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Synchronization of Local Plans for Cooperative Distributed Decision-Making
Maximilian Kloock and Bassam Alrifaee

Abstract— In cooperative decision-making, agents locally
plan for a subset of all agents. Due to only local system
knowledge of the agents, these local plans may be inconsistent
to local plans of other agents. This inconsistency leads to infeasibility of the plans. This article introduces an algorithm for
synchronizing local plans for cooperative distributed decisionmaking of multi-agent systems. The algorithm consists of two
iterative steps: planning and synchronization. In the local
planning step, the agents compute local decisions, referred to
as plans. Subsequently, consistency of the local plans across
agents is achieved using synchronization. The synchronized
plans act as reference decisions to the local planning step
in the next iteration. In each iteration, the local planning
guarantees locally feasible plans, while the synchronization
guarantees globally consistent plans in that iteration. The
algorithm converges to globally feasible decisions if the coupling
topology is feasible. We introduce requirements for the coupling
topology to achieve convergence to globally feasible decisions
and present the algorithm using a model predictive control
example. Our evaluations with car-like robots show that feasible
decisions are achieved.

I. INTRODUCTION
A Multi-Agent System (MAS) consists of multiple agents
that should fulfill a common task. As no agent has global
information about the overall system, agents share information over a communication network. The use cases of
MAS are applications where a central agent would require
too many resources for the system requirements, e.g., too
high computation time for the timing requirements of the
system. MAS also provides an advantage where information
sources are naturally distributed [1]. MAS that should fulfill
a control task is called Networked Control System (NCS).
To this end, each agent implements a controller that makes
decisions to minimize the deviation from its reference decision [2], [3]. When the controllers must satisfy constraints,
Model Predictive Control (MPC) is often used. For NCS, the
communication topology, which is represented as a graph, is
important for the control quality and computation time. We
classify communication topologies into
a) undirected or directed
b) time-invariant or time-variant
topologies [4].
According to the definitions of [5], NCS make their decisions in a centralized, decentralized, or distributed manner. In
centralized decision-making, one agent makes the decisions
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for all agents on the basis of global system knowledge.
Therefore, all agents communicate the required information
to the central agent. After decision-making, the central agent
communicates the decisions to the single agents’ controllers,
which apply the decisions. This approach may impose a
high computational burden on the central agent. Therefore,
the decision-making can be decentralized or distributed to
dispense the resource usage in the NCS. In decentralized
decision-making, no communication is required. All agents
make and implement their own local decisions. Agents need
to estimate the decisions of other agents using their local sensors. Distributed decision-making makes use of communication between the local agents. Explicitly shared information
improves the control quality at the cost of communication.
The actual gain of control quality at communication costs
depends on the distribution method. Along these lines, we
classify distributed decision-making in
a) cooperative or non-cooperative
b) sequential or parallel
c) iterative or non-iterative
decision-making [4]. According to [6], agents are cooperative
if they fulfill two requirements. The first requirement is that
the agents pursue their own goals and conflict with other
agents. The second requirement is that each agent tries to
manage the conflicts. In cooperative decision-making, agents
take the current states and objectives of other agents into
account and make locally optimal decisions for a subsystem
consisting of multiple agents.
A difficulty of distributed decision-making compared to
centralized decision-making is that there is no agent with
global system knowledge. All agents make their decisions
based on local system knowledge that lead to inconsistencies
of their local decisions. We use the term local plans to
refer to local decisions. Fig. 1 illustrates agents’ local system
knowledge with local system view of Agent vA in Fig. 1(a)
and local system view of Agent vB in Fig. 1(b). Agent vA
is coupled with agents vB , vC , and vD , while agent vB is
coupled with agents vA , vC , vE , and vF . The local decisions
of agents vA and vB are based on objectives of different sets
of agents and; hence, the plans of agents vA and vB for each
other are inconsistent [7].
In distributed decision-making, agents have to communicate to gain consistent plans. We call the property of
consistent information about plans prediction consistency.
We use synchronization inspired by consensus, e.g., in [5]
to synchronize local plans of agents. Using the synchronized
plans as local reference decisions in the next iteration, the
algorithm converges to globally feasible decisions if the
coupling topology is feasible. Subsection I-A presents related
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Other approaches make use of game theory, e.g., of min-max
games [13] and coalitional games [14], [15].

(a) Local system view of
agent vA .

(b) Local system view of
agent vB .

Fig. 1. On each side, the black colored agent considers the blue colored
agents in its decision-making and ignores the gray colored agents. This
leads to inconsistent plans, since the agents include different sets of agents
in their decision-making.

work that addresses the prediction consistency problem in
cooperative distributed decision-making. Then, Subsection IB states the contribution of this article and Subsection I-C
introduces the organization of this article.

