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The Associative Multifractal Process: A Novel
Model for Computer Network Traffic Flows
G. Millán, Member, IEEE, G. Lefranc, Senior Member, IEEE, and R. Osorio-Comparán

Abstract—A novel constructive mathematical model based on
the multifractal formalism in order to accurately characterizing
the localized fluctuations present in the course of traffic flows
today high-speed computer networks is presented. The proposed
model has the target to analyze self-similar second-order time
series representative of traffic flows in terms of their roughness
and impulsivity.
Index Terms—Associativity, computer networks, multifractal
process, self-similar second-order time series, time series analysis.
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I. INTRODUCTION

N high-speed computer network traffic modeling, the robust
characteristics present in most network structures, such as
active users, applications, protocols, and topology [1]–[4], are
considered. To obtain a parsimonious model of the traffic, it is
avoided to describe localized fluctuations [5], [6], that are very
sensitive to the conditions of the network [7]. It is argued that,
in the extrapolation of the traffic observation scales [4], it can
be carried out because, in the analysis of the time series of real
life, they show cut-off points of lower and upper scale [1], [7],
sometimes separated by several orders of magnitude [7]. This
point of view adopts, as an axiom, that it is not worth thinking
about dichotomous behaviors [8] and even less about theories
focused on the alteration of transversal phenomena as a result
of their exacerbated structural reductivism.
Traffic modeling, based on conventional telephone systems,
is based on two assumptions: independence between arrival
times of successive frames and exponential durations in the use
of resources [1], [8].
These assumptions imply restricting stochastic processes to
a Poisson universe. These considerations have been useful to
designers and analysts in planning capabilities and predicting
performance in systems. However, there are many cases in the
real world [7] in which it has been observed that the predicted
results, from a queue analysis [9], differ significantly from the
performance observed in reality, and that this discrepancy has
its origin in that the processes of traffic flows frequently shows
far-reaching variations at different time-scales [1], [7], [8].
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In the Poisson models [10], which have no memory or have
short-range memory, they expose the flows of traffic bursts on
much smaller timescales [7], [8]. As a result, overly optimistic
forecast about performance are obtained due to the use of
distributions with finite variance to characterize the periods of
presence and absence of packet bursts [7].
Two modelling streams coexist; a conventional one, based
on Poisson processes, and a self-similar one that accepts longrange dependency (LRD) as an inherent characteristic of data
traffic flows in current high-speed computer networks [4], [6].
Self-similarity and LRD are not synonymous and formally
one condition does not necessarily imply the other, but from
the point of view of traffic modelling, self-similar processes
are characterized by their invariance to scale changes and their
ability to exhibit long-range correlations, that is, LRD [11].
The advantages of the LRD approach are evident over the
conventional one [8], especially in reference to the more than
questionable assumption of independence both between
successive shipments and arrivals in traffic flows in computer
networks. However, there is a certain number of researches
that show a lack of consensus about the scope of applicability
of self-similar models and the impact that the LRD has on the
performance of communication systems [1], even though their
number is quite small: Their conclusions should be carefully
analyzed since they reveal a fundamental question for the
multifractal analysis, which can be stated as: since traditional
queuing models are not capable of evidencing self-similarity
[7], their validity to predict yields would be supported by
demonstrating that the self-similarity does not have a truly
measurable impact on them. And even more, if it is shown that
self-similar models fail to consider the impact of important
individual parameters in each particular case of network or
communications system [1], [7].
There is another even more critical question that points
directly to the center of self-similar modelling: the validity of
the Hurst exponent (H) as a descriptor of the traffic LRD. In
[12] it is shown that, through an exhaustive queue analysis
applied to a representative time series of Ethernet traffic traces
H does not provide an accurate prediction of queue performance
for a given LRD traffic [12]. And furthermore, its behavior is
monotonic with respect to the presence or absence of packet
bursts, if the original series is broken down into other smaller
ones, which implies that H also does not serve to characterize
the importance of the groupings within the total traffic, thus
dismissing aggregation as a method of analysis [1], [12].
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These questions find an answer in the analysis of behavior
on a small scale [7], [8], a product that, quite the opposite of
what happens with the large-scale analysis, this considers the
localized fluctuations in the course of the samples of the time
series representative of the traffic flows of traffic and does not
discriminate them in favor of more robust singularities [7].
Specifically, it is about the use of the multifractal formalism
understood as a set of coordinated fractal varieties capable of
characterizing the evolution of a phenomenon that exhibits
self-similarity at different observation scales to study traffic
flows [8].
II. STRUCTURE OF THE PROPOSED MODEL
The original On/Off model provides detailed information on
the generation of traffic from both individual and aggregated
sources [13].
Then, it is proposed a generalization of its properties through
the introduction of the multifractal On/Off model concept.
A. The On/Off Model
An On/Off process alternates between two states: On during
which a source generates traffic with an Aj rate and Off during
which the source does not generate traffic.
Then, being Xj and Yj the durations of the jth On and Off
states, respectively, an conventional On/Off process is defined
by the expression
S (t )   j  0 Aj 1 S
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where is verified that
 Sj: Regenerative point [14]. Indicates the occurrence of the
jth state On, defined by

