
Response to Editor and Reviewers (ID TCON-2015-0992)

The authors would like to thank the Editor and the anonymous reviewers for their constructive

comments, which lead to significant improvement of the quality and presentation of the manuscript.

In the following, we will explain how the reviewers comments have been taken into account in the

revision.

Response to Referee 1

Comment: Recommendations for the author

Overall, the paper seems to be carefully rewritten several times already and organized to read

easily by putting all proofs in the appendix. The major contribution seems to be the introduction

of transformations and the design of adaptive gain which leads to (21). The paper has potential to

be published in this Journal, in my opinion.

Some comments are

1) In eqn. (1), it seems that there is no explanation on the notation ud.

2) I am not very familiar with the term ”delay kernels”. So, for readers like me, it may be better

to add some explanation on ”delay kernels” and their meanings, etc. (Maybe in remark?)

3) In eqn. (1), λi and µi are said to be unknown constants, but can they be zeros? If not, it

should be stated as they are non-zero constants.

4) This system (1) seems to be complicated and claimed to be general, but I am still curious

what the engineering motivation is with (1)... This motivation needs to be addressed more clearly.

5) Regarding the transformation (13), you need to show/state that it is a stability preserving

one between both state spaces.

6) The numerical example given in (31) is fine, but it will be much better if you can add an

additional engineering example where the proposed method and system formulation are highlighted.

Response: The authors would like to gratefully thank the reviewer for his or her constructive

comments.

1): In the revised version, we define the notation ud.

2): In the new version, the term “delay kernel” is used in the papers [1], [49]and [50], which is

also called “distributed kernel” in [42] and can be considered as a weighting function to the state

and input over the paste time.

3): If λi = µi = 0, it will lead to ϑi = λi + µi

∫ d
0 g(σ)dσ = 0, which does not satisfy Assumption

1 by noting 0 < ϑ ≤ |ϑ1 · · ·ϑn| ≤ ϑ. Thus, when Assumption 1 is true, either λi or µi can be

equal to zero but not equal to zero at the same time. Specifically, observing ϑi = λi + µi

∫ d
0 g(σ)dσ,

i = 1, . . . , n, ϑ = ϑ1 · · ·ϑn (see Assumption 1), it follows from 0 < ϑ ≤ |ϑ| ≤ ϑ that ϑi ̸= 0 which

implies that λi and µi is not equal to zero at the same time.

4): In the existing results on distributed delay systems, most of control schemes obtain delay-

dependent controllers. Our motivation is to design a memoryless controller for a special class of

1



feedforward systems including more uncertainties, for example, uncertain delay kernel g(σ) and

uncertain control coefficients. On the other hand, system (1) includes a chain of integrators with

distributed input delay as a special case, i.e.,

ẋ1 = x2, ẋ2 = x3, . . . , ẋn = λu+ µ

∫ d

0
g(σ)u(t− σ)dσ,

to the best of our knowledge, when λ, µ or g(σ) are unknown, the regulation problem has not been

solved by a memoryless output feedback controller.

5): Recalling

lim
t→+∞

ẑ(t) = 0, lim
t→+∞

ε(t) = 0. (1)

and the boundedness of r(t) and the definitions of ε and ẑ, one yields

lim
t→+∞

x̂i(t) = 0, lim
t→+∞

ζi(t) = 0, lim
t→+∞

ϵi(t) = 0, i = 1, . . . , n. (2)

By the first integration mid-value theorem and (13), we arrive at

|ηi| = |ζi|, i = 1, . . . , n− 1,

|ηn| ≤ |ζn|+ |µn|
∫ d

0
|g(σ)|dσ

∫ t

t−d
|u(s)|ds = |ζn|+ τ |u(t− ς(t))| = |ζn|+ τβn|ϵn(t− ς(t))|, (3)

where τ = |µn|
∫ d
0 |g(σ)|dσ × d and ς(t) ∈ [0, 1].

It follows from (2) and (3) that

lim
t→+∞

η(t) = 0, lim
t→+∞

x̂(t) = 0. (4)

6): In Section 4. Simulation Examples, the revision gives an additional integrator system with

unknown distributed input delay, e.g.,

ẋ1 = x2, ẋ2 = µ

∫ d

0
g(σ)u(t− σ)dσ.

The corresponding changes in this paper have been highlighted in red.
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Response to Referee 2

Comment: Recommendations for the author

The problem tackled in the paper is relevant. Though I have not been able to get through the

proofs of Propositions 1-4, the results appear to be legitimate overall. The paper deserves to be

published but I suggest the author/authors address the following topics before that:

1. Why do you consider only a SISO system? Is it trivial to apply the method to MIMO systems

or does it lead to fundamental difficulties?