Several authors apply cooperative decision-making and
propose practice-driven approaches. In [16] external soft constraints extend the optimization problem for networked and
autonomous vehicles. These additional constraints increase
the distance between the vehicles in order to avoid collisions
even if prediction consistency is not achieved. Another
example for networked and autonomous vehicles is the work
in [17]. The vehicles drive on fixed paths in an unsignalized
intersection scenario. In this approach, the vehicles close to
the intersection form a complete coupling graph and use consensus to synchronize speed profiles for collision avoidance.
Consensus is also used in [18] to synchronize the direction of
movement for unmanned aerial vehicles. The authors of [19]
use cooperative decision-making in power networks. They
use an iterative and sequential approach to converge to a
global solution. In [20], the schedule of the power network is
optimized using the distributed optimization method of [21].
To the best of our knowledge, there is no work that
addresses the prediction consistency problem in cooperative
decision-making for agents that make their decisions in
parallel. Recent methods depend on coupling topologies with
a high number of links or initial decisions. Other methods
are application-specific and depend on a specific scenario.

A. Related Work
Various research has addressed prediction consistency in
cooperative distributed decision-making. Examples for sequential approaches are the works in [8] and [9]. The agents
make local decisions while each agent considers the goals
of coupled agents in its decision-making. The agents make
their decisions in a sequential order to achieve prediction
consistency. Decisions of the prior agents are known to
following agents. Another sequential approach is presented
in [10]. The first agent makes multiple options for future
decisions and communicates them to the second agent. The
second agent makes its own decisions for each of the options.
Subsequently, the second agent selects the decisions that are
best for both agents. The agents swap their roles in each time
step. The authors state that this approach can be extended to
more than two agents.
Other approaches make decisions in parallel. The work
in [11] addresses the prediction consistency by coupled
agents with all agents that have a path to each other in the
communication topology. Prediction consistency is achieved
by considering the complete graph of active couplings, which
results in the central problem, or by considering complete
sub-graphs for disjoint coupling graphs. Another idea to
address the prediction consistency is to adapt the coupling
weights in the coupling graph to model the uncertainty of
neighbors depending on the influence of their neighbors’
decisions. The work in [4] proposes to choose the weighting
factor depending on the node degree in the coupling graph,
but did not evaluate this idea. In [12], agents have initial
decisions and make proposals to adapt the decisions in favor
of their local costs. These changes are acknowledged by other
agents. However, this method depends on initial decisions.

B. Contribution of this Article
This article introduces an algorithm for cooperative distributed decision-making to achieve prediction consistent
decisions over sparse coupling topologies, without depending
on pre-computations, e.g., of initial decisions. Agents make
their decisions in parallel over directed and time-varying network topologies. The agents’ decision-making works timetriggered. The algorithm synchronizes local plans of coupled
agents and iteratively converges to consistent decisions.
Furthermore, we present theoretical analyses and numerical
simulations of the algorithm. We present our algorithm using
a Distributed Model Predictive Control (DMPC) example and
apply it to car-like robots.

C. Organization of this Article
This article is structured as follows. We introduce the
problem formulation in Section II. Section III presents our
cooperative decision-making algorithm using a DMPC approach. The algorithm is evaluated in Section IV in trajectory
planning scenarios for networked car-like robots. Finally,
Section V concludes this article.
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II. PROBLEM FORMULATION
The objective function for agent vi in cooperative DMPC
at time t is
X
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be planned using a topology with a diameter of at most 2,
as stated in Theorem 1.
Theorem 1: Agents that implement a cooperative distributed decision-making algorithm achieve globally feasible
decisions if and only if
(i)
C1 all decisions x− (·), ∀i : vi ∈ V are locally feasible,
and
(i)
C2 the decisions are prediction consistent xi (·) =
(i)
xj (·), ∀i, j : vi , vj ∈ V, and one of the following
two statements is satisfied:
C3 agents vi , vj that may conflict with each other are
coupled by vi ∈ V (j) or vj ∈ V (i) , or
C4 agents vi , vj that may conflict with each other have a
common neighbor, i.e., ∃vh : vi , vj ∈ V (h) .
Proof: See Appendix V-A.
We now introduce our algorithm for synchronized DMPC
in Section III.

, ∀i : vi ∈ V,
III. SYNCHRONIZED COOPERATIVE
DISTRIBUTED MODEL PREDICTIVE CONTROL

q
vq ∈V (i)
q>j

(1)
where V = v1 , . . . , vN is the set of agents, N is the
number of agents, Hp denotes the prediction horizon,
(j)
(j)
xi (t + k) and ∆ui (t + k), ∀k ∈ [1, Hp ] denote the
decision made by agent vi for agent vj and the resulting system input variations, respectively, and ∆Û (i) (·) =

T
(∆u(i) (·) ∆u(i1 ) (·) . . . ∆u(iN (i) ) (·) . We use (·) to
(−)

