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1) Study Carrie’s and Parker’s solutions to the Parking Lot Problem shown in Figures

1.22 and 1.23.

Figure 1.22 Carrie’s solution to The Parking Lot Problem 

The ratio of cars to trucks in the parking lot is 4 : 1. Which statement(s) describe the 
situation? 
a)  

Figure 1.23 Parker’s solution to The Parking Lot Problem 

The ratio of cars to trucks in the parking lot is 4 : 1. Which statement(s) describe the 
situation? 

a) What understanding(s) or misunderstanding(s) of the meaning of a ratio are

evidenced in each solution?

Carrie’s Solution: The evidence in Carrie’s solution suggests she used absolute

reasoning to explain the meaning if a 4 : 1 ratio. It appears she did not understand that

the ratio of 4 cars : 1 truck means that for every 4 cars in the parking lot there is 1

truck.

1) The number of cars in the parking lot is 4 times the number
of trucks.

2) 1 out of 4 vehicles in the parking lot is a truck
3) There are three more cars than trucks in the parking lot.

The ratio of cars to trucks in the parking lot is 4:1. 	
Which statement(s) below correctly describe this situation?	

a) The number of cars in the parking lot is 4 times the number
of trucks.

b) 1 out of 4 vehicles in the parking lot is a truck
c) There are three more cars than trucks in the parking lot.	
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Parker’s Solution: Parker correctly explained that the ratio of 4 cars : 1 truck means 

that for every 1 truck in the parking lot there are.4 cars. In addition, Parker appears to 

understand that this ratio also means that there “will always be 4 times more cars than 

trucks in the parking lot”. Although he did not specify, his statement describes the rate 

that is associated with all the ratios that are equivalent to the 4 : 1 ratio in the 

problem. 

b) In what ways can you use the idea of a composed unit and equivalent ratios in the

context of this problem to help strengthen the understandings of the relationships

in ratios?

In this context the number of cars (4) and the number of trucks (1) in the given ratio

are connected, requiring students to pay attention to two quantities simultaneously.

One way to help students examine this concept is to provide instructional opportunities

that stress the idea that quantities in a ratio form a composed unit. Visual

representations, including manipulatives can be effective in this area. Students can use

visual models to represent a given ratio and to create other ratios equivalent to a given

ratio. In this way they can see how one can iterate a give ration to create equivalent

ratios, and ultimately understand the multiplicative relationships inherent in ratios and

between equivalent ratios. Visual Representations for ratios and proportions are

addressed in Chapter 2.

2) Study Edith’s solution to the Packing Apples Problem shown in Figure 1.24.

Figure 1.24 Edith’s solution to the Packing Apples Problem 

Carrie is packing apples. It takes 3 boxes to pack 2 bushels of apples. How many 
boxes does Carrie need to pack 7 bushels of apples? 
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a. Describe Edith’s solution to this problem. Which parts of her solution are
correct? Which parts are incorrect?
Edith correctly compared the two ratios, 6 boxes to 4 bushels and 12 boxes to 8
bushels, that are equivalent to the given ratio, 3 boxes to 2 bushels. Perhaps Edith did
this using her understanding of doubling. It appears Edith then incorrectly applied
absolute reasoning to determine it would take 11 boxes to fill 7 bushels. Perhaps
Edith saw that 8-1 = 7 then used the calculation 12-1=11to answer the question.
Edith also used the equal sign incorrectly.

b. What is a feature of this problem that may have led to Edith’s incorrect solution?
This is a missing value question that could be represented by the proportion: ! !"#$%

! !"#!!"#
=

? !"#$%
! !"#!!"#

 . Notice that there is no whole number one can multiply by 2 to equal 7. Thus, 

iterating the ratio ! !"#$%
! !"#!!"#

 would be problematic. This feature of the problem may have 
led to Edith’s incorrect solution. Imagine how the level of difficulty would be different 
if the question had been, “Carrie is packing apples. It takes 3 boxes to pack 2 bushels 
of apples. How many boxes does Carrie need to pack 8 bushels of apples? 

 Number relationships within and between ratios is discussed in Chapter 5. 

