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1. Introduction

1.1. Robust Optimization Strategy

The optimization strategy has been studied by various researchers from different per-
spectives. The winning strategy is not simply about the selection of the optimization
method, but also about the definition of the adequate quality (fitness), the robustness
of the resulting optimum or sensitivity analysis, and the uncertainty analysis of several
parameters. These aspects can be observed in optimization strategy studies (see Fig.
2.6.2 in (Marijt 2009) Fig. 2 in (Kübler, Henninger, and Eberhard 2005), and Fig. 2 in
(Bachur et al. 2017)). A sensitivity analysis with respect to the parametric variations
of the controlled processes is required (Precup et al. 2014).

The left panel in Fig. 1 lists the goals of the present optimization strategy:

• Realistic Implementation — Optimization is performed on the simulation model,
but the purpose of the process is to achieve optimal functionality for a real
device. Realistic implementation can be ensured by using a realistic model with
the optimum robustness. The model validation procedure should precede the
optimization procedure. However, validation is not the focus of this paper, it
was discussed in another work (Kecskés et al. 2017).
• Robust Solution — The robust solution has an advantage over the optimal so-

lution (see the definition in (Augusto, Bennis, and Caro 2012)) if the optimized
system has significant uncertainties. This will be described in greater detail in
subsequent sections.
• Optimal System — Optimal behavior is essentially sought in the sense of the

predefined quality formulation using the fitness function.
• Appropriate and Robust Fitness Function — An appropriate quality formulation

is required to achieve the expected system, as already noted in the previous
sections.

The proposed method can be seen in the middle panel of Fig. 1, where the mission is
to reach the goals (shown in the left panel) for the given optimization problem (shown
in the right panel). The properties of the MSMO problem that were mentioned earlier
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are presented in the right panel of Fig. 1, which also shows the numbers of variables
that occur in the presented examples.
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Figure 1. Multi-scenario Multi-objective optimization strategy for a simulation model of a real system

1.2. Further Research

The uncertainty analysis introduced in (Marijt 2009) forms a part of the present strat-
egy, as shown in Fig. 1. In the context of this paper, the uncertainties can be defined
using the simulation model and real values, and, thus, practically represent the model’s
accuracy. All differences between the simulation and the reality create inaccuracy and,
thus, uncertainty. Previous research (Marijt 2009) divided the uncertainty variables
into three groups: physical, design, and scenario uncertainties. The physical uncertain-
ties occur in the parts of the model where the model has estimated or approximate
solutions. The scenario uncertainties are related to the scenario parameters (called
as design parameters), whereas the optimized variables (design variables) carry the
design uncertainties.

The multi-scenario approach can represent a solution for the uncertainty analysis
according to (Laird and Biegler 2008): “Discretizing the uncertainty sets leads to large
multi-scenario optimization problems.” Experimental uncertainty analysis will form
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the next stage of this research.
The next phase of this research can be the implementation of the obtained optimal

system and the optimum validation on the real system using uncertainty analysis.

2. Results on Test Functions

2.1. Two-objective Two-scenario Two-variable Test Function

The two-scenario test function was introduced by (Deb, Zhu, and Kulkarni 2015), the
modified ZDT1 (ZDT1 originally published in (Zitzler, Deb, and Thiele 2000)) was
used to test MOO for an MSMO test problem. The ZDT test suite is one of the most
popular test suites in the multi-objective optimization literature (Cheng et al. 2017).
There are two design variables x1, x2, two objective functions f = [f1, f2], no constrain
function, and two scenarios defined by different g functions; see equation 1.

min
x
f1 = x1 (1)

min
x
f2 = g(x)(1−

√
f1

g(x)
)

0 ≤ xi ≤ 1

scenario1 : g(x) = 0.6 + 11x2

scenario2 : g(x) = 1 + 9(x2 − 0.5)2

The proposed MSMO optimization algorithm was run on this test function withN =
4 cycles and using PSO single-objective search method. Fig. 2 shows the results and
important metrics, and the solution besides the Pareto fronts. Based on the robustness
indices, the solutions at cycle c2 are the best, which were calculated by the utility
function FSC = (1.19 + f1)4.03(0.81 + f2)0.25.
Note: In the case of scenario sc2, the selected solutions in f1− f2 plane are not in the
Pareto front because of the nature of this function, i.e., there is no overlap between
two scenarios on the Pareto set of the design variables search space.