refer to the full prediction horizon Hp . xi (·) denotes the
(i)
decisions of all agents for agent vi and x− (·) denotes all
decisions made by agent vi . r(i) (·) denotes the reference
decision of agent vi . l(·), lu (·), and lHp (·) denote costs for
reference deviation, costs for system input variations, and
costs for the last step at the end of the prediction horizon Hp ,
respectively. V (i) = {vi1 , . . . , vN (i) } is the set of neighbors
of agent vi . Neighboring agents are coupled with coupling
(i,j)
weight α(i,j) , with α(i,i) = 1, ∀i : vi ∈ V. co (·) denotes
coupling objective between agents vi and vj .
In order to avoid conflicts, the DMPC algorithm has
to satisfy the prediction consistency property as stated in
Definition 1 for each time step t.
Definition 1 (Prediction consistency): Prediction consis(i)
tency is the property that the predicted decision xj (·) of
(j)
agent vi for agent vj and the predicted decision xj (·) of
(i)
(j)
agent vj for itself coincide, i.e., xj (·) = xj (·), ∀i, j :
vi , vj ∈ V.
If the prediction consistency is not satisfied, conflicts
between decisions are not avoided, i.e., if agent vi guaran(i)
(i)
tees conflict freeness between decisions xj (·) and xi (·)
(i)
and implements decision xi (·), but agent vj implements
(j)
(i)
decision xj (·) 6= xj (·). In this case, the planned decisions
are locally feasible in each agent, but not globally feasible
within the NCS. We introduce synchronization in order to
achieve prediction consistency.
In order to achieve global feasibility of local plans, the
plans have to be locally feasible, prediction consistent, and

Consider a MAS consisting of N dynamically decoupled
agents V = {v1 . . . vN }. A weighted and directed coupling
topology graph G = (V, E) models coupling links between
agents, where E is the set of coupling links. A denotes the
weighted adjacency matrix of G and α(i,j) is the element
of the ith row and jth column of A. The set of neighbors
for an agent vi is defined as V (i) = {vj | (vj , vi ) ∈ E} with
cardinality N (i) = |V (i) |. Hence, V (i) is the set of all nodes
with incoming edges to node vi in the topology. Let u(i) (·),
∆u(i) (·), and x(i) (·) denote the inputs, input variations, and
decision of agent vi , respectively and r(i) (·) represents its
(i)
reference decision. xj (·) denotes the decision of agent vi for
T
(i)
(i)
(i)
agent vj . The vector û(i) (·) = ûi (·) ûj1 (·) . . . ûj (i) (·)
N
contains the system inputs predicted by vi for itself and
all of its neighbors. Analogously, ∆û(i) (·) and x̂(i) (·) hold
the corresponding predictions for input variations and plans,
(i)
respectively. x̂j (·) denotes the local plan of agent vi for
(i)
agent vj . x̂− (·) denotes all plans made by agent vi , while
(−)
x̂i (·) denotes all plans made by different agents for agent
(−)
vi . x̂− (·) denotes all plans of the corresponding time step.
The iterative Synchronized Cooperative Distributed Model
Predictive Control (SC-DMPC) algorithm works as follows.
Algorithm 1 shows this method as pseudo code. First, in
(i)
(i)
line 4, each agent vi makes plans x̂− (·) = x̂j (·), ∀j :
vj ∈ V (i) ∪ {vi } in parallel. Second, all coupled agents
(i)
share their plans x̂− (·) in line 5. Third, if the plans differ
(line 6), the agents synchronize them (line 7) to achieve
(i)
synchronized plans, denoted as x− . If the synchronized
plans are not conflict-free (line 3), the agents plan again using
the synchronized plans as local reference decisions. The next
two subsections explain the planning and synchronization in
more detail.
A. Optimization of Plans
At every time step, each agent vi solves a local optimization problem. The optimization problem is composed
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Algorithm 1 SC-DMPC for agent vi .
(j)

(j)

(i)

control input variations of agent vi , f (i) (x(i) (·), u(i) (·))
(i,j)
denotes the dynamics of agent vi , and cc (x(i) (·), x(j) (·))
denotes the coupling constraints between agents vi and vj .
Eq. (2) is the objective function of Eq. (1). Eq. (3) constrains
the solution space to the dynamics. Eq. (4)-(5) ensure feasible
states, while Eq. (6)-(7) ensure feasible changes of the system
inputs. The solution space of coupled agents are constrained
in the same way in Eq. (8)-(12). Eq. (13) represents coupling
constraints to neighbors and Eq. (14) represents the coupling
constraints between the neighbors.

(i)

Input: r (·), J , V , ∀j : vj ∈ V ∪ {vi }
(i)
Output: xj (·), ∀j : vj ∈ V (i) ∪ {vi }

1:
2:

while ¬ isConflictFree(r(−) (·)) do
(i)
x̂− (·) ← optimize(J (i) )|r(−) (·)
(i)
communicate x̂j (·) to vj , ∀j : vj ∈ V (i)
(i)
if ¬ isPredictionConsistent(x̂− (·)) then
(i)
(−)
x− (·) ← synchronize(x̂− (·), V (i) )
(i)
r(−) (·) = x− (·)
else
(i)
r(−) (·) = x̂− (·)
end if
end while
(i)
x− (·) = r(−) (·)

3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:

B. Synchronization of Plans
(i)

of the individual cost functions and constraints of vi and
all its neighbors vj ∈ V (i) . Furthermore, the optimization
considers coupling objectives and constraints between vi and
each neighbor as well as between each pair of neighbors
vj , vk ∈ V (i) with j 6= k. The main objective for each
agent is to stay on its reference decision while keeping input
variations to a minimum. This property is defined as local
cost function over the finite prediction horizon Hp in Eq. 1.
The complete optimization problem for agent vi is formulated as follows:
?