3) Study Sandi’s solution to the same problem shown in Figure 1.25

Figure 1.25 Sandi’s solution to the Packing Apples Problem

Carrie is packing apples. It takes 3 boxes to pack 2 bushels of apples. How many 
boxes does Carrie need to pack 7 bushels of apples? 

a) How does Sandi’s solution differ from Edith’s solution in Figure 1.24?
To solve this problem, Sandi appeared to understand and apply a multiplicative
relationship inherent in this proportional relationship. Sandi used the calculation,
“7÷2=3.5” to determine a scale factor between 2 bushels and 7 bushels. In this
context, 2 bushels of apples are scaled up 3.5 times, resulting in 7 bushels. Sandi then
applied this same scale factor to 2, the number of boxes. This results in 10.5, the
correct number of boxes it takes to pack 7 bushels. This differs from Edith’s solution,
as Edith used a doubling strategy and then incorrectly applied absolute reasoning.
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b) Explain why Sandi’s solution is more efficient and generalizable than Edith’s.
Edith’s strategy is most effective when the number relationships in a problem allow
one to iterate or double one ratio to find another. In this way, Edith’s strategy is
dependent on the nature of the number relationships in a given problem. Sandi’s
strategy is less dependent on the number relationships in a problem. Finding and
applying a scale factor as Sandi did can generalize more directly across problem types
and number relationships.

4. Letters a – d below show common ratios that are described with one word, thus
obscuring the quantities. Identify the two quantities that comprise each ratio below
a) Population density

Quantities:
• Number of people (population)
• Area - such as square miles

b) Speed
Quantities
• Time – such as number of hours
• Distance – such as number of miles

c) 𝝅 (pi)
Quantities
• Circumference of a circle
• Diameter of a circle

d) Percent
Quantities
• Number of something such as people, occurrences, dollars, etc.
• 100
Thus, a percent is the number of something out of 100. Percents are addressed in
Chapter 9.

5. Each student solution shown below in Figure 1.26 contains the use of a unit rate, but the
rates do not include quantities. In each solution identify the unit rate and provide the
correct quantities.

Figure 1.26 Solutions that contain a unit rate	

Solution A 
Mrs. White bought 4 pizzas for her 18 students. Mr. Green bought 5 
pizzas for his 24 students. All the pizzas were the same size. If the 
students in each class got equal shares of the pizza, who got more pizza 
– a student in Mrs. White’s class or a student in Mr. Green’s class?
Show your work.

Solution A Unit Rate: 4.5 students per pizza and 4.8 students per pizza 
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Solution B 
A company stacks same size boxes on top of each other. The height of three stacked boxes 
is 4 feet. What is the height of five stacked boxes? Show your work. 

Solution B Unit Rate: Height is 1.33 feet per box 

Solution C 

A 20-ounce box of Toasty Oats cereal costs $3.00. A 15-ounce box of Toasty Oats costs 
$2.10. Which box costs less per ounce?  

Solution B Unit Rate: The 15 ounce box of Toasty Oats is a better deal	(15¢ per ounce > 14¢ 
per ounce).	

6. Figure 1.27 shows Drew’s and Alyssa’s solutions to the Pizza Problem. Read the
problem, study the solutions and answer the questions below.

Figure 1.27 The Pizza Problem and two student solutions 

Mrs. White bought 4 pizzas for her 18 students. 
Mr. Green bought 5 pizzas for his 24 students. 
All pizzas were the same size. 

Who got more pizza- a student in Mrs. White’s class or a student in Mr. Green’s 
class? 

Drew’s Response Alyssa’s Response 
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a) Both students used unit rates in their solutions. What are the quantities associated
with each quantity in their solutions?
Drew’s Solution: 0.22 pizzas per student and 0.20 pizzas per student
Alyssa’s Solution: 4.8 students per pizza and 4.5 students per pizza

b) Use the unit rates in each solution to solve the problem. Explain your reasoning.
Drew’s Solution: Each student in Mrs. White’s class received 0.22 of a pizza. Each
student in Mr. Green’s class received 0.20 of a pizza. Twenty-two hundredths of a pizza
is more pizza than twenty-hundredths of a pizza. Thus, a student in Mrs. White’s class
received more pizza than a student in Mr. Green’s class.

Alyssa’s Solution: Fewer students per pizza means that each student receives more
pizza. Thus, the 4.5 students per pizza in Mrs. White’s class translates to more pizza
per student than the 4.8 students per pizza in Mr. Green’s class.

This question focuses on two major ideas related to unit rates:
1) There are two unit rates associated to a given proportional situation. In this case

a. Pizzas per student
b. Students per pizza

Although different in appearance, each unit rate describes the same multiplicative 
relationship between the number of pizzas and the number of students. 