2. Is your method applicable to systems with singular delays rather than integral?

3. Why have you put linear time-varying part of the system into the functions fi? It seems

more natural to assume λi and µi time-varying and fi strictly nonlinear. Does it lead to problems?

Besides, there is an uncertainty about the definition: where does the part with λi and µi stop and

fi starts? For example, we can even fit the whole linear part into fi and just let λi and µi be all 0.

Would it be appropriate?

4. What is the best way to choose the “design parameter” rho in Theorem 3.1? Why did you

choose it as 18 in the example?

5. How do you choose βi?

6. Consider the following approach which may be called ”adaptive stabilization based on an

uncertain linear approximation”: given a nonlinear system with uncertain parameters, one takes its

linear approximation (with unknown matrices), stabilizes it using an adaptive controller, and proves

that the original nonlinear system is stabilized by the same controller. How does your method

compare to this one?

7. You only discuss global results. What is the problem with achieving local stabilization?

A local result would be interesting because, for instance, Assumption 2 would be more general if

assumed locally.

8. The proofs use an overwhelming amount of transformations and Lyapunov functions. Perhaps

it would be helpful to the reader if before getting to the general proofs you discussed an example with

n = 2, wrote out the formulas in this case and shown the purpose of each transformation, including

the ones used in Lemma 4.

9. In the example, control quickly changes from -600 to small values. Effectively, it is an impulse

at t = 0. However, the system takes a longer time to settle. Generally, it is not good in practice.

What is the explanation? Is it a general feature of the design, bad choice of parameters or just an

unlucky example?

10. What you call ”complete square formula” is perhaps more commonly called ”Young’s in-

equality”.

11. Typos: line 7 page 9: ”state”, Assumption 2: ”i = 1, . . . , n− 1”.

12. It is not obvious to me why there is P that satisfies both LMIs in line 26, page 9.

Response: The authors would like to gratefully thank the reviewer for his or her constructive
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comments.

1: Our purpose is to develop a controller design method that can be applied to the feedforward

system with distributed delay. In order to more clearly illustrate this method, only a SISO system

has been considered in this paper. In my opinion, it should not be difficult to apply the method to

MIMO system except to increase the computational complexity in Proposition 1.

2: Yes, it is. As shown in Remark 1 in “Liu Q, Liang Z. Global stabilisation of a class of

feedforward systems with distributed delays[J]. IET Control Theory & Applications, 2014, 9(1):

140-146,” the single delay system and the multiple delay system are particular cases of system

(1) by choosing a special function g(σ), for example, g(σ) = δ(d − d1 + σ) + δ(d − d2 + σ) with

0 ≤ d1, d2 < d and δ(s) = 0 when s ̸= d and
∫ d
0 g(σ)dσ = 1. This results in xid =

∫ d
0 g(σ)xi(t−σ)dσ =

xi(t− d1) + xi(t− d2) and ud =
∫ d
0 g(σ)u(t− σ)dσ = u(t− d1) + u(t− d2).

3: By putting linear time-varying part into the functions fi, it is possible that the dynamic r can

succeed to compensate all system uncertainties including the unknown delay kernel, the unknown

coefficients and the unknown parameter in nonlinear terms fi.

When λi and µi are time-varying, the coordinate transformation

xi =
ζi

ϑiϑi+1 · · ·ϑn
, ϑi = λi + µi

∫ d

0
g(σ)dσ (5)

will lead to a problem, i.e., the presence of ϑ̇i. Now, the method of this paper cannot deal with more

general nonlinearities fi. These problems may be resolved in the future studies.

If λi = µi = 0, it will lead to ϑi = λi+µi

∫ d
0 g(σ)dσ = 0, which does not satisfy Assumption 1 by

noting 0 < ϑ ≤ |ϑ1 · · ·ϑn| ≤ ϑ. Therefore, when Assumption 1 is true, λi or µi can be equal to zero

but not equal to zero at the same time. Specifically, observing ϑi = λi + µi

∫ d
0 g(σ)dσ, i = 1, . . . , n,

ϑ = ϑ1 · · ·ϑn (see Assumption 1), it follows from 0 < ϑ ≤ |ϑ| ≤ ϑ that ϑi ̸= 0 which implies that λi

and µi is not equal to zero at the same time. The definition is appropriate.