S j  S0   i 1  X i  Yi , j  1,
j

(3)

where S0 is the beginning of the observation time and it is
accepted that S0  0.
 Ij(t): Indicator function; Ij(t)  1 for t  [l1, l2), where l1 and
l2 are fixed values according to the On states.
In the On/Off model, each Xj, Yj are assumed independently
and identically distributed according to whether the hyperbolic
tail distribution presents or not finite variance.
The Hurst exponent of an On/Off model according to (1) is
given by the expression [15]
3  min  0 , 1 
(4)
H
,
2
where 0 and 1 are the tail indices of the durations of the On
and Off states, respectively. If the durations of the On and/or
Off states have finite variance, the index of their queue is
taken with a value of 2 when (2) is applied.
The original On/Off process given by (1) is self-similar if
1/2 < H < 1, which implies that the shorter duration of one of
the states (On or Off) presents a hyperbolic tail distribution so
that the On/Off is self-similar.
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B. The On/Off Multifractal Model
Let (t) be a conventional On/Off process given by (1). It is
said that (t) is an Associative Multifractal Process, AM(t), if
the durations of the On and Off, Xj and Yj states, respectively,
are hyperbolically distributed with density functions given by
f1(x), f0(x), respectively, and such that
(5)
 AM ( x ) : f i ( x )  x  ( i 1) ,  i  (1, 2), i  0,1,
where f0(t)  f1(t)  0 for t  0, and time means of On and Off
states, both finite, are given by 1  E{Xj} and 0 = E{Yj}.
1) Comments About (5)
In the statement of (5) it is necessary to emphasize that
1. The expected value of a stochastic process governed by (5)
is given by E{AM (x)}  1/(0  1).
2. It is assumed that the traffic generation rate is constant in
the individual On states, for the different compound On
states, that is, Aj  c, j.
3. Applying the previous condition in (2) we obtain
 AM (t )  c  j  0 I j (t ), t  0.


(6)

4. According to [16] the Power Spectral Density (PSD) for (1)
is given by
 
PSD[ S (t )]  E{S ( x)} 

 2 
(7)
[1  F0 ( j )][1  F1 ( j )] 
2 / 2
Re 
,
0  1  1  F0 ( j ) F1 ( j ) 
where F0(j) and F1(j) are the characteristic functions
of f0(x) and f1(x), respectively, and  (·) the Dirac function.
Thus, for (5), (7), replacing E{AM(x)}according to the first
consideration, becomes
1
 
PSD[ AM (t )] 
  
0  1  2 
(8)
[1  F0 ( j )][1  F1 ( j )] 
2 2
Re 
.
0  1  1  F0 ( j ) F1 ( j ) 
Result that highlights the coherence between the structure
of the AM(t) processes and a well-known theory such as the
multifractal theory [17], in addition to accounting for the
flexibility of the original On/Off approach of [13] as regards
aggregate traffic representation is concerned.
5. An important subclass distribution that shows a regular
variation are the hyperbolic-tailed distributions, which have
a survival function according to
(9)
FS ( x )  Cx   G ( x ), when x  ,