2) Given the situation and the question one is trying to answer, one of these unit rates
may be more logical than another. In this case, one is asked to compare amount of
pizza per student. Thus, Drew’s rates, 0.22 pizzas per student and 0.20 pizzas per
student are more sensical for the situation. Yet this question demonstrates that
either rate can work as long as each is interpreted accurately.
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Looking Back 
1) Consider the following situation and answer the questions that follow.

4 packages of bagels cost $13.00

Table  2.10 Cost of Bagels

a) Complete the ratio table (Table 2.10) for this situation by determining the missing quantities in the
table.

b. What are the two quantities in this situation?

The two quantities in this situation are:
• Number of packs of bagels
• Cost in dollars

c. What is the associated rate connected to each ratio? How did you determine this rate?

The associated rate related to each ratio in this situation is $3.25. There are a number of ways to determine
this rate including: 

• $13.00 ÷ 4 = $3.25 per pack of bagels
• We know 4 packs cost $13.00 so 2 packs must cost half of $13.00 or $6.50. Thus, 1 pack costs half of

$6.50 or $3.25.

d. Rewrite this table to make the associated rate obvious.

Cost of Bagels 
Number of Packs of 

Bagels 
Cost 

2 
$13.00 
$16.25 

10 

Cost of Bagels 
Number of Packs of Bagels Cost 

2 $6.50 
4 $13.00 
5 $16.25 

10 $32.50 

Cost of Bagels 
Number of Packs of Bagels Calculation Cost 

2 $6.50 
4 $13.00 
5 $16.25 

10 $32.50 
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Including a Calculation column in a typical rate table makes visible the quantities that are changing and 
the quantity that is staying constant. In this case we can see that the number of packs of bagels and he cost 
are changing together. The associated rate, $3.25, is constant. This represents the amount for one pack of 
bagels. It also means that the cost of a number of packs of bagels is always 3.5 times the number of packs. 

2) Study the coordinate grid in Figure 2.24.

Figure 2.24 Graph of flour and eggs in cookie recipe

a) Construct either a tape diagram or a double number line to represent this information. Which visual
model makes the most sense for this situation?

A double number line is more appropriate than a tape diagram for this situation since the units, eggs and
cups, are different. A tape diagram is best when the units are similar. For example, if this situation
compared cups of flour with cups of milk, a tape diagram would be a good choice.

b) Use the visual model you constructed to answer the questions below.
• How many eggs are needed for 4 cups of flour?
• How many cups of flour are needed for 9 eggs?
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The blue arrows indicate the points on the two number lines where 4 eggs align with 8 cups of flour. Thus, this 
recipe with eggs requires 8 cups of flour. 

a. 

b. 

Nine eggs are represented on the top number line by the point halfway between 8 and 10 eggs. The related 
number of cups of flour is located halfway between 16 cups (the number of cups of flour associated with 8 
eggs) and 20 cups (the number of cups of flour associated with 10 eggs).  This means that a recipe 
containing 9 eggs requires 18 cups of flour. 

9	eggs	

18	cups	of	flour	

10
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3) Study the double number line in Figure 2.25.

Figure 2.25 Double number line representing meters and seconds 

a) The quantities 5 and 2 are located the same distance from 0.  What does this mean?
This means that in this situation, it takes 2 seconds to travel 5 meters.

b) How far from 0 is the number pair 15 and 6 in relation to the number pair 5 and 2?
The number pair 15 and 6 are three times farther from zero than the number pair 5 and 2.

c) How far from 0 is the number pair 15 and 6 in relation to the number pair 10 and 4?
The number pair15 and 6 are 1!

!
 times farther from zero than the number pair 10 and 4.

d) What is the associated rate in this situation? Make this visible on the double number line.
The associated rate for this situation is 2!

!
 meters per second. It is represented by the blue arrows on the

double number line below.

Another way to determine the associated rate between meters and seconds in this situation is to locate the point on 
the top number line that represents 1 meter. This point is !

!
 of the way from zero to five meters.  To find the number 

of seconds associated with one meter one could find the point !
!
 of the way from zero to two seconds. This point, !

!
 of 

a second represents the number of seconds it takes to travel one meter.  Now we have two associated rates that 
describe the same multiplicative relationship between the number of meters and the number of seconds in this 
situation. These rates are: 

• 2 !
!
 meter per second

• !
!
 seconds per meter.

Notice that !
!
 is the reciprocal of 2 !

!

