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Abstract

In this document we have the proofs for theorem and lemmas given in the ac-

companying paper. We shall give proofs for the consistency and Fisher-consistency

of the Robust Functional Linear Regression (RFLR) model. We shall follow a sim-

ilar approach to Kalogridis and Aelst (2019) who developed a RFLR model for the

scalar-on-function problem. We shall also prove the consistency of the RBIC model

selection method.

Definition 1. Let X1, X2, ..., Xn be a sequence of real-valued random variables. An esti-

mator Tn := T (X1, X2, ..., Xn) of a parameter θ is said to be (asymptotically) consistent

if for all ε > 0

lim
n→∞

P (|Tn − θ| > ε) = 0.

Definition 2. Let X1, X2, ..., Xn be a sequence of real-valued random variables with an

associated cumulative distribution function Fθ, which depends on an unknown parameter θ.

Let the estimator Tn := T (Fn) of a parameter θ, be a function of the empirical distribution

function Fn. We say this estimator is Fisher-consistent for the parameter θ if

T (Fθ) = θ

Remark 1. Fisher consistency is equivalent to (asymptotic) consistency if the empirical

distribution function Fn converges pointwise to the true distribution function Fθ. This can

be shown to be the case for iid real multivariate random variables using the Glivenko-Cantelli

theorem (Pollard, 2012).
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1 Consistency of the Robust FLR

To prove Fisher-consistency we need to define appropriate probability measures on the

predictor X(t), response Y (t) and the residual ε(t). We will then define conditions by

which the robust FPCA and MLTS regression are Fisher-consistent, which will then ensure

the Fisher-consistency of β̃(s, t). We shall also prove consistency of β̃(s, t) using Remark 1.

Following the ideas set by Kalogridis and Aelst (2019), we make 6 assumptions:

(C1) X has a finite-dimensional Karhunen-Loéve decomposition, i.e λXm = 0 for m > M0.

(C2) Y has a finite-dimensional Karhunen-Loéve decomposition, so λYk = 0 for k > K0.

(C3) The residual ε(t) = q̃T φ̃Y (t) where q̃T is a Gaussian random variable with mean 0

and covariance matrix Σ.

(C4) β(s, t) lies in a linear subspace spanned by {φ̃Xm}
M0
m=1 and {φ̃Yk }

K0
k=1.

(C5) The random variables {ξ̃Xj }
M0
j=1 are absolutely continuous and have joint density g1(x)

satisfying g1(x) = h1(||x||E) for x ∈ RM0 and some measurable function h1 : R→ R+.

(C6) The random variables {ξ̃Yj }
K0
j=1 are absolutely continuous and have joint density g2(y)

satisfying g2(y) = h2(||y||E) for y ∈ RK0 and some measurable function h2 : R→ R+.

We define || · ||E as the Euclidean norm.

Let PX be the image measure of X i.e. PX(U) = P (X ∈ U) for a Borel set U , and

likewise for PY . We can define the cumulative distribution functions

FX(a1, ..., aM0) := PX(ξ̃X1 ≤ a1, ..., ξ̃
X
M0
≤ aM0),

FY (b1, ..., bK0) := PY (ξ̃Y1 ≤ b1, ..., ξ̃
Y
K0
≤ bK0).
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Let Fε denote the distribution function of ε(t), which can be defined in the same way

as FX and FY . We can write the functional of the robust estimator β̃(s, t) as:

β̃(Fε, FX , FY )(s, t) =

K0∑
k=1

M0∑
m=1

B̂km(Fε, FX , FY )φ̃Xm(FX)(s)φ̃Yk (FY )(t). (1.1)

The functional is Fisher-consistent if β̃(Fε, FX , FY )(s, t) = β(s, t) for s, t ∈ I, which in

turn follows from B̃km(Fε, FX , FY ) = Bkm, φ̂Yk (FY )(t) = φYk (t) and φ̂Xm(FX)(t) = φXm(s).

Conditions C1-C4 are to ensure the FLR problem can be defined by a finite number of

terms. Kalogridis and Aelst (2019) show that Conditions C5 and C6 are sufficient for the

Fisher-consistency of the robust FPCA estimators by Bali et al. (2011).

Lemma 1.1. Assume C1-C6 hold then the robust regression function β̃(s, t) is Fisher-

consistent.

Proof of Lemma 1.1. Conditions C1-C2 and C5-C6 ensure Fisher-consistency of the robust

FPCA estimators as shown by Bali et al. (2011), so φ̃Y (FY )(t) = φY (t) and φ̃X(FX)(t) =

φX(t). By conditions C1-C2 we can write

Y (t) = cT φ̃Y (FY )(t), X(t) = ZT φ̃X(FX)(t)

Then

∫
I

X(s)β̃(Fε, FX , FY )(s, t)ds =

∫
I

ZT φ̃X(FX)(s)φ̃X(FX)(s)T B̃(Fε, FX , FY )φ̃Y (FY )(t)ds using C4

= ZT B̃(Fε, FX , FY )φ̃Y (FY )(t).