where G(x) is a slowly varying function and 0 <  < 2.
With the above for (5) it is verified that: If the durations of
the On and Off periods are Zipf distributed with reliability
functions given by FS1(x; 1, k1), FS0(x; 0, k0), respectively.
Then, for   0+, from (8) we have the expression [18]
(10)
S ( )  W0  0  2  W1 1  2 ,
where W0 , W1     {0}.
6. It is possible to simplify (10) without loss of generality as
follows
(11)
S ( )  W    2 , where   min{ 0 , 1 }.
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7. From [19] it is known that a random process X with finite
second-order statistics is stationary with LRD in the sense
of its autocorrelation, if its autocorrelation function, Rxx(k),
satisfies asymptotically that
lim  Rxx (k ) / k     C A ,
(12)
k 

where 0 <  < 1, with   2  2H; and CA > 0.
An equivalent definition of LRD is described in [20] based
on the process spectrum: a process has LRD if this spectrum
satisfies
lim  f ( ) /  CS |  |     1, with CS  0.
(13)
 0
8. Then, an On/Off process given by (5) Pareto distributed On
and Off periods with tail indices 1 and 0, respectively, is
LRD in the sense of (13) if
lim  f ( ) /  CS |  |     1,
(14)
 0

where CS    {0} and H given by (4).
III. THE ASSOCIATIVE MULTIFRACTAL PROCESS MODEL
In Section II the mathematical foundations that make up the
structure of the model were delivered (see (5)). It corresponds
to involve an AM (x) process with the sources that make up a
high-speed computer network.
A. General Modeling Condition
Being Xj and Yj the durations of the On and Off states, for
modeling purposes the following conditions are assumed
1. The processes Xj and Yj [21] are independent and identically
distributed with reliability functions given by FS1(x; 1, k1),
FS0(x; 0, k0), with 1 < 0 < 1, 1 < 1 < 2, respectively.
2. The traffic generation rate, Aj, during the processes Xj is
independent and identically distributed of Bounded Pareto
with reliability function FSB(x; B, kB) independent of the
durations of the On and Off states.
B. Previous General Comments
It is necessary to establish the following guidelines, which
are valid in the general context of the model
1. The use of heavy-tail distributions for the durations of the
On and Off states is based on the observations of [21], which
suggest that the On and/or Off states can be very long with
a high probability.
2. If the durations of the On and Off states are considered to
be heavy-tail distributed with finite variance, the overlap of
many sources will behave as short-range dependent traffic,
which conflicts with the precepts and conclusions of [22],
and therefore on with the basis of this research.
3. The Bounded Pareto distribution, in terms of its reliability
function, is defined by [18]
FSB ( x;  B , k B )  FSB ( x;  B , k B )(1  uB ( x  B))
(k B / x) B , k B  x  B
(15)

, x  kB
,
 1
0
, xB

where uB(·) unit step function and B cut-off limited imposed
on the random variable.
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Furthermore, from [18] the Bounded Pareto function has the
following density probability function
f SB ( x;  B , k B )  f ( x;  B , k B )(1  uB ( x  B )) 
F ( x;  B , k B ) ( x  B )
 f ( x;  B , k B )(1  uB ( x  B )) 

(16)

k B B x  B  ( x  B ),

where fSB(·), FSB(·) Pareto probability density and reliability
functions, respectively, and  (·) is the Dirac delta function.
4. The existence of cut-off limit B causes the Bounded Pareto
distribution, in contrast to the Pareto distribution, to have
finite variance.
C. Traffic Generated by a Source
It is considered a source that alternates between On and Off
states governed by (5). During the On states the traffic source
generates traffic with constant rate Aj and during the Off states
the source it remains silent.
Then, the probability density function of the process AM (t)
of (6) under the modeling conditions established in Subsection
A, is defined by
f S AM ( x ) ( x;  , k B , B, 0 , 1 )  0 ( 0  1 ) 1  ( x) 
(17)
1 ( 0  1 ) 1 f SB ( x; B , k B ),