𝟐 𝟏
𝟐
	meters	

1	second	

11
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4) Study the coordinate grid in Figure 2.26 and answer the question below.

Figure 2.26 Coordinate grid showing total tricycle wheels

a) What are the two quantities in this situation and how are they represented in this visual model?
The two quantities res number of tricycles and number of wheels. Each set of related quantities, a
number of tricycles and the associated number of wheels, is represented by one point on the coordinate 
grid. Thus, one point on the coordinate grid simultaneously represents a number of tricycles and a 
number of wheels. 

b) What is the associated rate connected to each ratio in this situation?  How is it represented in this
visual model?
The associated rate is 3 wheels per tricycle. This is represented by the point on the coordinate grid that
represents both 1 tricycle and 3 wheels. This rate is also represented by the slope of the line, which 3. This
means that for every one tricycle the number of wheels increases by 3.

12
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5) Compare and contrast the differences in how a ratio table, a tape diagram, a double number line and a
coordinate grid represent the two quantities in a ratio and the associated rate.  What does this suggest
about instructional use of these visual models?

Notice that each representation represents these quantities differently. Thus, as students interact with 
different representations, they must reinterpret the meaning of the quantities in a proportion through the 
lens of the specific context and the visual model. This process supports conceptual understanding and helps 
build students’ abilities to transfer prior knowledge to new situations. 

6) Write or find in your instructional materials three qualitative rate problems for each of the following
contexts. For each problem indicate how the variables interact as described in Table 2.6.

a) Speed
Answers vary

b) Buying or selling
Answers vary

c) Scale
Answers vary

7) Write or find in your instructional materials two problems that involve discriminating between
proportional and non-proportional situations. One of the problems should require students to interact
with a visual model.
Responses vary. Below are two examples

Sample 1: 
A discount pass at Lonesome Mountain for middle school students costs a one-time fee of $25 plus $10 for 
each day of skiing. Jasmine used the following calculation to determine the cost of 5 days of skiing. 

$35 dollars for one day × 5 days = $175. 
Do you agree with Jasmine’s calculation? Explain your choice. 

Compare and Contrast Various Proportional Representations 
Representation How the two Quantities are Represented How the Associated Rate is Represented 

Ratio Table By a number in a row on a vertical ratio table or 
in a column on a horizontal ratio table 

The amount of one quantity associated with 1 of 
the other quantity. This particular pair of 
related quantities or may not be included in a 
ratio table. 

Tape Diagram One quantity is represented by the number of 
rectangles in the top row of a tape diagram. 
The second quantity is represented by the 
number of rectangles in the second row of a tape 
diagram 

The number of rectangles in one row of the 
diagram associated with 1 rectangle in the 
other row of the diagram. 

Double Number Line Each quantity is represented b a point on one of 
the two number lines that comprise a double 
number line representation 

The point on one of the number lines that aligns 
with 1 on the other number line. 

Coordinate Grid Each pair of related quantities is represented by 
a point on the coordinate grid 

The slope of the line or the amount of one 
quantity associated with 1of the other quantity. 

13
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Sample 2:  
The graphs below show the cost to skateboard at Action Skate Park and Energy Skate Park. 

At which skate park do 10 visits cost $20?  Explain how you know. 
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1. Become familiar with the OGAP Proportionality Framework: The OGAP Ratio and
Proportion Framework is comprised of two sections; Problem Contexts and
Problem Structures on page 1 with sample problems on page 4, and the Ratio and
Proportion Progression on the centerfold.

Examine these two sections of the OGAP Proportionality Framework (OGAP 
Framework) and answer the two questions below. 

a. What is the main purpose of each section of OGAP Ratio and Proportion
Framework?

The	two	parts	of	the	OGAP	Framework	are	interrelated.		When	selecting
and	designing	questions	for	instruction	and	assessment	the	structures
described	on	the	first	page	of	the	Framework	should	be	considered.
Understanding	these	structures	is	important	because	different	structures
elicit	different	evidence	of	student	thinking	and	solution	strategies.		The
OGAP	Ratio	and	Proportion	Progression,	found	on	the	centerfold,	is
designed	to	help	teachers	gather	descriptive	evidence	of	thinking	related	to
students	developing	understanding.		Until	students	are	strong	and	flexible
proportional	reasoners	their	solution	strategies	will	move	back	and	forth
between	more	and	less	sophisticated	solutions	depending	on	the	problem
structure.

b. In what ways is the information in the OGAP Ratio and Proportion
Framework important to teachers who teach ratio and proportions?

