
Appendix

Proofs

Proof of Theorem 2. Since conditional on T > y, the event {Y ≤ y} is equivalent to

{Y ∗ ≤ y}, we have Pr (Y ≤ y|X = x, T > y) = Pr (Y ∗ ≤ y|X = x, T > y). By Condition 1,

Pr (Y ∗ ≤ y|X = x, T > y) = Pr (Y ∗ ≤ y|X = x), which, by the definition of a cumulative

distribution function is FY ∗|X (y|x).

Theorem 7 (Test statistic limiting distribution) Suppose Condition 1 holds and ob-

served data {Yi, Ti, Xi}ni=1 are iid conditional on discrete covariates Xi. Then ∆̂ converges

in distribution to the following:

n∆̂→
d
ψ (G∆ (y|x)) ,

where ψH is the continuous map ψ =
∫ ∫

H (y, x)2 dFY ∗|x (y|x) dFX (x), and

G∆ (y|x) := J ′∆

 dφKM (W (y, x))

dφRS (W (y, x))

 ·G (y, x) ,

where J∆ = (1,−1)′, the derivative maps dφKM (W (y, x)) and dφRS (W (y, x)) are defined

in the proof, and G (y, x) is a Gaussian process indexed by

Y (x) = {y : y < t̄ (x) }⊂R

with zero mean function and covariance function

CG (y, ỹ|x) := E
[
Wi (y, x)Wi (ỹ, x)′

]
−W (y, x)W (ỹ, x)′ , (6)
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where

Wi (y, x) =



1 (Yi ≤ y,Xi = x)

1 (Yi ≤ y, Y ∗i ≤ Ti, Xi = x)

1 (Yi ≤ y, Ti > y,Xi = x)

1 (Ti ≤ y,Xi = x)


and W (y, x) := E [Wi (y, x)].

Proof. The test statistic is fundamentally a function of the following vector of sample means

W̄n (y, x) := n−1

n∑
i=1

Wi (y, x) ,

which, by Glivenko-Cantelli converges in probability uniformly in y ∈ Y (x) for each x in the

(finite) support of X:

W̄n (y, x)→
p
W (y, x) =



FY X (y, x)

F 1 (y, x)

p (y, x)

FTX (y, x)


,

where FY X (y, x) := Pr (Y ≤ y,X = x), F 1 (y, x) := Pr (Y ≤ y, Y ∗ ≤ T,X = x), p (y, x) :=

Pr (Y ≤ y, T ≥ y,X = x), and FTX (y, x) := Pr (T ≤ y,X = x). By the Donsker theorem

Ĝ (y, x) :=
√
n
(
W̄n (y, x)−W (y, x)

)
converges to a mean-zero Gaussian process indexed by

y ∈ Y (x):

Ĝ (y, x)→
d
G (y, x)

with covariance function

CG (y, ỹ|x) := E
[
Wi (y, x)Wi (ỹ, x)′

]
−W (y, x)W (ỹ, x)′ .

We consider W (y, x) as an element of the product space `∞ (Y (x))4 of bounded functions on
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Y (x). We then regard the (vector of) estimators

(
F̂KM (y|x) F̂RS (y|x)

)′
as a map from

`∞ (Y (x))4 to the product space {{f : Y (x)→ (0, 1)} ⊂ `∞ (Y (x))}2 of bounded functions

from Y (x) to the subset (0, 1) of the real line: F̂RS via the map

φRS (θ) =
θ[3]

θ[4]

,

and, shown by Gill (1994), F̂KM via the map

φKM (θ) = 1−
∏(

1−
dθ[2]

1− θ[1]

)
,

where θ ∈ `∞ (Y (x))4 and bracketed subscripts denote elements, and where Π denotes

product integration over intervals (−∞, y]. The map φRS trivially has a Hadamard derivative

whose probability limit applied to applied to Ĝ (y, x) is

dφRS (W ) · Ĝ = J ′RSĜ,

where the Jacobian JRS (y, x) := (1− FTX (y, x))−1

[
0 0 1 FY ∗X (y, x)

]>
. Gill (1994)

showed the map φKM has a Hadamard derivative whose probability limit applied to Ĝ (y, x)

is

dφKM (W ) · Ĝ =
(
1− FY ∗|X

) ∫ dĜ[2] + Ĝ[1]−dΛ

(1− FY X−) (1−∆Λ)
,

where Λ (y, x) is the conditional hazard function of Y ∗ given X = x, ∆Λ denotes the atoms

(if any) of Λ, and subscript minus signs denote left limits. A Taylor expansion about W (y, x)

therefore yields

∆̂ (y, x) =
(
φKM − φRS

)
(W (y, x)) + d

(
φKM − φRS

)
(W (y, x))

(
W̄n (y, x)−W (y, x)

)
+op

(
W̄n (y, x)−W (y, x)

)
.