with 1 and 0 defined in (5).
D. Traffic Generated by Multiple Sources
1) Recapitulation. General Modeling Considerations
In the approach of (1) it is specified that Aj is the rate with
which the jth source generates traffic during On states, which
have a duration determined by Xj process.
This idea is later reflected in (5) originating (6) under the
following three key modelling assumptions
1. The transmission rate in the individual On states is constant
for the different compound On states, that is, Aj  C j, to
obtaining (6).
2. The durations of the On and Off states, given by Xj and Yj,
respectively, are distributed with a heavy- tail with density
functions f1(x) and f0(x), respectively, which gives rise to the
associative multifractal process AM (x) from (5), where it is
agreed that f0(t)  f1(t)  0 for t < 0.
3. The means of the durations of the On and Off states; 1 and
0, (1  E{Xj}, 0 E{Yj}), respectively, are finite, a fact
by which the expected value of a process governed by (5) is
given by E{AM(t)}  1/(0  1).
The previous assumptions in conjunction with the definition
of a Bounded Pareto distribution in terms of its reliability
function with upper cut-off limit B (see (15)), give rise to (17),
under the general modeling conditions given by Subsection A,
expression that governs the probability density function of the
AM (x) model when it is a source.
The model for a source in terms of its density function (see
(17)) determines the regime that each source follows to inject
traffic into the network. Then, for the case of multiple sources,
it is necessary to consider the capacity of the link over which
the composite traffic flows from n sources are sent.
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2) Specific Modeling Assumptions
The following guidelines are considered valid to develop
the associative multifractal process model for n traffic sources
1. Let Mt be the maximum allowable transmission rate for the
link over which traffic flows from n sources are transmitted.
That is, it is established that all individual transmission rates
is limited by Mt and this figure can never be exceeded, in
other words, the link congestion situations are not feasible.
Thus, each individual transmission is limited by a quantity
Bi such that Bi << Mt. The Bi quantities are strictly different
for the sources of the network since the transmission times
of the sources are not the same and that some of them
transmit simultaneously over more than one connection due
to the operational nature of the TCP protocol.
2. Let N independent identically distributed Bounded Pareto
On/Off processes given by AM(i)(x), with i  1,…, N, each
with a probability distribution function given by (17) and
where it is verified NBi < Mt. Then, the density function of
AM (x) for n sources is given by the N-convolution of the
individual density functions of the sources given by (17).
3) Traffic Model for n Sources
The N-convolution of (17) with x > kB, A0  0/(0  1),
and A1  1/(0  1) is approximated by the expression
f SN AM ( x ) ( x)  A0N  ( x)  (1  A0N )[ (k B ( N ) / x ) 1
(18)
[u B ( x  k B( N ) )  u B ( x  B )]  t N ( x)],
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IV. CONCLUSION
This letter, the mathematical development of a constructive
model based on the multifractal formalism has been presented.
The objective is to research the localized fluctuations, present
in the representative time series of the traffic flows of current
high-speed networks. This implies that the model focuses its
attention on the study of the singularities of the samples that
are located in subsets of minimum length within the time series.
The generation of traffic from a source is carried out under
the guidelines of a conventional On/Off process but with the
difference of the introduction of a maximum limit rate for its
generation. The reason for introducing this limit rate is based
mainly on the use of the TCP protocol reported by [23].
The traffic to multiple sources is treated as the convolution
of traffic from individual traffic sources.
Finally, it can be said that the proposed model has bounded
heavy-tailed and therefore when the number of traffic sources
increases, the total traffic tends to be Gaussian, which reflects
the consistency of the model with the behavior of real traffic.
It is noted that as the maximum rate limit for the generation
increases, more active sources will be necessary for the traffic
to become Gaussian behavior. This implies that in current
high-speed networks the proposed model constitutes an upper
limit of behavior.

4

[13]

[14]
[15]

[16]
[17]
[18]
[19]
[20]
[21]

[22]
[23]

