 Validate the accuracy and transparency of the proposed
explainable AI model by comparing its functionality
against the original DNN.
IV.

with the operator ∇ to get the Laplacian operator to get the
following heat equation.
(1)
The architecture of the deep ResNet has already been
interpreted by constructing a stable network such as the
Hamiltonian network and leapfrog network [7] by using the
explicit approximate method with good accuracy, however,
we want to improve the accuracy level with unconditional
stability while explaining the deep architecture of ResNet.
We propose the architectures by connecting the deep
ResNet with the discretized heat equation through the
implicit and Crank-Nicolson approximation methods as
these approximation methods are unconditionally stable
with higher accuracy as compared to the explicit method.
The implicit method uses the backward difference at the
time
and central difference for space variable at . On
the other hand, the Crank-Nicolson method is an average of
the explicit method and implicit method [13]. Although, the
Crank- Nicolson method has become more useful after the
approximating Black Scholes equation, but originally, this
method was first applied to heat equation to get an
approximate solution by approximating derivatives in time
and space . As can be seen below, the discretized heat
equation by the Implicit (equation 2) and Crank-Nicolson
(equation 3) methods resembles the simple ResNet
architecture.
(2)
(3)
TABLE I: COMPARISON OF FINITE-DIFFERENCE METHODS
Explicit method

Implicit method

Easy
implementation
Order of accuracy:
(

Complex
implementation
Order of accuracy:
(

Crank-Nicolson
scheme
Complex
implementation
Order of accuracy:
(
)

Conditional stability

Unconditional stability

Unconditional stability

From Table I, one can say that an explicit method is easy
to implement but this approach is conditionally stable with
low accuracy. On the other side, the Crank-Nicolson and
implicit methods are unconditionally stable and also provide
a more accurate numerical solution as compared to the
explicit method.
V.

PRELIMINARY WORK

At the initial stage of this research, we exploit a simple
ResNet architecture as an initial value problem (IVP) with a
set of hyperparameters [11][12]. The assumptions on the
convolutional operators (
normalization
layer
) and activation function
connect
the deep ResNet architecture to a parabolic PDE known as
heat equation. Also, we replace the convolutional operator

CONCLUSIONS AND FUTURE DIRECTIONS

As a conclusion, the aims of this work are
to connect the deep neural network with the partial
differential equation such as heat equation.
 to develop the unconditional stable architectures via
numerical discretization techniques that offer the best
and more accurate way to explain the deep neural
architectures.




to provide a better and strong interpretation of deep
neural networks through the deterministic models.
To validate the proposed approach, we would evaluate our
proposed architectures on three classical benchmarks, SLT10, CIFAR10, and CIFAR-100, and compare against the
results mentioned in Ruthotto’s paper. Our aim with this
numerical comparison would be achieving better accuracy
along with the stability advantage. In addition to improved
accuracy, we would provide a trustworthy and more reliable
explanation of the deep ResNet architecture.
In future, we will like to implement the proposed system
using the data that is stored in federated and distributed
architectures so that we can learn and inference in almost
real-time. This will lead to a high-performance analytics
system and will build upon our previous work that has been
reported in [14][15][16]. In addition, we will run the
proposed algorithms as a set of workflows [17] that can
make use of the cloud and distributed infrastructures leading
to auditable and verifiable systems similar to the one
reported in [18].
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