û(i) (·) = min J (i) ,

(2)

∆Û (i) (·)

Subject to (∀vj , vq ∈ V (i) ):
x(i) (t + 1 + k) = f (i) (x(i) (t + k), u(i) (t + k)),
k = 0, . . . , Hp − 1
x(i) (t + k) ∈ X (i) , k = 1, . . . , Hp − 1
(i)

x (t + Hp ) ∈
(i)

u (t + k) ∈ U

(3)
(4)

(i)
XHp
(i)

(5)

, k = 0, . . . , Hu − 1

(6)

∆u(i) (t + k) ∈ ∆U (i) k = 0, . . . , Hu − 1

(7)

x(j) (t + 1 + k) = f (j) (x(j) (t + k), u(j) (t + k)),
k = 0, . . . , Hp − 1
x(j) (t + k) ∈ X (j) , k = 1, . . . , Hp − 1
x

(j)

(t + Hp ) ∈

(j)

(t + k) ∈ U

u

∆u

(j)

c(j,q)
(x(j) (t
c
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(j)
XHp
(j)
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, k = 0, . . . , Hu − 1
(j)

(t + k) ∈ ∆U

c(i,j)
(x(i) (t
c

(j)

+ k), x

(11)

, k = 0, . . . , Hu − 1

(12)

(t + k)) ≤ 0, k = 1, . . . , Hp

(13)

(q)

+ k), x

(8)

(i)

As = AT .
(15)
The synchronization graph consists of reduced synchronization graphs as introduced in Definition 3.
Definition 3 (Reduced synchronization graph): Reduced
synchronization graphs are sub-graphs of synchronization
(i)
graphs. The reduced synchronization graph Gs for
agent vi consists of the nodes of agent vi and all its
neighbors and all edges between these nodes. It is defined
(i)
(i)
as Gs = ({V (i) ∪ vi }, Es ), ∀i : vi ∈ Vs , where
(i)
(i)
Es = {(vj , vk )|vj , vk ∈ V ∧ (vj , vk ) ∈ Es }.
Agent vi synchronizes the plan of agent vj as
X
(i)
(k)
xj (·) =
α(k,i) x̂j (·), ∀j : vj ∈ V (i) , (16)
k
vk ∈V (i) ∪{vi }

(t + k)) ≤ 0,
k = 1, . . . , Hp , q > j

The local plans x̂− , ∀i : vi ∈ V resulting from the
optimization made by agent vi are locally feasible, but
(i)
(j)
may not be prediction consistent, i.e., x̂j (·) 6= x̂j (·) for
i 6= j and α(i,j) > 0. We synchronize the plans using
distributed local average, inspired by, e.g., consensus in [5].
(−)
For synchronizing the different plans x̂i (·), ∀i : vi ∈
V, homogeneous dynamics are assumed. For agents with
heterogeneous dynamics, the heterogeneous dynamics are
considered in the optimization of each agent, see Eq. (3)
and Eq. (8). Hence, different plans for the same agent use
(i)
(j)
the same dynamics, i.e., x̂i (·) and x̂i (·) both were optimized considering f (i) (x(i) (·), u(i) (·)). The synchronization
topology is represented by the synchronization graph that is
related to the adjacency matrix A as stated in Definition 2.
Definition 2 (Synchronization graph): A synchronization
graph represents the information flow during the synchronization phase. If an agent vi considers agent vj in the
planning, there is an edge (vj , vi ) ∈ E in the coupling graph
(i)
G. The resulting plan xj (·) is then communicated to vj to
be considered in the synchronization process. Therefore, the
synchronization graph is defined as Gs = (Vs , Es ), where
Vs = V and (vi , vj ) ∈ Es , ∀(vj , vi ) ∈ E. Therefore, the
relation between the optimization adjacency matrix A and
the synchronization adjacency matrix As is

(14)

where X (i) is the set of feasible states of agent vi , XHp is the
set of feasible states of agent vi at time Hp , U (i) is the set of
feasible control inputs of agent vi , ∆U (i) is the set of feasible