G. Millán, H. Kaschel, and G. Lefranc, “Discussion of the analysis of
self-similar teletraffic with long-range dependence (LRD) at the network
layer level,” Int. Journal Comput. Commun., vol. 5, no. 5, pp. 799-812,
Dec. 2010.
G. Millán and G. Lefranc, “Application of the analysis of self-similar
teletraffic with long-range dependence (LRD) at the network layer level,”
Int. J. Comput. Commun., vol. 10, no. 1, pp. 62-69, Nov. 2014.
J. Chen, X. Ge, and Q. Ni, “Coverage and handoff analysis of 5G fractal
small cell networks,” IEEE Trans. Wireless Commun., vol. 18, no. 2,
pp.1263-1276, Feb. 2019.
G. Millán, R. Osorio-Comparán, and G. Lefranc, “Preliminaries on the
accurate estimation of the Hurst exponent using time series,” 2021.
[Online]. Available: arXiv:2103.02091.
L. Li, Z. Li, Y. Zhang, and Y. Chen, “A mixed-fractal traffic flow model
whose Hurst exponent appears crossover,” in 2012 Fifth International
Joint Conference on Computational Sciences and Optimization, Harbin,
China, 2012, pp. 443-447.
G. Millán, E. San Juan, and M. Vargas, “A simplified multifractal model
for self-similar traffic flows in high-speed computer networks,”
Computación y Sistemas, vol. 23, no. 4, pp. 1517-1521, 2019.
W. Stallings, “Self-similar traffic,” in High-speed Networks and
Internets: Performance and Quality of Service, 2nd ed. Upper River, NJ,
USA: Prentice Hall, 2008, ch. 9, pp. 224-246.
G. Millán, “Modelado de Tráfico Basado en Procesos Multifractales
Asociativos,” Ph.D. dissertation, Departamento de Ingeniería Eléctrica,
Universidad de Santiago de Chile, Santiago, Chile, 2013.
M. A. Pinsky and S. Karlin, “Queueing systems,” in An Introduction to
Stochastics Modeling, 4th ed. Academic Press, 2011, ch. 9, pp. 447-494.
A. F. Siegel, “Chapter 7 - Random variables: working with uncertain
numbers,” in Practical Business Statistics, A. F. Siegel, Ed., 7th ed.
Academic Press, 2016, pp.163-191.
J. C. López-Ardao, C. López-García, A. Suárez-González, M.
Fernández-Veiga, and R. Rodríguez-Rubio, “On the use of self-similar
processes in network simulation,” ACM Transactions on Modeling and
Computer Simulation, vol. 10, no. 2, pp. 125-151, Apr. 2000.
R. Ritke, X. Hong, and M. Gerla, “Contradictory relationship between
Hurst parameter and queueing performance (extended version),”
Telecommunication System, vol. 16, no. 1-2, pp. 159-175, Jan. 2001.
W. Willinger, M. S. Taqqu, R. Sherman, and D. V. Wilson, “Selfsimilarity through high-variability: statistical analysis of Ethernet LAN
traffic at the source level,”IEEE/ACM Transactions on Networking, vol.
5, no. 1, pp. 71-86, Feb. 1997.
S. Asmussen, Applied Probability and Queues, 2nd ed. New York, NY,
USA: Springer, 2003.
W. Willinger, V. Paxson, and M. S. Taqqu, “Self-similarity and heavy
tails: structural modeling of network traffic,” in A Practical Guide to
Heavy Tails: Statistical Techniques and Applications, R. J. Adler, R. E.
Feldman, and M. S. Taqqu, Eds., Boston, MA: Birkhäuser, 1998, pp. 2753.
S. B. Lowen and M. C. Teich, “Fractal renewal processes generate 1/f
noise,” Physical Review E, vol. 47, no. 2, pp. 992-1001, Feb. 1993.
P. Muklin, Z. Nagy, and A. Eke, “Multifractal formalism by enforcing
the universal behavior of scaling function,” Physica A: Statistical
Mechanics and its Applications, vol. 417, pp. 150-167, Jan. 2015.
N. Unnikrishnan Nair, P. G. Sankaran, and N. Balakrishnan, Eds.
Reliability Modelling and Analysis in Discrete Time. Academic Press,
2018.
O. I. Sheluhin, S. M. Smolskiy, and A. V. Osin, “Principal concepts of
fractals theory and self-similar processes,” in Self-Similar Processes in
Telecommunications. Chichester, UK: Wiley, 2007, ch. 1, pp. 8-21.
J. Beran, Statistics for Long-Memory Processes. New York: Chapman &
Hall, 1994.
X. Yang and A. P. Petropulu, “The extended alternating fractal renewal
process for modeling traffic in high-speed communication networks,”
IEEE Transactions on Signal Processing, vol. 48, no. 7, pp. 1349-1363,
July 2001.
W. E. Leland, M. S. Taqqu, W. Willinger, and D. V. Wilson, “On the
self-similar nature of Ethernet traffic (extended version)”, IEEE/ACM
Transactions on Networking, vol. 2, no. 1, pp. 1-15, Feb. 1994.
Center for Applied Internet Data Analysis (CAIDA). Analyzing UDP
usage in Internet traffic.” https://www.caida.org/home/.
https://www.caida.org/research/traffic-analysis/tcpudpratio (accessed 04,
15, 2021).