4: Checking the simulation examples, we find that it is not so effective by adjusting ϱ in

ṙ =
ϱ

r

[( y

rn

)2
+

( x̂1
rn

)2
+

(
β⃗1

y

rn
+

n∑
i=2

β⃗i
x̂i

rn−i+1

)2
]
, r(0) = 1. (6)

Thus, we take the design parameter ϱ = 1 in (6). In the revision, we introduce a freedom into r(0)

by setting r(0) = ϱ, where ϱ ≥ 1 is a design parameter which can effectively change the trajectory

of the controller by selecting different initial value, for example, we choose r(0) = 10 in simulation

example and avoid control quick change. In the new version, the dynamic gain r is

ṙ =
1

r

[( y

rn

)2
+

( x̂1
rn

)2
+

(
β⃗1

y

rn
+

n∑
i=2

β⃗i
x̂i

rn−i+1

)2
]
, r(0) = ϱ ≥ 1. (7)

5: By Lemma 4, we choose β1 = 10, β2 = 20, β3 = 40 in Simulation Examples.

6: Unfortunately, I do not find the paper ”adaptive stabilization based on an uncertain linear

approximation”. But it is worth mentioning that our control scheme is based on a universal-type
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adaptive gain and an input-driven observer, and does not need to know the precise knowledge of

distributed function g(σ).

7: To achieve local or semi-global control, we need to prove that the closed-loop trajectory stays

in some compact set forever, however, it is a difficult task because of the existing of adaptive dynamic

r. In the future, we will continue to make greater efforts on this problem.

8: To help the reader understand, we add some explanation in the proving process.

9: The control quickly change is due to high gains in controller. The revision has solved this

problem by choosing a large initial value, i.e., r(0) = ϱ ≥ 1.

10-12: The corresponding problems have been solved in the new version.

The corresponding changes in this paper have been highlighted in green.
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Response to Referee 3

Comment: Recommendations for the author

With the help of the Lyapunov-Krasovskii theorem, this paper studies the global adaptive output

feedback regulation for a class of uncertain feedforward nonlinear distributed delay systems. The

delay-independent output feedback controller is proposed by constructing an input-driven observer

with a dynamic gain, which guarantees that all the closed-loop signals are globally bounded. The

detailed comments as follows:

1. By the reviewer’s understanding, the time-varying delay is considered in many papers in

recent years. Can this paper study the more general delay instead of a simple constant.

2. The simulation example is a numerical one. In fact, the practical example is better than a

numerical one to demonstrate the effectiveness of the proposed design scheme. Whether author finds

or constructs a practical model satisfying system (1) to illustrate this point.

3. For the simple proof, the author assumes ν0(σ) = . . . = νn(σ). But for the different variables

ν0(σ), . . . , νn(σ), what effect will produce in the whole proof procedure. Please give a remark to

clarify this point.

4. Recently, some stabilization problems of stochastic feedforward nonlinear systems has been

solved. Please cite some papers in the area of stochastic feedforward nonlinear systems with time-

varying delay to enrich the Introduction.

5. In addition, there also exist some typos in this paper, e.g. 1) Page 3, problem formulation is

Problem formulation; key lemmas is Key lemmas; p1 is odd integer is p1 is an odd integer 2) Page

10, eq.(A.8) and eq.(A.10), ϑβ1 − ϑ is ϑβ1 − ϑ̂; eq.(A.10) below, 2ϑ̂+ ϑ̄+2ϑ̄2 +1 is 2ϑ̂+ ϑ̄+2ϑ̄2 +2

etc.

Response: The authors would like to gratefully thank the reviewer for his or her constructive

comments.

1. I’m afraid it cannot. In particular, if constant time delay d is replaced by time-varying delay

d(t), then (13) cannot arrive at (14).

On the other hand, as shown in Remark 1 in “Liu Q, Liang Z. Global stabilisation of a class

of feedforward systems with distributed delays[J]. IET Control Theory & Applications, 2014, 9(1):

140-146,” the single delay system and the multiple delay system are particular cases of system

(1) by choosing a special function g(σ), for example, g(σ) = δ(d − d1 + σ) + δ(d − d2 + σ) with

0 ≤ d1, d2 < d and δ(s) = 0 when s ̸= d and
∫ d
0 g(σ)dσ = 1. This results in xid =

∫ d
0 g(σ)xi(t−σ)dσ =

xi(t− d1) + xi(t− d2) and ud =
∫ d
0 g(σ)u(t− σ)dσ = u(t− d1) + u(t− d2).

2. System (1) includes a chain of integrators with distributed input delay as a special case, i.e.,

ẋ1 = x2, ẋ2 = x3, . . . , ẋn = µ

∫ d

0
g(σ)u(t− σ)dσ,

to the best of our knowledge, when µ and g(σ) are unknown, the regulation problem has not been

solved by a memoryless output feedback controller. In simulation examples, the revision gives a
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second order integrator system with a time-delay input and an unknown distributed function, e.g.,

ẋ1 = x2, ẋ2 = µ

∫ d

0
g(σ)u(t− σ)dσ.