2.2. Two-objective Multi-scenario Multi-variable Test Function

This test function is a two-objective optimization problem with three design variables,
which has already been used for testing robust optimization in (Li 2007). It was slightly
modified by introducing two parameters instead of a constant to open the scenario di-
mension.
This problem is described by equation 2. There are three design variables x =
[x1, x2, x3], two objective functions f = [f1, f2], two constraint functions g = [g1, g2],
and two scenario parameters p = [p1, p2].
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Figure 2. Results of MSMO Optimization Cycles on the modified ZDT1 Test Function (equation 1)

min
x
f1 = x2

2 + x3 + y1 + e−y2 (2)

min
x
f2 = x1 +

√
x2 + (y2

2 − y3
1)/p1 + 150

y1 = x2
1 + x2 − p2y2

y2 = x1 + x3 +
√
y1

g1 = 8− y1 ≤ 0

g2 = y2 − 10 ≤ 0

−10 ≤ x1 ≤ 10, 0 ≤ x2, x3 ≤ 10

The solution for the y in equation 1 can be derived by Matlab’s symbolic mathe-
matics, see equation 3.

y2 = x1 + x3 +
1

2

√
(4x2

1 − 4/5x1 + 4x2 − 4/5x3 + 1/25)− 1/10 (3)

Four scenarios were selected by changing p parameters, see equation 4.

scenario1 (original) : p1 = 10000, p2 = 0.2 (4)

scenario2 : p1 = 20000, p2 = 0.2

scenario3 : p1 = 10000, p2 = 0.9

scenario4 : p1 = 20000, p2 = 0.9

The proposed algorithm was run on this test function (equation 1) with N = 4
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cycles, using PSO search algorithm. Fig. 3 shows the results of the MSMO optimization
cycles, the same as the previous two examples. The various utility function results are
almost the same as the optimum solution in all optimization cycles, but significantly
differ from the initial solution. The initial solution did not reach the Pareto front;
however, the PSO global and local search capabilities did not change at all (PSO
configuration: population = 50; generation = 50; cognitive attraction = 0.5; social
attraction=1.5). The solution reached at cycle c2 using utility function FSC = (1.42 +
f1)0.24(0.58 + f2)4.12 is better in terms of robustness; the four points of four scenarios
are closer to each other. Note that all these solutions agree with the robust set based
on the results published in (Li 2007).

Figure 3. Results of MSMO Optimization Cycles on Test Function 2

3. Description of Robotic Optimization Problem

3.1. Fuzzy-PI Route Control Optimization on the Wheeled Robot Model

Fig. 4 shows the block diagram of kinematic and dynamic models of a wheeled robot,
DC motor controlled by a PID controller, and car position controller with a fuzzy logic
controller. The fuzzy controller includes two inputs: a) d, the distance between robot
and target point; and b) φ, the angle of direction error (angle between robot direction
and direction of robot-target line). The outputs are v as locomotion velocity and γ as
angle of steering wheel, with which the model is controlled. These outputs will be the
inputs of the dynamic and kinematic models. The trimf membership function is used
in the fuzzy controller, and other parameters were left as default values in MATLAB’s
Mamdani-type fuzzy inference system. Two membership functions were created for the
two types of ratings determined for the distance: close to the goal (small), or away from
the goal (big). For the second input φ, three membership functions were selected: right,

5



left, or straight. Relative to the target point, the car’s controller indicating whether it
is on the right, left, or straight. The output speed v can be slow or fast. The following
rules were established:

• If the robot-car stands in left direction, then the speed is slow and it turns to
the right
• If the robot-car stands in right direction, then the speed is slow and it turns to

the left
• If the robot-car stands in the targets direction (straight), then it moves forward

with high-speed (fast).

Based on these rules, the car’s speed will take the values in the given [-0.2 1] m/s
range. For more details, see paper (Kecskés and Odry 2012).

