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Sample Average Approximation (SAA) Method 

As explained in Ertem et al. (2019), stochastic SMS problems with SDSTs are NP-Hard problems. 

Thus, a scenario-based approach is needed to solve SMS-SSDS-Cost. In this study, a randomly 

generated SDST is represented as a scenario. If the true scenario was known in advance, the 

problem would become a deterministic SMS-SDS-Cost problem. Because the true scenario is not 

known, a random subset of all possible scenarios is considered to find the optimal schedule. 

The two-stage stochastic program is formulated as follows: 

𝑣∗ = min
𝑦∈𝑌

{𝑣(𝑦) ≔ 𝔼[𝐹(𝑦,𝑊)]}                                      (S1) 

Here, 𝐹(𝑦, 𝑤) is the objective function of the SMS-SSDS-Cost problem. Generally, it is not 

possible to solve 𝔼[𝐹(𝑦,𝑤)] in Equation (S1) either numerically or analytically because of its 

infinite number of scenarios. Therefore, an approximate method is needed to solve stochastic 

optimization problems such as simulating possible outcomes. When the number of possible 

scenarios is large or even infinite, which is commonly the case, computational challenges occur. 

In order to solve the problem approximately, a random subset of all possible scenarios can be 

utilized.  

SAA is implemented as follows: Assume Ф realizations are generated using uniform 

distribution from the random matrix 𝑊, {𝑤1, 𝑤2, … , 𝑤Ф}. For any given 𝑦 ∈ 𝑌, 𝑣(𝑦) can be 

estimated by taking the average of the values 𝐹(𝑦,𝑤𝑗) for 𝑗 = 1,2, … , Ф. Indeed, this estimate is 



an SAA of the ‘original’ problem in Equation (S1). Then, the resulting SAA problem can be 

formulated as follows:  

𝑣Ф = min
𝑦∈𝑌

{𝑣Ф(𝑦) ≔
1

Ф
∑ 𝐹(𝑦,𝑤𝑗)Ф
𝑗=1 }                                      (S2) 

For any given sample, the SAA problem in Equation (S2) is considered to be an SP problem with 

scenarios 𝑤1, 𝑤2, … , 𝑤Ф, with probability 
1

Ф
 each. 𝑣Ф(𝑦) is an unbiased estimator of 𝑣(𝑦) because 

𝑤𝑗 is sampled from the set 𝑊. It can be concluded that   

𝔼[𝑣Ф(𝑦)] = 𝑣(𝑦)                                                      (S3) 

By using SAA, a comparably small-size sample could be generated to represent large-size 

scenarios. Thus, in this study, SAA is utilized to find both the lower and upper bounds on the 

optimal objective function value. Assume that 𝑣∗ in Equation (S1) is the optimal objective function 

value, and 𝑣Ф in Equation (S2) is the optimal SAA problem value for samples 𝑤1, 𝑤2, … , 𝑤Ф. 

Then, according to Shapiro et al. (2009), the following results hold: 

𝔼(𝑣Ф) ≤ 𝑣∗                                                         (S4) 

𝑣Ф(𝑦) ≥ 𝑣∗, ∀𝑦 ∈ 𝑌                                                   (S5) 

Therefore, calculating 𝑣Ф(𝑦) as in (S2) and 𝔼[𝑣Ф(𝑦)] as in (S3) provide lower and upper bounds 

on 𝑣∗, respectively.  

In the SAA approach, theoretically, when the number of SAA problems increases, a 

stronger confidence interval on 𝔼(�̂�Ф) is obtained. Moreover, increasing the sample size provides 

a better confidence interval on the upper-bound value 𝑣Ф(𝑦). Lastly, increasing Ф forces the lower 

and upper bounds to converge to a closer approximation of the optimal objective function value. 

Nevertheless, when the solution of some of the SAA problems is not optimal, a lack of convergence 

may happen. 
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