
Supplementary Material of “Distribution Inference from Early-Stage

Stationary Data Streams by Transfer Learning”

S.1 Pilot Numerical Study on Density Ratio Estimation

In this section, we compare the performance of the direct and relative density ratio estimation

when the auxiliary density g(u) is q(u) and a mixture of p(u) and q(u), respectively, and justify the

advantages of employing the relative density ratio in Section 2.1. To be specific, we take the first

two cases in Section 3.2 for demonstration where the target and source data are simulated from

the following normal distributions with different scale or mean parameters:

� Case 1. p(x): N(0.0, 1.02); q(z): N(0.0, 1.52).

� Case 2. p(x): N(0.0, 1.02); q(z): N(0.2, 1.02).

In each case, we generate a target and a source dataset with n = 50 and m = 500, and follow the

tuning parameter settings in Section 3.2 to estimate the density ratio function γ(u) = p(u)/g(u).

For Case 1, the forms of p(u), q(u) and g(u) = 0.5p(u) + 0.5q(u) are plotted in Figures S.1(a).

The true and estimated density ratio functions, γ(u) and γ̂(u), are given in Figures S.1(b) with

g(u) = q(u) (direct density ratio estimation) and in Figures S.1(c) with g(u) = 0.5p(u) + 0.5q(u)

(relative density ratio estimation). The results of Case 2 are plotted in Figure S.2. It can be clearly

seen that when g(u) takes a mixture form (η = 0.5), the true density ratio γ(u) becomes more

smooth and is well bounded (γ(u) < 2 in Case 2), and the estimated one γ̂(u) is more stable with

much less variations. We also measure the deviation of γ̂(u) from γ(u) in terms of the squared

error J defined in Equation (5) and the results are tabulated in Table S.1, where the superiority of

the relative density ratio estimation is again verified with a significantly higher accuracy.
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(a) PDFs. (b) Direct density ratio. (c) Relative density ratio.

Figure S.1: Density ratio estimation in Case 1.

(a) PDFs. (b) Direct density ratio. (c) Relative density ratio.

Figure S.2: Density ratio estimation in Case 2.

Table S.1: Comparison results of the direct and relative density ratio estimation.

Direct density ratio estimation Relative density ratio estimation

Case 1 0.2245 0.0287

Case 2 0.3701 0.0747

S.2 Center Point Selection in Basis Function Construction

Note that in Section 2.2, we assign the source data D(s) as center points to build a series of

basis functions to represent the estimated density ratio function γ̂(u). The target data D
(t)
n are

not included anymore since the source data themselves are already abundant to create sufficient

centers in the support of the density ratio function. In other words, the density ratio function can

be well represented based on these large number of center points. To see this, we take Case 1 in

Section 3.2 as an illustrative example and compare the performance when the basis functions are

constructed by D(s) and D(s) ∪D(t)
n , respectively.
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Figures S.3(a)-(d) shows the γ̂(u)’s at different time points of one particular target data stream,

which are obtained by our proposed regularized density ratio estimation model based on D(s) and

D(s)∪D(t)
n , respectively. There are no much observable differences when the target data are further

added as extra center points. We also generate T = 500 source and target datasets, and use the

following two criteria to measure the estimation performance regarding the density ratio and the

CDF when the target data size n varies:

MSEratio
n =

1

T

T∑
rep=1

∫ (
γ̂(rep)n (u)− γ(u)

)2
g(u)du,

MSEcdf
n =

1

T

T∑
rep=1

∫ (
F̂ (rep)
n (x)− F (x)

)2
p(x)dx.

The MSEratio
n ’s and MSEcdf

n ’s (logarithmic-transformed) are plotted in Figures S.3(e) and S.3(f),

where we can see the joint use of D(s) and D
(t)
n behaves almost the same as that of D(s), and is

only slightly better when n gets quite large (n > 250). Therefore, it would be safe to exclude the

target data as center points. The use of D(s) solely leads to a fixed number and locations of center

points when representing the estimated density ratio function, which is a favorable advantage in

online computing since it will facilitate recursive formulas as shown in Section 2.3.

(a) n = 50. (b) n = 100. (c) n = 200.

(d) n = 300. (e) MSEratio
n . (f) MSEcdf

n .

Figure S.3: Comparison of center point selection based on D(s) and D(s) ∪D(t)
n .

3



S.3 Computation Comparison

This section compares the computational efficiency of our online distribution inference by Algorithm

1 with recursive updating formulas and the batch distribution inference which relies on no recursive

formulas and performs big matrix inversions. First, we want to investigate the behavior of δ in

Equation (18) during online updating. We take Case 1 in Section 3.2 and generate a target and

a source dataset. The values of δ as the target data arrive continuously are plotted in Figure S.4,

where after a short warm-up period, δ becomes quite stable. This indicates that we can use a fixed

value of δ after a few rounds of updating (e.g., n > 50) to further speed up the online computation.

Figure S.4: δ over n in online computation in Case 1.

Next, Table S.2 lists the total running time of the batch and the online algorithm in the CDF

inference when a target stream grows from n = 1 to n = 300 in Cases 1-6. Both algorithms

are programmed by R 4.0.0 software in a personal computer with 2.30-GHz i9-9880H CPUs. Our

proposed online updating algorithm performs almost eight times faster than its counterpart as

shown in Table S.2, which emphasizes its significant computational advantages. On average, in our

computing environment, our algorithm can complete the updating for each new target data point

in about 0.03 second.

Table S.2: Computation time (in seconds) of batch and online algorithms.

Algorithm Case 1 Case 2 Case 3 Case 4 Case 5 Case 6

Batch 69.6353 72.0025 70.4295 75.9877 69.3471 72.8237

Online 8.6843 9.0492 8.8375 10.2210 9.4621 9.4245
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S.4 Effect of Tuning Parameters and White Noises

Here we supplement more numerical results of Section 3.3. Table S.3 provides the AMSEn’s when we

study the effect of the proportion parameter η, where we can see that a satisfactory performance of

our TL-RDR method can be achieved when η is around 0.5 (e.g., η ∈ [0.3, 0.7]) and extreme values

of η near zero or one should be avoided. We also give the results of all competing methods listed

in Table 1 in Table S.4 under current simulation settings. It is clear that whenever η is properly

chosen as a moderate value, our TL-RDR method would still be superior to its counterparts.

Then we evaluate the robustness of our TL-RDR method to white noises of various magnitudes.

Figure S.5 exhibits the AMSE300 over ε which stays almost constant as long as ε ≤ 0.2. It thus

can be concluded that our method is robust to commonly encountered errors in practice which are

typically small compared to the signal of the target data.

Table S.3: Logarithm of AMSEn with different η’s.

η

n 0.1 0.3 0.5 0.7 0.9

50 –5.3679 –6.2596 –6.0290 –5.7983 –5.1735

100 –5.7900 –6.6030 –6.4004 –6.1917 –5.6045

200 –6.2568 –6.9749 –6.8045 –6.6222 –6.0831

300 –6.5366 –7.1968 –7.0444 –6.8780 –6.3714

Table S.4: Logarithm of AMSEn of competing methods.

n EDF EDF-MIX KDE KDE-MIX VSG BN

50 –4.9713 –5.7196 –5.3379 –5.7005 –4.3618 –5.9345

100 –5.4106 –5.7951 –5.7336 –5.7739 –4.6777 –6.1297

200 –5.9020 –5.9311 –6.1862 –5.9064 –4.9812 –6.4197

300 –6.1987 –6.0462 –6.4545 –6.0181 –5.1587 –6.6201

Figure S.5: Logarithm of AMSE300 over ε.
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