where α(k,i) is the transposed weighting factor resulting
from Eq. (15). The agents communicate the locally averaged
(−)
plans x− (·) and iteratively perform local average steps and
communicate the intermediate results to their neighbors until
(i)
(j)
the plans are synchronized, i.e., xk (·) = xk (·), ∀i, j :
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vi , vj ∈ V k ∪ {vk }. Synchronization is achieved, if the
requirements of Theorem 2 are satisfied.
Theorem 2: The synchronization converges to a solution
(i)
if and only if all reduced synchronization graphs Gs contain
a spanning tree and the coupling weights are feasible.
Proof: According to [22], the distributed local average
converges to a solution if and only if the topology contains a
spanning tree. We synchronize the plan of each agent using
distributed local average. To achieve global synchronization,
all plans must be synchronized. Hence, for each plan, a
spanning tree is required. The reduced synchronization graph
(i)
Gs represents the synchronization topology for the decision x(i) (·). Therefore, the synchronization converges to a
solution if and only if all reduced synchronization graphs
(i)
Gs contain spanning trees except for the case that the
coupling weights are not feasible. Infeasible coupling weighs
are weights that lead to synchronized plans that result in the
reference decisions. In this case, the optimization will always
produce the same result. Hence, if the coupling weights are
feasible, the synchronization converges to a solution if and
(i)
only if all reduced synchronization graphs Gs contain a
spanning tree.
We now introduce an example to illustrate the synchronization process.
Example 1: Fig. 2(a) shows an example coupling graph.
The coupling graph contains a spanning tree. Agent vA
plans for agents vA , vB , and vD . The agents vA , vC , and
vD plan for agent vA . Hence, agent vA synchronizes its
plans with agents vC and vD , i.e., agent vB is irrelevant
for the synchronization of the plan of agent vA . Therefore,
the coupling graph for vA can be reduced to agents vA , vC ,
and vD and their couplings to one another. The blue colored
nodes and edges in Fig. 2(b) represent the resulting reduced
(A)
(A)
synchronization graph Gs for agent vA . However, Gs
does not contain a spanning tree. Agent vA synchronizes its
(A)
(C)
(D)
plan xA to xA and xA . There is no path from agent
(D)
(C)
vC to vD or vice versa. Therefore, if xA and xA do not
match, the synchronization will not converge to a solution.
An edge from agent vD to agent vC , shown in green in
Fig. 2(b), would solve this problem by completing a spanning
tree. Please note that any edge that completes a spanning
tree is sufficient for convergence of the synchronization. We
assume feasible coupling weights in this example.
Due to in general non-convex solution space of Eq. (2)(14), plans that are synchronized using distributed local
average may conflict with each other. Therefore, if the
synchronized plans are not conflict-free (line 3 of Algorithm 1), they are optimized again. The optimization (line 4
of Algorithm 1) ensures the satisfaction of all constraints.
For convergence, the optimization uses the synchronized
plans as reference decisions (line 8 of Algorithm 1). Hence,
the deviation from the resulting plans to the synchronized
plans is minimized. Algorithm 1 will converge to conflictfree decisions and achieve prediction consistency by iterating
optimization and synchronization. However, the rate of convergence and; therefore, the number of iterations required for
convergence depends on the coupling topology. For some

(a) Cooperation graph G.

(b) Synchronization graph
Gs .

Fig. 2.
The blue nodes and edges influence the optimization (a) and
synchronization (b) of agent vA . The blue colored nodes and egdes in (b)
(A)
represent the reduced synchronization graph Gs .

coupling topologies, this algorithm cannot converge at all,
see theorems 1 and 2. However, according to Theorem 3,
if a solution exists for centralized planning, there exists a
coupling topology for which Algorithm 1 will find a solution.
Theorem 3: If a solution of centralized decision-making
exists, there is a coupling topology for synchronized cooperative decision-making to find a globally feasible solution.
Proof: Cooperative decision-making corresponds to
centralized decision-making for a full topology, i.e., a complete coupling graph with
V (i) = V\vi , ∀i : vi ∈ V.

(17)

In this case, each agent solves the central optimization
problem for all agents, considering their objectives and
constraints. Therefore, all agents generate the same plans,
which are prediction consistent and feasible, if a solution for
a centralized decision-maker exists. Since no synchronization
is required, one optimization step is enough to generate these
decisions.
The coupling topology has to meet some requirements in
order to ensure conflict-free decisions and fast computation
times. We will introduce these requirements in Section III-C.
C. Topology Requirements
The following paragraphs discuss coupling topology requirements:
a) Physical Requirements: Each application has its
definition for decision conflicts. To guarantee conflict-free
decisions, Theorem 1 states that the topology has to contain
a path of length 2 or smaller for each pair of agents that may
have conflicting decisions.
b) Spanning Tree: For the convergence of Algorithm 1
to prediction consistent decisions, the synchronization requires the coupling topology to contain a spanning tree.
According to [23], in case of time-variant topologies, it is
sufficient for distributed local average to converge if there
is a topology that contains a spanning tree that is applied
frequently enough. Convergence of distributed local average
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is also achieved if the union graph contains a spanning tree
and if the agents are connected frequently enough [24]. Since
we do not expect the network to vary during a SC-DMPC
iteration, we require a spanning tree for all reduced synchro(i)
nization graphs Gs as stated in Theorem 2.
c) Maximum Node Degree: A higher node degree results in higher optimization times. To achieve low computation times, the node degree should be as small as possible.
Since the agents plan in parallel, the agent with the highest
computation time limits the algorithm.
d) Diameter of Reduced Synchronization Graphs: The
synchronization process depends on the connectivity of the
coupling graph [23]. A higher connectivity results in higher
convergence rates. The connectivity of the coupling graph
is represented by the second smallest eigenvalue of its
Laplacian matrix L. According to [25], the lower bound of
the second smallest eigenvalue of L is given as
4
,
N ·d