3. By re-checking the proof of Proposition 1, the difference of variables ν0(σ), . . . , νn(σ) almost

has no influence on the whole proof procedure, except to modify the corresponding symbols. Thus,

the revision assumes ν0(σ) = . . . = νn(σ) = g(σ).

4. In the revised version, we cite some papers on stochastic feedforward nonlinear time-delay

systems to enrich the Introduction see [26-32].

5. Corresponding problems are solved in the new version.

The corresponding changes in this paper have been highlighted in blue.
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Response to Referee 4

Comment: Recommendations for the author

The paper show that it is possible to achieve global asymptotic regulation by output feed- back

for a class of nonlinear distributed delay systems with uncertain control coefficients and unknown

delay kernels in feedforward form. In general, the paper is well written and organized. Theoretically

speaking, the paper contains some publishable results. From the application point of view, more

discussions are needed to show what physical systems match the form (1). Some minor comments:

1. On page 1, it is better to write η = (η1, . . . , ηn)
T as η = [η1, . . . , ηn]

T . The same change

should be made to other vectors in the paper.

2. In Assumption 2, For i = 1, . . . , n should be For i = 1, . . . , n− 1.

3. The equation (3) holds for n ≥ 3 while (5) holds for n ≥ 2?

4. The initial condition is defined on [−d, 0]. However, it seems that the state information on

[−3d, 0] is used in (25).

Response: The authors would like to gratefully thank the reviewer for his or her constructive

comments. In the new version, we discuss an integrator system with unknown distributed input

delay, e.g.,

ẋ1 = x2, ẋ2 = µ

∫ d

0
g(σ)u(t− σ)dσ.

To the best of our knowledge, when µ or g(σ) are unknown, the regulation problem has not been

solved by a memoryless output feedback controller.

1-3: In the new version, we have solved all problems.

4: Note that all states on [−3d,−d) are only used in stability analysis, thus, we can define

ẑ1(t) = ∥ϵ(t)∥ = ∥ε(t)∥ = 0 for ∀t ∈ [−3d,−d) and r(t) = ϱ, for ∀t ∈ [−3d, 0].

The corresponding changes in this paper have been highlighted in yellow.
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Response to Referee 5

Comment: Recommendations for the author

This paper focuses on the adaptive output feedback control of a class of uncertain feedforward

nonlinear distributed delay systems. Admitting the uncertain control coefficients and unknown delay

kernels, a delay-independent output feedback controller is proposed with a novel dynamic low gain

observer driven by system input, which guarantees the states of original system and the estimate

states globally asymptotically to converge to zero as time goes to infinity. A numerical simulation is

conducted to verify the mathematical theory. However, there are many issues have to be improved.

(1) Which conclusion does the lemma 1 come from in reference [4]? I looked through ref [4] but

unfortunately failed to find out. Moreover, there exist several related works such as IMA Journal

of Mathematical Control and Information, 31(2014): 51-72; Circuits, Systems & Signal Processing,

35:3(2016) 811-835; IEEE Transactions on Cybernetics, 45:10 (2015) 2224-2236; Nonlinear Analysis,

Series A, 71:12 (2009) 6097-6108, improve or extend this works possibly.

(2) Section 3 contains several systems. That would not be a problem if the author provided some

insights behind these sets of equations and what they model in these particular contexts, rather than

simply stating them without much further explanation.

(3) In lemma 4, how much is the value of ? There is no any mention about its value in the

presentation of this lemma.

(4) During deriving (29), the author says:”By the Barbalat’s Lemma, it follows that”. But

the author gives neither the relevant reference literature nor the presentation of this lemma, which

plays an important role on the eventual result. This may degrade the integrity and logicality of this

manuscript.

(5) In theorem 3.1, an adaptive gain r described by equation (12) is employed to design a dynamic

output feedback controller. How does the author come up with the idea for such a form of r?

(6) The detailed description and explanation of the simulation, as well as figures, are very

necessary to make the readers better understand the author’s work. Besides, the figures should be

titled in natural language, not only contains some mathematical notations.

Response: The authors would like to gratefully thank the reviewer for his or her constructive

comments.

1: In the new version, we confirm that the Lemma 1 is proposed originally by [56] and have

modified the introduction of the adaptive output feedback controller with the help of the references

listed in Comment 1 (see [45]-[48]).

2: The corresponding problems were modified in the revision. In addition, we introduced another

example on integrator system with distributed input.

3: Similar to Lemma 4 in [16], r is an unknown variable which is determined in Theorem 3.1.

4: In Section 2, the revision has introduced an inference of the Barbălat’s lemma as Lemma 5.

5: The design of dynamic gain r is motivated by combining the universal-type adaptive control
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idea developed in [51] with the idea of papers [54,55].

6: In the new version, we have modified the language to be smoother and to be clear.

The corresponding changes in this paper have been highlighted in light green.
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