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Online Supplement for “Modeling and Change Detection of Dynamic Network Data by a Network State 

Space Model” by “Na Zou, Jing Li” 

I. Introduction to EP 

Expectation Propagation (EP) is a method in approximate Bayesian inference that uses a 

deterministic algorithm to approximate the true posterior distribution with an exponential-family 

distribution (Minka, 1999). It is applicable when the true posterior distribution takes the form of a factor 

product, i.e.,   

𝑝(𝜃|𝐳) =
1

𝑝(𝐳)
∏ 𝑓𝑘(𝜃)𝑛

𝑘=0 .                                        (O-1)  

𝐳 is the observational data. 𝜃 is the parameter whose distribution is to be infer. 𝑓0(𝜃) is the prior. 𝑓𝑘(𝜃) =

𝑝(𝑧𝑘|𝜃), 𝑘 ≥ 1, is the likelihood corresponding to the 𝑘-th observation. When 𝑓𝑘(𝜃) takes a complicated 

form, computing the posterior 𝑝(𝜃|𝐳) is difficult. EP approximates 𝑝(𝜃|𝐳) with a mathematically tractable 

distribution 𝑞(𝜃) =
1

𝐶
∏ 𝑓𝑘(𝜃)𝑛

𝑘=0 , with each  𝑓𝑘(𝜃) being a member of an exponential family, so that the 

resulting 𝑞(𝜃) belongs to the same exponential family. The approximation by EP is known to be better 

when the number of factors in the product, 𝑛, gets larger.  

The best approximation 𝑞(𝜃)  found by EP is one that minimizes the Kullback–Leibler (KL) 

divergence 𝐾𝐿(𝑝||𝑞) (T. Minka, 2008). To find the 𝑞(𝜃), a plausible algorithm would be to approximate 

each factor in 𝑝(𝜃|𝐳)  using one factor in 𝑞(𝜃)  by matching the moments between 𝑓𝑘(𝜃)  and 𝑓𝑘(𝜃) . 

However, this algorithm limits itself to a small subset of feasible solutions, i.e., it eliminates many candidate 

solutions that effectively minimize 𝐾𝐿(𝑝||𝑞), but for which the individual moments of 𝑓 do not match those 

of 𝑓. This requires a more sophisticated algorithm than simply matching moments factor-by-factor, which 

leads to EP. Specifically, at each iteration of EP, we pick some 𝑙, and include all the factors except 𝑓𝑙(𝜃), 

and then match moments for the distributions with 𝑓𝑙(𝜃) and 𝑓𝑙(𝜃) omitted. Because the moment matching 

includes a large number of factors (all factors except one), a better approximation is guaranteed.  EP iterates 

with one factor omitted at each iteration until convergence.  

II. Introduction to BOS, BOF, and BOP 
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BOS, BOF, and BOP compose a methodology that can be used for estimating the states (𝐱1, ⋯ , 𝐱𝜏) of a 

time-varying system, which are indirectly observed through noisy measurements (𝐲1, ⋯ , 𝐲𝜏) (Crassidis and 

Junkins, 2011; Kitagawa, 1996). It computes three marginal posterior distributions to avoid inefficient and 

unnecessary computing of the joint posterior distribution of the states at all time points, 

𝑝(𝐱1, ⋯ , 𝐱𝜏|𝐲1, ⋯ , 𝐲𝜏). The three marginal posterior distributions are: 1) the filtering distribution, i.e., the 

marginal posterior distribution of the current state given the previous measurements, 𝑝(𝐱𝑡|𝐲1, ⋯ , 𝐲𝑡), 𝑡 =

1, … , 𝜏; 2) the prediction distribution, i.e., the posterior marginal distribution of a future state given the 

previous measurements, 𝑝(𝐱𝑡+𝑛|𝐲1, ⋯ , 𝐲𝑡), 𝑛 ≥ 1; and 3) the smoothing distribution, i.e., the posterior 

marginal distribution of a state given a certain interval of measurements, i.e., 𝑝(𝐱𝑘|𝐲1, ⋯ , 𝐲𝑡), 𝑘 < 𝑡. The 

three marginal posterior distributions are computed using recursive equations under the assumption that the 

states at successive time points have a Markovian property. The algorithms that develop the recursive 

equations are called BOF, BOP, and BOS, respectively. 