(18)

where N is the number of agents and d is the diameter of
the graph. The diameter of a graph is defined as the length
of the longest of all shortest paths between two nodes. For
applications with a fixed number of agents N , the lower
bound depends on the diameter. A small diameter results in
a high lower bound for the connectivity and, therefore, fast
convergence is achieved. However, a small diameter may
result in high node degrees. High node degrees increase
the computation times of the planning steps in line 4 of
Algorithm 1, while small diameters of the synchronization
graphs decrease the convergence times of the synchronization
in line 7 of Algorithm 1. Hence, there is a tradeoff between
small node degrees and small diameters of the reduced
synchronization graphs.
D. Algorithm Enhancements
In order to improve Algorithm 1, we present enhancements
in this subsection. We adapt the synchronization process to
also forward information about the plans of neighboring
agents in each iteration. Hence, the plans are not only
provided to the coupled neighbors, but also to agents that
have a path of length 2 in the coupling graph. These agents
use the forwarded plans as non-cooperative constraints in
their planning to avoid conflicts. To this end, we introduce
(i)
the set of indirectly known agents Vo ⊆ V\V (i) for each
agent vi that consists of all agents that have a minimum
path of length 2 to vi in the coupling graph G. If the plans
are locally feasible in each agent, it holds that no conflicts
occur between vi and vj nor between vi and vo for any pair
(i)
vj ∈ V (i) and vo ∈ Vo .
Algorithm 1 does not depend on the forwarding of synchronized plans, see Theorem 1. Nevertheless, the forwarding of synchronized plans to the neighbors of the neighbors
improves the convergence time. The forwarded plans are
prediction consistent, since the synchronization is repeated
until no plans change in the last step of the synchronization
in Eq. (16).

IV. NUMERICAL EVALUATION
This section presents our evaluation results. We evaluate
the SC-DMPC method in a networked trajectory planning
simulation for networked and autonomous vehicles. Networked and autonomous vehicles make driving decisions
without driver interaction and share information over a
communication network. For networked and autonomous
vehicles, the driving path has to be two times continuously
differentiable [26]. This is due to the continuity of the change
of the steering angle. Hence, the reference trajectories should
be two times continuously differentiable to be feasible to the
vehicle’s dynamics.
Theorem 4: The synchronized trajectories are feasible to
dynamics.
Proof: Assumption: f and g are two times continuously
differentiable. Proof that h = α1 f + α2 g is two times
continuously differentiable.
f and g are two times continuously differentiable. Therefore, for all λ ∈ R, φ = λf and ψ = λg are two times
continuously differentiable. Since φ and ψ are two times
continuously differentiable, φ00 and ψ 00 are continuous. Then,
θ00 = φ00 + ψ 00 is continuous. Therefore, h = α1 f + α2 g is
continuous.
Since all system inputs lie in their bounds, i.e., umin ≤
u(i) ≤ umax , ∀i : vi ∈ V, the synchronized system inputs
lie within the same bounds umin and umax .
According to Theorem 4, the synchronized trajectories
are feasible to the vehicles’ dynamics. We now present our
evaluation methodology in Subsection IV-A.
A. Methodology
We simulate two different scenarios, a circle and a parallel
scenario. Fig. 3 shows a sketch of both evaluation scenarios
for 4 vehicles. In the circle scenario, the vehicles start on a
circle while driving through the center. In order to avoid
collisions in the center, the vehicles have to adjust their
trajectories. The vehicles in the parallel scenario drive in
parallel until they reach an obstacle. To avoid collisions,
the vehicles have to adjust their trajectories. The speed is
fixed in both scenarios, so that the vehicles can only change
their steering. Please note that the number of vehicles in
each scenario is variable. The scenarios are referred to as
N -Parallel and N -Circle, where N denotes the number of
vehicles.

Scenario
circle

Reference
trajectory

(a) 4-Circle scenario.

Reference trajectory Obstacle

(b) 4-Parallel scenario.

Fig. 3. Sketch of the circle and parallel evaluation scenarios with 4 vehicles.
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When we use weighted couplings, we define the weights
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as
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α(i,j) = 0.1 + (N − i) · 0.3 +
6

7
(f) 7 vehicles
Fig. 4. Evaluation topologies for the circle scenario for different numbers
of vehicles.

(19)

i.e., all outgoing edges of each agent have the same weights.
We evaluate the reference deviation, computation time, and
number of iterations of the SC-DMPC method in both
scenarios with different network topologies. For comparison,
we also evaluate the Centralized Model Predictive Control
(CMPC) approach. In the following, we introduce our evaluation metrics. Table I lists our simulation parameters.
a) Reference Deviation: We evaluate the reference deviation as the cumulative distance of the final trajectories
and the original reference trajectories of each time step. The
synchronized trajectories in each iteration do not influence
the reference deviation in this evaluation. The distance metric
is the euclidean distance between the sample points. The
reference deviation metric D is given as
D=

We also use different couplings to evaluate the impact
on the SC-DMPC. In the circle coupling, all vehicles may
collide. Hence, topologies with a diameter of 2 or less are
required. Figure 4 show our evaluation topologies for the
circle scenario. In the parallel scenario we make use of the
fact that only neighboring vehicles may collide. Therefore,
the topology may have a higher diameter than 2. We use
two different groups of couplings in the parallel scenario.
First, the complete cluster coupling in which the vehicles are
grouped into clusters that are internally completely coupled
and externally coupled by one link. The corresponding

mod (i, 2) · 0.6,

Hp
Nt X
N X
X

||x(i) (t + k) − r(i) (t + k)||22 ,

(20)

t=1 i=1 k=1

where Nt denotes the number of simulation steps and
(i)
x(i) (·) = xj (·), ∀j : vj ∈ V (i) . We compare the reference
deviation of SC-DMPC and CMPC as
DSC−DM P C
,
DCM P C

(21)

where DSC−DM P C is the reference deviation of the
SC-DMPC and DCM P C is the reference deviation of the
CMPC.

