
7 Supplementary Materials

7.1 Simulation study

To further investigate the effectiveness of the proposed HB mixture model we conduct a

simulation study. The setup of our simulation is similar to our application to estimate

the state-level poverty ratios of 5 − 17 year old related children for 51 small areas. In our

simulation study, we take the covariates from this application, and the value of the regression

coefficients β is considered as (2, 0.75, 0.50, 0.25)T , motivated by the estimate of the real data

considered in Section 4. The data are generated for different values of p and σ2
v,M , as shown

Table 2: Performance of the proposed methodology − average ratios of various deviation
measures from the truth (Columns (1)−(4)) and average ratios of posterior variances of the
Fay-Herriot model to the proposed model (Column (5))

AAD ASD ARB ASRB Post Var
p σ2

v,M (1) (2) (3) (4) (5)

0.1

25 1.198 1.183 1.215 1.254 1.667
50 1.301 1.309 1.317 1.401 1.751
75 1.389 1.466 1.401 1.588 1.811
100 1.474 1.660 1.492 3.121 1.872

0.2

25 1.164 1.076 1.169 1.085 1.677
50 1.261 1.204 1.261 1.262 1.682
75 1.339 1.334 1.330 1.532 1.704
100 1.405 1.431 1.404 2.774 1.732

0.5

25 1.040 0.952 1.029 0.910 1.400
50 1.090 1.040 1.076 1.087 1.284
75 1.117 1.096 1.094 1.099 1.263
100 1.137 1.129 1.104 1.119 1.273

0.75

25 0.979 0.922 0.967 0.876 1.205
50 1.005 0.974 0.996 0.974 1.117
75 1.012 0.997 0.998 0.974 1.094
100 1.015 1.004 1.000 0.981 1.084

in Table 2. We evaluated the four summary performance measures, namely AAD, ASD, ARB
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and ASRB, mentioned in Section 5, for the FH-HB predictor θ̂FH-HB and the proposed HB

predictor θ̂M-HB via 1000 simulations. The average values of 1000 performance measures,

reported in Table 2, demonstrate that except for the case with small σ2
v,M and large p,

which is close to the “true” random effects model discussed by Fay-Herriot, the proposed

method performs better than the FH method. The average ratios of posterior variances of

the Fay-Herriot model to the proposed one also demonstrate the superiority of the proposed

model.

7.2 Additional examples

Example 1: Jiang and Tang (2009) analyzed data reported by Morris and Christiansen

(1995) from a medical survey comparing surgery success rates of several hospitals. Data

involve 23 hospitals (out of a total of 219 hospitals) where each hospital performed at least

50 kidney transplants during a 27 month period. They reported failure rates, i.e. values of

p̂i, for kidney transplant operations, where p̂i = (number of graft failures)/ni and ni was the

number of kidney transplants at hospital i during the period. The variance of p̂i, denoted

by D∗
i , is approximated by (0.2)(0.8)/ni, where 0.2 is the observed failure rate combining all

hospitals. A covariate in the form of severity index xi is also reported for each hospital; it

equals the average fraction of females, African-Americans, children and extremely ill kidney

recipients at hospital i. Here the hospitals represent the small areas. The goal is to compare

hospitals based on the true graft failure rates pi, or equivalently, in terms of logit(pi).

Since the data are proportions then a logit transformation might offer an appropriate way of

implementing the Fay and Herriot (1979) model in this case. Note that, since individual ni’s

are relatively large, variances of the logit transformed data can be approximated by the delta

method. In particular, if E(p̂i) = pi and var(p̂i) = D∗
i , then var{logit(p̂i)} ≈ D∗

i /{pi(1−pi)}2.

We denote logit(p̂i) by yi and D
∗
i /{pi(1− pi)}2 by Di. For this example, Jiang et al. (2009)
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proposed the following Fay-Herriot model:

yi = β0 + β1xi + β2x
2
i + β3x

3
i + vi + ϵi , (16)

with i = 1, . . . , k = 23, where βj, for j = 0, 1, 2, 3, are unknown coefficients and everything

else is as in a Fay-Herriot model.

In this example, the statistic proposed in Datta et al. (2011) is 23.66 with a parametric

p-value of 0.2 but the non-parametric p-value is much smaller, 0.075. The proposed method

is used to find the estimate of probability of presence of random effects as 0.496 with an

estimate of σ2
vM as 0.0266. Here the FH estimate of σ2

v is 0.0165. For this example, the

posterior probabilities of each hospital having a random effect is close to 50%. However,

even in this case, as seen from Figure 7, the posterior variances of θi’s of the proposed

method are always smaller that that of FH model. The shrinkage coefficients for the last

two hospitals are also significantly different under these two models.
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Figure 7: Performance of the proposed estimate for model (16)
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Example 2: The proposed analysis has been performed for another dataset on median in-

come (not reported here) considered by Fay (1987). There, the null hypothesis of no random

effects has been convincingly rejected by both parametric and nonparametric tests calculated

using bootstrap methods. Even in that situation, where the FH model is overwhelmingly

supported by the data, as seen from Figure 8 below, the ratios of the variances of proposed

method to the FH (as well as the Lahiri-Rao) method are in general smaller than one, indi-

cating the superiority of proposed method. Similar to the Figure 2 of the paper, here also

the solid dot represents the ratio of the posterior variance of the proposed model to the

posterior variance of the Fay-Herriot model and the asterisk represents the ratio of posterior

variance of the proposed model to the estimated MSE of the Lahiri and Rao (1995) model.
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Figure 8: Plot of ratio of uncertainty measures of various model-based estimates of small
area means
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