Using condition C3 we can write ε(t) = q̃T φ̃Y (t) therefore

ZT B̃(Fε, FX , FY )φ̃Y (FY )(t) + ε(t) = ZT B̃(Fε, FX , FY )φ̃Y (FY )(t) + q̃T φ̃Y (FY )(t),
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multiplying by φ̃Y (FY )(t) and integrating over t we obtain

ZT B̃(Fε, FX , FY ) + q̃T .

Agulló et al. (2008) show that Condition C3 implies the MLTS estimator is Fisher-consistent

so B̃(Fε, FX , FY ) = B. Therefore β̃(Fε, FX , FY )(s, t)ds = β(s, t).

Corollary 1.1. If {x1(t), y1(t)}, ..., {xn(t), yn(t)} are iid samples with cumulative distribu-

tion function (FX , FY ). Then, assuming C1-C6 hold, β̃(s, t) is consistent.

Note that xi(t) and yi(t) are defined on a finite number of eigenfunctions, so are de-

fined by finite score vectors. Therefore Corollary 1.1 follows from Lemma 1.1 and Remark

1, which states almost sure convergence of the empirical distribution for iid multivariate

random variables. In this case Fisher-consistency is equivalent to consistency.

2 Consistency of RBIC

In this section we will prove consistency of RBIC for the FLR problem. We will assume there

is a true model, which we previously defined as (M0, K0). We can then define overspecified

and underspecified models in reference to this true model. We make some assumptions on

the behaviour of the likelihood for these two model classes to prove consistency. We also

denoted (M̃, K̃)n = min(M,K)∈J RBICn(M,K), which we will assume is unique.

We will split the candidate models in J into two sets, one is the overspecified models

that include the true model J+ = {(M,K) ∈ J |M ≥M0 and K ≥ K0} and underspecified

models J− = J c+∩J . Recall that r = [αn] for some α ∈ (0, 1), and the likelihood l̃ depends

on r terms.
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Assumption 1 For (M,K) ∈ J−, there exists some εM,K > 0 such that

lim
n→∞

P

[
1

r
(l̃(θ̃M0,K0 , SM0,K0)− l̃(θ̃M,K , SM,K)) > εM,K

]
= 1.

This is a reasonable assumption as the underspecified models should give a poorer fit to yi

than the true model.

Assumption 2 For (M,K) ∈ J+, there exists some γM,K > 0 such that

lim
n→∞

P
[
l̃(θ̃M,K , SM,K)− l̃(θ̃M0,K0 , SM0,K0) > γM,K

]
= 0.

This assumption states that the difference in the trimmed loglikelihood is less than a finite

γ. The likelihood for the overspecified models and the true model should be close, given

the true model is contained within the overspecified models, so the difference in the penalty

terms will outweigh the difference in the likelihoods for large enough n.

Note that in Assumption 1 we consider the average difference between the log-likelihoods,

whereas in Assumption 2 we look at the total difference.

Theorem 2.1. Given Assumptions 1 and 2 hold, and there exists a true model (M0, K0),

then (M̃, K̃)n is a consistent estimator of (M0, K0).

Proof of Theorem 2.1. For j ∈ J−, we will show

lim
n→∞

P ({RBICn(M,K)−RBICn(M0, K0)} > 0) = 1. (2.1)

By definition we can show that:

lim
n→∞

P (RBICn(M,K)−RBICn(M0, K0) > 0)

= lim
n→∞

P

(
−2

(
l̃(θ̃M,K , SM,K)− l̃(θ̃M0,K0 , SM0,K0)

r

)
> −(ω(M,K)− ω(M0, K0)) log(r)

r

)
.

We will label Hr = −2
(
l̃(θ̃M,K ,SM,K)−l̃(θ̃M0,K0 ,SM0,K0 )

r

)
and Gr = (ω(M,K)−ω(M0,K0)) log(r)

r
. Using
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εM,K from Assumption 1, we can see that −Gr < 2εM,K for sufficiently large r. Using this

and Assumption 1 we can show

lim
n→∞

P (Hr > −Gr) ≥ lim
n→∞

P (Hr > 2εM,K) = 1.

Therefore limn→∞ P (RBICn(M,K)−RBICn(M0, K0) > 0) = 1 for (M,K) ∈ J−.

For (M,K) ∈ J+\{(M0, K0)}, we know that 1
2
(ω(M,K)−ω(M0, K0)) log(r) > 0 and is

monotonically increasing. Therefore there exists N such that for r ≥ N

1

2
(w(M,K)− w(M0, K0)) log(r) > γM,K . (2.2)

We can show that

lim
n→∞

P (RBICn(M,K)−RBICn(M0, K0) < 0)

= lim
n→∞

P

(
[l̃(θ̃M,K , SM,K)− l̃(θ̃M0,K0 , SM0,K0)] >

1

2
(ω(M,K)− ω(M0, K0)) log(r)

)
≤ lim

n→∞
P
(

[l̃(θ̃M,K , SM,K)− l̃(θ̃M0,K0 , SM0,K0)] > γM,K
)

= 0 by Assumption 2.

Note that BIC is a special case of RBIC where r = n, so is also consistent by Theorem

2.1.
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