8

TABLE I
E VALUATION PARAMETERS

1.4

1.2

Parameter

Description

Value

Ts
Hp
Hu
Q(i) (k)
Q(i) (Hp )

Sample time
Prediction horizon
Control horizon
Cost of tracking error
Cost of terminal tracking error

R(i) (k)

Cost of steering angle variation

0.4s
14
3
1m · q (i) (k)
10m · q (i) (k)
Circle: 1200 1 /rad2
Parallel: 800 1 /rad2

(i)

umax
(i)
∆umax

Steering angle limit

3°

Steering angle variation limit

6°

Suboptimality

1

0.8

0.6

0.4

0.2

0
2

3

4

5

6

7

Number of Vehicles

Fig. 5. Reference deviation of the SC-DMPC algorithm compared to CMPC
in the circle scenario with different numbers of vehicles.

In SC-DMPC, there are multiple optimizations per time step,
i.e., one for each vehicle and iteration. Since the vehicles
optimize their trajectories in parallel in each iteration, we
measure the sum of all maximum optimization times per
iteration as overall computation time as follows:
ctSC−DM P C =

n
X
k=1

(i)

max(topt (k)),
i

(23)

1.2

1

0.8

Suboptimality

b) Computation Time: The computation time is measured for the optimization only, i.e., no time for initializing
variables or similar is included in the computation time. For
CMPC, there is only one optimization, hence the computation time for the optimization step is the overall computation
time
ctCM P C = topt .
(22)

0.6

0.4

0.2

0
2

3

4

5

6

7

8

9

10

Number of Vehicles

Fig. 6. Reference deviation of the SC-DMPC algorithm with complete
cluster coupling compared to CMPC in the parallel scenario with different
numbers of vehicles.

(i)

where n is the number of iterations and topt (k) is the
optimization time of vehicle vi at the k’th iteration.
c) Number of Iterations: The number of optimizations
represents the number of iterations of the optimization and
synchronization process. The number of synchronization
iterations corresponds to the number of iterations of the
synchronization process itself.

Fig. 5 shows the trajectory deviation according to Eq. (21)
in the circle scenario. For up to four vehicles, the trajectories
have about the same cumulative deviation in the SC-DMPC
and CMPC approach. For higher numbers of vehicles, the
trajectory deviation in the SC-DMPC scenario is higher
than the deviation of the CMPC trajectories. The maximum
reference deviation is about 20% higher for the SC-DMPC
than for CMPC for 6 vehicles. This trend is also true for
the parallel scenario with complete cluster coupling shown
in Fig. 6. For two vehicles, the topology is complete and,
hence, the trajectory deviation is the same for SC-DMPC
and CMPC.

are similar for up to four vehicles. For more vehicles, the
computation time of CMPC increases to over 200 s in
the median and over 3000 s in the maximum for seven
vehicles. The computation time of SC-DMPC increases to
about 500 ms in the median and about 10 s in the maximum.
Hence, in the 7-Circle scenario, a speedup of about 300 is
achieved.
Figs. 8 and 9 show the computation time in the parallel
scenario with complete cluster coupling and nearest neighbor
coupling. For complete cluster coupling, the median computation time is not much lower for SC-DMPC than for CMPC,
even for 10 vehicles. However, the maximum computation
time is higher for the SC-DMPC approach. This may be due
to high number of iterations until convergence is achieved.
For nearest neighbor coupling, nevertheless, the computation
time is higher than for complete cluster coupling. For 10
vehicles, the SC-DMPC did not converge for the nearest
neighbor coupling. This shows that the topology has an
impact on the overall computation time and feasibility of
the SC-DMPC.

C. Computation Time

D. Number of Iterations

Fig. 7 shows the median and maximum computation
times of SC-DMPC and CMPC in the circle scenario on a
logarithmic scale. The computation time of both approaches

We also evaluated the number of iterations for the
SC-DMPC approach. Fig. 10 shows the number of iterations
for the circle scenario. It shows the average and maximum

B. Reference Deviation
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Fig. 7. Median and maximum computation time of the SC-DMPC and
CMPC algorithms in the circle scenario with different numbers of vehicles.

101

101

Computation Time [s]

CMPC med
SC-DMPC med
CMPC max
SC-DMPC max

100

100

10-1

10-1

number of iterations for optimization and the average number
of iterations for synchronization. For two and three vehicles,
only one optimization is required and the trajectories are
instantly synchronized. This is because of the topology structure, since the evaluated topologies in Fig. 4 are complete
for up to three vehicles. The scenarios with more than
three vehicles require at most 7 optimizations per time step,
while the average is about 1.5 optimizations. The number
of required synchronization steps increases with increasing
number of vehicles.
Figs. 11 and 12 show the number of iterations required in
the parallel scenario with the complete cluster coupling and
nearest neighbor coupling. The complete cluster coupling
shows a maximum number of optimizations of 3 for most
number of vehicles. In the parallel scenario with 7 vehicles,
4 optimizations were required at maximum per time step.
The average number of optimizations is about 1.5 for most
numbers of vehicles. The average number of synchronizations increases with increasing numbers of vehicles. The
SC-DMPC with the nearest neighbor coupling shows a high
maximum number of optimizations, while the average is
almost constant. The maximum number of optimizations is
in the scenario with 8 vehicles, where 45 optimizations were
required in one time step. However, for the 10 vehicles
scenario the SC-DMPC did not converge at all. This is
because the requirements of Theorem 2 are not fulfilled. The
average number of iterations for synchronization is almost
constant.
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Fig. 8. Median and maximum computation time of the SC-DMPC and
CMPC algorithms in the parallel scenario with complete cluster couplings
and different numbers of vehicles.
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Average and maximum number of optimization steps and
average number of synchronization iterations per time step of the SC-DMPC
algorithm in the circle scenario with different numbers of vehicles.
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Fig. 9. Median and maximum computation time of the SC-DMPC and
CMPC algorithms in the parallel scenario with nearest neighbor couplings
and different numbers of vehicles.