III. Proof of Lemma 1 

We first derive the prediction distribution 𝑃(𝐱𝑡|𝐲1:𝑡−1, 𝐀∗, 𝐐∗): 

𝑃(𝐱𝑡|𝐲1:𝑡−1, 𝐀∗, 𝐐∗) = ∫ 𝑃(𝐱𝑡|𝐱𝑡−1, 𝐀∗, 𝐐∗)𝑃(𝐱𝑡−1|𝐲1:𝑡−1, 𝐀∗, 𝐐∗)𝑑𝐱𝑡−1  

= ∫ 𝑁(𝐱𝑡|𝐀∗𝐱𝑡−1, 𝐐∗)𝑁(𝐱𝑡−1|𝟎, 𝐏𝑡−1)𝑑𝐱𝑡−1  

= ∫ 𝑁 (((𝐱𝑡−1
𝑇, 𝐱𝑡

𝑇)𝑇|𝐲1:𝑡−1, 𝐀∗, 𝐐∗)|𝟎, (
𝐏𝑡−1 𝐏𝑡−1𝐀∗𝑇

𝐀∗𝐏𝑡−1 𝐀∗𝐏𝑡−1𝐀∗𝑇 + 𝐐∗
)) 𝑑𝐱𝑡−1  

= 𝑁(𝐱𝑡|𝟎, 𝐀∗𝐏𝑡−1𝐀∗𝑇 + 𝐐∗)                                                                                                      (O-2) 

Let 𝐏𝑡
− = 𝐀∗𝐏𝑡−1𝐀∗𝑇 + 𝐐∗. Next, we derive the distribution 𝑃(𝐱𝑡 , 𝐲𝑡|𝐲1:𝑡−1, 𝐀∗, 𝐐∗): 

𝑃(𝐱𝑡 , 𝐲𝑡|𝐲1:𝑡−1, 𝐀∗, 𝐐∗) = 𝑃(𝐲𝑡|𝐱𝑡)𝑃(𝐱𝑡|𝐲1:𝑡−1, 𝐀∗, 𝐐∗).                      (O-3) 

Inserting the equation from Proposition 1 and (O-2) into the right hand side of (O-3), we get:  

                 𝑃(𝐱𝑡 , 𝐲𝑡|𝐲1:𝑡−1, 𝐀∗, 𝐐∗) ≈ 𝐶𝑡𝑒𝑥𝑝 (−
1

2
𝐱𝑡

𝑇𝚷𝑡𝐱𝑡) × 𝑆𝑡𝑒𝑥𝑝 (−
1

2
𝐱𝑡

𝑇(𝐏𝑡
−)−1𝐱𝑡) 

                                 = 𝐶𝑡𝑆𝑡 𝑒𝑥𝑝 (−
1

2
𝐱𝑡

𝑇(𝚷𝑡 + (𝐏𝑡
−)−1)𝐱𝑡). 
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Furthermore, because 𝑝(𝐱𝑡|𝐲1:𝑡, 𝐀∗, 𝐐∗) ∝ 𝑝(𝐱𝑡 , 𝐲𝑡|𝐲1:𝑡−1, 𝐀∗, 𝐐∗), we get 𝐏𝑡 = (𝚷𝑡 + (𝐏𝑡
−)−1)−1.              