Figure 4. Kinematic and dynamic model of wheeled robot model, and its fuzzy route controller

3.1.1. Robot Car Driving Objective Functions

Table 1 shows the five objective functions (6–10) and the utility function (11) that
were expressed earlier. The original empirically defined weights (b∼, e∼) can also be
seen in (11).
The five different typical target points were defined and described in in Table 2.
The objective function related to the centripetal acceleration f4 was biased using 0.1
in the multi-objective functions used to drive the robot car (see Equation 11 in Table
1) because the centripetal acceleration is zero in straight-line locomotion. Equation 5
shows its explicit format.

fG = (f1)1(f2)1(f3)1/3(0.1 + f4)1/3(f5)1/3 (5)

6



Table 1. Robot Car Driving Objective Functions (for undefined symbols, see (Kecskés and Odry 2012).)

Driving property Objective Function (smaller value is better)

Checking goal: If the car does not
reach the target (xD, yD) within a
tolerance dtol during the simulation
time tend, then the fitness suffers a
penalty (x, y represent the car
position, while d(t) is the Euclidean
distance)

f∗,1 =

{
e10(d(tend)−dtol) if d(tend) > dtol
1 else

(6)

d(t) =
√

(x(t)− xD)2 + (y(t)− yD)2

Reciprocal of mean velocity:
Ratio of accomplished distance and
completion time (tC)

f∗,2 =
tC

d(t0)− d(tC)
; tC = t|d(t) ≤ dtol (7)

Mean square of acceleration:
Driving is better if acceleration is
lower and without peaks (v(t) is the
speed of car)

f∗,3 =

√
1

tC

∫ tC

t=0

(
dv(t)

dt

)2

(8)

Mean square of centripetal
acceleration: Driving is better if the
centripetal acceleration is lower (R1(t)
is the turning radius of the rear)

f∗,4 =

√
1

tC

∫ tC

t=0

(
v(t)2

R1(t)

)2

(9)

Electric energy consumption:
Driving is better if electric energy
consumption is lower (using motor
current i(t) and voltage u(t))

f∗,5 =
1

tC

∫ tC

t=0
i(t)u(t)dt (10)

Fitness function of scenario:
Value that indicates the quality of
driving or control

FSC =
5∏

m=1

(bm + f∗,m)em (11)

b∼ = [0, 0, 0, 0.1, 0]

e∼ = [1, 1, 1/3, 1/3, 1/3]

3.1.2. Design Parameters for the Scenarios of the Wheeled Robot Model

Table 2. Design Parameters for the Scenarios of the Wheeled Robot Model

xD yD Typical scenario
1. -2 m 0 m Turning back and going a short way
2. -3.5 m 1 m Turning and going far
3. 1 m 2 m Mild turning
4. 2 m 0 m No turning
5. 0 m -0.7 m Strong turning, limited opportunities

3.2. Modifications in the Optimization Strategy

The multi-scenario, multi-objective optimization approach presented here is an idea
that has not been analyzed comprehensively; e.g., the convergence of fU (b, e) and that
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of RIMS have not been proven. However, in this section, both compare and evaluate
the optimum values were sought while introducing some modifications to the method.
Figure 5 compares the results for the selected modifications to the algorithm, and this
is also discussed point by point below. The following modifications have been found
to be worth testing:

• A) Utility function without bias weights (bm = 0,m ∈ 0..M) — This can confirm
the significance of the bias weights in addition to the main exponent weights.
Without this extension, the convergence is highly uncertain, whereas, in practice,
the optimums were undesirable. See “A)” in Fig. 5, where the fitness values of
the utility and the RIs both tend to shift toward an unacceptable direction.
• B) Alternative fitness function for the utility function — A standard deviation

of the scenario’s fitness values is used as the original fitness function of the
utility function (12). The deviations of all the objective function values occurred
during the K scenarios that were tested for an alternative fitness function (13).
The results, which are marked as “B)” in Fig. 5, reached the best RIMS at cycle
c = 5, RIMO also show low values, and the fitness o utility function fU are
sufficiently small and stable.

fU = rsd


...∏M

m=1(bm + fk,m(X))em

...