Fig. 13 shows the computation time of the parallel scenario with a weighted and unweighted nearest neighbor
coupling compared to CMPC. The unweighted scenario did
not converge to a solution for 10 vehicles. However, the
SC-DMPC converges in the parallel scenario for 10 vehicles
with weighted nearest neighbor couplings. The weightings
enabled convergence for all scenarios. Furthermore, the
median and maximum computation times of the SC-DMPC
with weighted nearest neighbor couplings are lower for most
numbers of vehicles. This shows that the weightings of
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Fig. 11.
Average and maximum number of optimization steps and
average number of synchronization iterations per time step of the SC-DMPC
algorithm in the parallel scenario with complete cluster couplings and
different numbers of vehicles.
45
Synchronization avg
Optimiztion avg
Optimization max

40

directed links in a time-variant topology and make their
decisions in parallel. The agents synchronize their decisions
at each time step to achieve prediction consistency. Synchronization is achieved using iterative distributed average of
local plans. Our algorithm alternates planning and synchronization steps to iteratively converge to a globally feasible
solution.
Our evaluations show that the computation time of our
algorithm for 7 agents is up to 300 times faster than in CMPC
approaches. The reference deviation increased by 20%. Nevertheless, in some scenarios there is no improvement of
computation time compared to CMPC. We showed that the
topology has a high impact on our algorithm’s computation
time and that some topologies may lead to infeasibility.
We presented requirements and goals for the topologies to
guarantee feasible trajectories and low computation times.
The scalability of computation time show that this algorithm
can be real-time capable. Future work will contain methods
for topology generation and tests on real vehicle hardware.
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V. CONCLUSION
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APPENDIX
A. Proof of Theorem 1



We proof global feasibility ⇔ C1 ∧ C2 ∧ C3 ∨ C4



by showing C1 ∧ C2 ∧ C3 ∨ C4
⇒ global feasibility



and global feasibility ⇒ C1 ∧ C2 ∧ C3 ∨ C4 .



a) To prove C1 ∧ C2 ∧ C3 ∨ C4 ⇒ global feasibility,

we show global infeasibility ⇒ ¬ C1 ∧ C2 ∧ C3 ∨


C4 .
•

•

Assume globally infeasible decisions.
Case 1: The decisions of agent vi and vj are
(i)
(j)
locally feasible (C1) and xi (·) = xi (·) and
(i)
(j)
xj (·) = xj (·), ∀i, j : vi , vj ∈ V, i.e., the decisions
are prediction consistent (C2). Since the decisions are
globally infeasible, there are agents vi and vj with
conflicting decisions, but are not coupled with each
other (C3) and there is no agent h ∈ V (i) ∩ V (j) , i.e.,
the agents vi and vj have no common neighbor (C4).
Otherwise, the decisions would be globally feasible.
Case 2: The decisions of agents vi and vj are locally
feasible (C1) and each pair of agents vi , vj that may
conflict with each other are coupled by vi ∈ V (j) or
vj ∈ V (i) (C3) or have a common neighbor (C4).
(i)
(i)
There is a pair of agents vi , vj with xi (·) 6= xi (·),
i.e., the decisions are not prediction consistent (C2).

Otherwise, the decisions would be globally feasible.
(i)

Case 3: The decisions are prediction consistent xi (·) =
(i)
xi (·), ∀i, j : vi , vj ∈ V and each pair of agents
vi , vj that may conflict with each other are coupled
by vi ∈ V (j) or vj ∈ V (i) (C3) or have a common
neighbor (C4). There are agents that have no locally
feasible decisions (C1). Otherwise, the decisions would
be globally feasible.



b) To prove global feasibility ⇒ C1∧C2∧ C3∨C4 ,



we show ¬ C1 ∧ C2 ∧ C3 ∨ C4
⇒ global infea•

•
•
•

sibility.
Case 1: Assume locally infeasible decisions. These
decisions can not be globally feasible.
Case 2: Assume prediction inconsistent decisions. These
decisions can not be globally feasible.
Case 3: Assume a pair of agents vi , vj that may conflict
are not coupled, i.e., vi ∈
/ V (j) and vj ∈
/ V (i) and they
have no common neighbor @vh : vi , vj ∈ V (h) . These
agents do not consider each other in their decisionmaking, i.e., they do not resolve conflicts. Therefore,
decisions can not be globally feasible.