Imposing the null hypothesis sets the first term on the right hand side,
(
φKM − φRS

)
(W (y)),
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to zero. By the functional delta method (van der Vaart and Wellner, 1996, Theorem

3.9.4), therefore,
√
n∆̂ (y, x) weakly converges to the following zero-mean Gaussian process

in `∞ (Y (x)):

√
n∆̂ (y, x)→

d
J ′∆

 dφKM (W (y, x))

dφRS (W (y, x))

 ·G (y, x) .

The result then follows from the continuous mapping theorem.

Proof of Theorem 3. The theorem is an application of the first result in Theorem 2 of

Berg et al. (2010), which requires that under the null the test statistic converge to zero and

have a non-degenerate limiting distribution, verified by Theorem 7. The result then follows

from Theorem 2 in Berg et al. (2010), with τn = n.

Proof of Lemma 4. Take part (i) first. Wang (1987) shows uniform convergence of the

Kaplan-Meier estimator. Stute and Wang (1993, equation 2.5) show that the limit to which

it uniformly converges, without imposing independence, is

S (a) =

∫ a

−∞
m (y′) exp

{∫ y′

−∞

1−m (y)

1− FY (y)
fY (y) dy

}
fY (y′) dy′,

where m (y) := Pr (Y ∗ ≤ T |Y = y). Denoting the joint pdf of Y ∗ and T as f (y, t), we

can write m (y) as
∫∞
y
f (y, t) dt/fY (y) and 1− FY (s) as

∫∞
s

∫∞
s
f (y, t) dtdy. Making these

substitutions we obtain

S (a) =

∫ a

−∞

∫ ∞
y′

f (y′, t) dt exp

{∫ y′

−∞

∫∞
s
f (y, s) dy∫∞

s

∫∞
s
f (y, t) dtdy

ds

}
dy′.

Repeated application of Leibniz’ rule and integration by parts yields

S (a) = −
∫ a

−∞

d

dy′
exp

{
−
∫ y′

−∞

∫∞
s
f (s, t) dt∫∞

s

∫∞
s
f (y, t) dtdy

ds

}
dy′

= 1− exp

{∫ a

−∞
−

fY |T (s|T > s)

1− FY |T (s|T > s)
ds

}
.
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Note that by the chain rule

d

ds
ln
(
1− FY |T (s|T > s)

)
= −

fY |T (s|T > s)

1− FY |T (s|T > s)
−

∂
∂r
FY |T (s|T > r) |r=s

1− FY |T (s|T > s)
,

so

−
fY |T (s|T > s)

1− FY |T (s|T > s)
=

d

ds
ln
(
1− FY |T (s|T > s)

)
+

∂
∂r
FY |T (s|T > r) |r=s

1− FY |T (s|T > s)
.

Substituting this in and simplifying, we get

S (a) = 1− exp

{∫ a

−∞

d

ds
ln
(
1− FY |T (s|T > s)

)
ds

}
exp

{∫ a

s=−∞

∂
∂r
FY |T (s|T > r) |r=s

1− FY |T (s|T > s)
ds

}

= 1−
(
1− FY |T (a|T > a)

)
exp

{∫ a

−∞

∂
∂r
FY |T (s|T > r) |r=s

1− FY |T (s|T > s)
ds

}
,

where the second line follows by the fundamental theorem of calculus. Part (ii) follows from

the law of large numbers and Bayes’ rule.

Proof of Theorem 6. From Lemma 4, the probability limits are equal if and only if

∫ a

−∞

∂
∂r
FY |T (s|T > r) |r=s

1− FY |T (s|T > s)
ds = 0

for all a. By Condition 5, ∂
∂r
FY |T (s|T > r) |r=s will differ from zero over a region of s with

strictly positive measure, and therefore the integral will differ from zero for a set of values

of a with positive measure, and thus the test statistic (4) will converge in probability to a

positive value. The result then follows from result (ii) in Theorem 2 of Berg et al. (2010).

Incorporating Continuous Covariates

The main text focuses on the case where covariates have discrete support, which is common in

applied settings. Here we extend the framework and testing procedure to allow for continuous

covariates. Nonparametric kernel-smoothed conditional estimates for the latent outcome

distribution have been developed by Beran (1981), Dabrowska (1987), and Kim (1994), and
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they take the form:

F̂KM
Y ∗|X (y|x) = 1−

∏
Yi≤y

(
1−∆Λ̂ (s|x)

)
, (7)

where ∆Λ̂ (s|x) denotes the jump at s in the estimated cumulative hazard function:

Λ̂ (s|x) = −
∫ s

0

dĤ1 (t|x)

Ĥ2 (t|x)
,

and Ĥ1 and Ĥ2 are Nadaraya-Watson or local linear estimates of the conditional expectations

of, respectively, I1 (t) := 1 (Y > t, Y ∗ ≤ T ) and I2 (t) := 1 (Y > t), which can be written:

Ĥj (y|x) :=

∑n
i=1 Iij (t)wi∑n

i=1wi

for weights (in the local linear case)

wi := K

(
x−Xi

h

)
[ŝ2 − (x−Xi) ŝ1] , (8)

for kernel function K (·), bandwidth h, and quantities

ŝl :=
n∑

i=1

K

(
x−Xi

h

)
(x−Xi)

l .