IV. Proof of Proposition 2 

According to the third equation in (O-2), we can get the joint posterior distribution of the states at 

time 𝑡  and 𝑡 + 1  as 𝑝((𝐱𝑡
𝑇 , 𝐱𝑡+1

𝑇)𝑇|𝐲1:𝑡, 𝐀∗, 𝐐∗) = 𝑁((𝐱𝑡
𝑇, 𝐱𝑡+1

𝑇)𝑇|𝟎, �̇�1), where �̇�1 =

(
𝐏𝑡 𝐏𝑡𝐀∗𝑇

𝐀∗𝐏𝑡 𝐀∗𝐏𝑡𝐀∗𝑇 + 𝐐∗
). Then, the conditional posterior distribution of 𝐱𝑡|𝐱𝑡+1 can be found to be: 

𝑝(𝐱𝑡|𝐱𝑡+1, 𝐲1:𝑡, 𝐀∗, 𝐐∗) =  𝑁(𝐱𝑡|𝟎, �̇�2),                   

where �̇�2 = 𝐏𝑡 − 𝐇𝑡(𝐀∗𝐏𝑡𝐀∗𝑇 + 𝐐∗)𝐇𝑡
𝑇 and 𝐇𝑡 = 𝐏𝑡𝐀∗𝑇(𝐀∗𝐏𝑡𝐀∗𝑇 + 𝐐∗)−1. Furthermore, due to the 

Markovian property of the SSM, we can get:  

𝑝(𝐱𝑡|𝐱𝑡+1, 𝐲, 𝐀∗, 𝐐∗) = 𝑝(𝐱𝑡|𝐱𝑡+1, 𝐲1:𝑡, 𝐀∗, 𝐐∗) =  𝑁(𝐱𝑡|𝟎, �̇�2).                  (O-4) 

Using (O-4), we can further derive:  

𝑝((𝐱𝑡
𝑇 , 𝐱𝑡+1

𝑇)𝑇|𝐲, 𝐀∗, 𝐐∗) = 𝑝(𝐱𝑡|𝐱𝑡+1, 𝐲, 𝐀∗, 𝐐∗)𝑝(𝐱𝑡+1|𝐲, 𝐀∗, 𝐐∗) =  𝑁(𝐱𝑡|𝟎, �̇�2)𝑁(𝐱𝑡+1|𝟎, 𝐏𝑡+1
𝑠 ) =

𝑁(𝟎, �̇�3),        

where �̇�3 = (
�̇�2 + 𝐇𝑡𝐏𝑡+1

𝑠 𝐇𝑡
𝑇 𝐏𝑡+1

𝑠 𝐇𝑡
𝑇

𝐇𝑡𝐏𝑡+1
𝑠 𝐏𝑡+1

𝑠 ) . In �̇�3 , �̇�2 + 𝐇𝑡𝐏𝑡+1
𝑠 𝐇𝑡

𝑇  is Var̂𝐱𝑡|𝐲,𝐀∗,𝐐∗(𝐱𝑡)  and 𝐏𝑡+1
𝑠 𝐇𝑡

𝑇  is 

Cov̂𝐱𝑡,𝐱𝑡+1|𝐲,𝐀∗,𝐐∗(𝐱𝑡, 𝐱𝑡+1) . That is, 𝐏𝑡
𝑠 ≜ Var̂𝐱𝑡|𝐲,𝐀∗,𝐐∗(𝐱𝑡) = �̇�2 + 𝐇𝑡𝐏𝑡+1

𝑠 𝐇𝑡
𝑇 = 𝐏𝑡 + 𝐇𝑡(𝐏𝑡+1

𝑠 −

𝐀∗𝐏𝑡𝐀∗𝑇 − 𝐐∗)𝐇𝑡
𝑇 and 𝐏𝑡−1,𝑡

𝑠 ≜ Cov̂𝐱𝑡−1,𝐱𝑡|𝐲,𝐀∗,𝐐∗(𝐱𝑡−1, 𝐱𝑡) = 𝐏𝑡
𝑠𝐇𝑡−1

𝑇  .  

 