 (12)

f̆U = rsd

 . . .
... (bm + fk,m(X))em

...
. . .

 (13)

k ∈ (1..K) m ∈ (1..M)

• C) Arithmetic mean-based global criterion — The global criterion was originally
formulated using the geometric mean; however, the arithmetic mean (14) can
also be applied because the fitness values of the scenarios have the same units.
The results, which are marked as “C)” in Fig. 5, are similar to those of the
original method, designated as “E), the robustness evaluation showed better
values somewhere, while the fitness of utility fU reach lowest values.

f̆G(X) =
1

K

K∑
k=1

fSC(X, k) (14)

• D) Wider bounds for the utility function weights — Constrained optimization in
the sense of (article 6) had an experimental bound, as per (15), whereas wider
bounds were tested as a modification, as per (16). The results, which are marked
as “D)” in Fig. 5, are similar as the results that were obtained using the original
method, designated as “E),” in terms of both fitness and robustness evaluation.

[bmin bmax] = [0 2] [emin emax] = [0.1 10] (15)

[b̆min b̆max] = [0 3] [ĕmin ĕmax] = [0.05 20] (16)
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• E) Original method – This was used as a reference for comparison purposes,
described in section 2. The best solution can be observed at c = 5 cycle.
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Opt. Cycles (c)
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Figure 5. Comparison of optimization cycle results for the variations on the methods: A) Utility function

without bias weights; B) alternative fitness function for the utility function; C) arithmetic mean-based global

criterion; D) wider bounds of the utility function weights; and E) original proposal

It can be concluded that these modifications have some effect on the evolution
of both the fitness values and the RI during the optimization cycles. The results of
the trials presented here are probably insufficient to allow us to decide on the best
variation. Nevertheless, the modification marked as “B)” was selected as the most
promising trend, and this is why it was also decided to test this method in the second
example, the hexapod robot model (see section 3.3).

3.3. Multi-Objective Functions for Quality Evaluation of Hexapod Robot
Walking

Table 3 presents the five objective functions that refer to the walking quality (17–21)
and the utility function of the scenarios (Equation 22), which is expressed based on
the preceding functions. The original empirically-defined weights can also be seen in
equation 22.
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Figure 6. Optimized fuzzy-PI controller for wheeled robot calculated on optimum of c = 0, ..., 5 cycles (“B”

in Fig. 5).
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Table 3. Multi-Objective Functions for Quality Evaluation of Hexapod Robot Walking
Driving property Objective Function (smaller value is better)

Gear Torques: Smaller torques in 6
legs ×3 gears (mG) are better (fRMS

– root mean square value)
f∗,1 = fRMS

( ∑
6leg×3links

|mG(t)|
)

(17)

Acceleration of Body: Lower body
acceleration (aB) is better in all three
dimensions: X,Y, Z

f∗,2 = fRMS

(√
aBX(t)2 + aBY (t)2 + aBZ(t)2

)
(18)

Angular Acceleration of Body:
Lower angular acceleration (αB) is
better

f∗,3 = fRMS

(√
αBX(t)2 + αBY (t)2 + αBZ(t)2

)
(19)

Electric Energy Per Meter: Lower
electrical energy consumption is
better (derived from motor current
iM and voltage uM )

f∗,4 =
1

xB(tend)

∫ tend

0

∑
LEGS

|iM (t)uM (t)|dt (20)

Reciprocal of Average Walking
Velocity: The robot goes in the X
direction (xB), and higher velocity is
better (tend walking end time)

f∗,5 =
xB(tend)

tend
(21)

Fitness function of scenario: The
value that indicates the quality of
driving or control

FSC =

5∏
m=1

(b∼m + f∗,m)e
∼
m (22)

b∼ = [0, 0, 0, 0, 0]

e∼ = [1, 1, 1, 1, 2]
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zitz1999a.pdf.

Zitzler, Eckart, Kalyanmoy Deb, and Lothar Thiele. 2000. “Comparison of multiobjective
evolutionary algorithms: Empirical results.” Evolutionary computation 8 (2): 173–195.
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