Likewise, a kernel-smoothed “reduced-sample” estimator for the latent outcome distri-

bution can be constructed from kernel-weighted means:

F̂RS (y|x) =
Ĥ3 (y|x)

Ĥ4 (y|x)
, (9)

where Ĥ3 is a Nadaraya-Watson or local linear estimate for the conditional expectation of

I3 (y) := 1 (Yi ≤ y, Ti > y) and Ĥ4 is the same for I4 (y) := 1 (Ti > y), both using weights

(8) for the local linear case.

Having constructed the nonparameteric Kaplan-Meier and reduced-sample estimators (7)
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and (9), they can be plugged into the test statistic expression (4) and the subsampling test

can be carried out as before. For this approach to be valid, we need only the existence

of a limiting distribution for the test statistic, which Newey (1994) showed in general for

differentiable functionals of kernel-weighted means under standard regularity conditions.

In the presence of both discrete and continuous covariates one could implement the kernel-

smoothed approach described here cell-by-cell; such an approach would require a large sample

to ensure adequate cell sizes in practice.

Test with Non-iid Data

The main text develops the test in the context of iid samples. The test may be adapted with

minimal modification for many non-iid sampling settings. Indeed, a chief advantage of the

subsampling approach is that it remains valid under very general conditions, as compared

to the bootstrap or other approaches, which typically require a case-by-case justification.

For time-series data or other dependent data under stationarity, Politis et al.’s (1999)

block-subsampling method may be used to perform the test (see Chapter 3). Like the iid

case, this method draws subsamples of size m out of n, where m/n→ 0, but the subsampled

observations are taken to be consecutive, rather than randomly drawn without replacement.

In this way the dependence structure in the data is preserved in each subsample. Politis et al.

(1999) show this method is consistent provided the data satisfy a weak α-mixing condition.

For data with a grouped or clustered structure, where distributional characteristics of

the data may vary across groups, the stationarity assumption above may be too strong. In

this case, Bickel et al.’s (2010) stratified block subsampling scheme may be used, provided

stationarity holds within each cluster. To describe this scheme, some notation is needed.

Suppose that the n observations are grouped into K clusters, where the kth cluster has

nk observations. In this scheme, subsamples are drawn in a stratified manner so that the

distribution of observations across clusters is preserved in each subsample. That is, if the
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total subsample size is m, the number of observations drawn from the kth cluster is

mk := dnkm/ne .

If the data are independent within the cluster, the mk observations are drawn randomly

without replacement within each cluster. If the data are dependent (but satisfy the α-

mixing requirement) within each cluster, then consecutive blocks of size mk are drawn. The

authors show that this method is consistent under a slightly stronger assumption on the

subsample size, namely m2/n→ 0, and provided the number of clusters is small (K/n→ 0),

and that the number of observations per cluster is large in the sense that n−1
∑

k:nk≤l nk → 0

for all l <∞, so that the contribution of “small” clusters is small relative to the sample size.

Sample definitions for empirical examples

NLSY79

The following describes the sample definition for the empirical example based on the NLSY79.

Starting with all males aged 25 to 54 (inclusive) as of the 1989 interview, the sample retains

individuals who were interviewed in each year from 1989 to 1993, and for whom labor force

status is reported for each week over that period. Specifically, individuals are dropped for

whom weekly labor force status is reported as “No info reported for the week” or “associ-

ated with employment, gap dates missing,” resulting in a sample of 4,950 continuous labor

force status histories. An individual is coded as unemployed for a given week if labor force

status is reported as “Not working (unemployed vs. out of labor force not determined),”

“Unemployed,” or “Out of labor force.” Individuals are thus considered employed if they

report being with a job or in active military service. Beginnings of spells are identified as at

least one period of employment followed by a period of unemployment. The censoring point

is defined as the number of weeks between the beginning of the spell and the date of the

final interview. A spell is considered censored if it is ongoing as of the final interview.
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SIPP

The sample begins with men included in the SIPP 1996 panel who were aged 25 to 54 

(inclusive) as of the first interview, and who reported a valid labor force status for each 

month between the first and last interviews, for a total of 4,677 individuals. An individual 

is coded as employed for a given month if he reported being with a job at least part of the 

month. Beginnings of spells are identified as at least one period of employment followed by 

a period of unemployment. The censoring point is defined as the number of months between 

the beginning of the spell and the date of the final interview. A spell is considered censored 

if it is ongoing as of the final interview.

PSID

The PSID sample is based on the replication files posted by Low et al. (2010) at the following 

URL: https://www.aeaweb.org/articles?id=10.1257/aer.100.4.1432, but with three changes. 

First, a small error in the posted code defining an individual’s age was corrected. Second, the 

sample restricts to men aged 25 to 54 to be comparable to the other two empirical examples. 

Third, only unemployment spells beginning during the sample period were kept, resulting in 

a sample of 1,707 unemployment spells.
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