The	OGAP	Ratio	and	Proportion	Framework	is	based	on	research-based	
learning	progressions	and	is	designed	as	a	tool	for	teachers	to	gather	
evidence	of	student	thinking	to	inform	instruction	and	monitor	student	
learning.		The	Progression	is	also	used	to	identify	underlying	issues	or	errors	
that	may	interfere	with	students	learning	a	new	concept	or	solving	related	
problems.		The	front	and	back	pages	of	the	OGAP	Framework	provides	
guidance	on	the	range	of	problem	structures	teachers	should	consider	as	
they	design	or	select	questions	for	their	students.	Intentionally	varying	the	
structures	can	help	students	deepen	their	understanding	and	builds	
flexibility.			

2. Briefly explain the instructional importance of each of these features of a learning
progression:
a. Movement along the progressions is not linear.

As students are introduced to new concepts or different problem structures for 
the same concept, they may move back and forth between Non-Proportional, 
Early Ratio, Transitional and Proportional strategies and reasoning based on 
the strength of their ratio and proportion understanding, flexibility, and fluency. 

b. Students’ strategies will be at different levels on the progression at different
times.

16
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Depending on the concepts being taught and learned evidence in the work will 
be in different locations on the Progression. For example, a student may use a 
proportional strategy when solving a problem involving a unit rate but still use 
a double number line to solve a problem related to percents.   

c. The progressions provide instructional guidance.
The OGAP Ratio and Proportion Progression can also provide instructional 
guidance on how to help transition student understanding and strategies from 
one level to the next.  The arrow on the right side of the Progression shows 
possible concepts instructionally that help build flexibility, understanding and 
fluency. For example, when first learning about ratio concepts there may be 
evidence of non-proportional strategies in their work.  Instruction focusing on 
visual models and multiplicative relationships can help move student solutions 
to the early ratio or transitional levels.  With instruction focusing on 
equivalence using a double number line may move their solutions to the 
Transitional Strategy level.  

d. The progressions are not evaluative.
You will notice there are no numbers associated with the levels on the 
Progression.  A learning progression is designed to help teachers gather 
descriptive evidence about student learning to inform instructional and student 
learning, not to assign a number or a grade.   

e. Collection of Underlying Issues and Errors is important.
At the bottom of the Progression there is a list of potential underlying issues and 
concerns that may interfere with students learning new concepts and solving 
related problems.  This information along with the location of the strategy on 
the Progression provides teachers with actionable evidence to inform 
instruction and student learning.   

3. Study each of the solutions in Figure 3.26.
a. How are they alike and how are they different?
Sample Response

The solutions are alike because they found viable strategies to solve the 
problem. They differ in the strategy that the students used to solve the problem. 

Solution A: The evidence in Solution A suggests that 12 minutes was 
doubled to 24 minutes then it was found that the remaining 4 minutes 
was !

!
 of an additional mile.  The student then added together the 2 + 

!
!

to get 2 !
!
 miles.

Solution B: The evidence Solution B suggest the student found the 
equivalent ratio of 4 minutes to !

!
 mile and uses a ratio table to skip-

count by fours and thirds until reaching 28 miles. 

Solution C: The evidence in Solution C suggests the student found and 
applied a unit rate to solve the problem.  

b. Decide – how is each solution classified on the progression?  And c) What is
the evidence?

17



Chapter	3	Looking	Back	

12.11.2019	

Solution A:  Transitional Strategy – There is evidence in the solution 
that the student found the multiplicative relationship first for 24 
minutes (× 2) and then found 4 minutes is !

!
 of 12. 

Solution B: Transitional or Early Ratio: Without asking the student 
how they created the ratio table it is hard to classify this response. That 
is, if the student built the ratio table by using multiplication (e.g., 
!
!

is twice !
!

 therefore twice 4 is 8) it would be classified as
Transitional. If on the other hand the ratio table was build using an 
additive strategy like skip counting by 4s and thirds the solution would 
be classified as Early Transitional. The important point here is asking 
the student, not making assumptions without evidence.  

Solution C: Proportional – There is evidence that the student found and 
applied the multiplicative relationship  

.  

Figure 3.26 Solutions A, B, and C 

Donna runs at an average rate of 12 minutes per 1 mile. At this rate 
how many miles does Donna run in 28 minutes? 

Solution A 

Solution B 

18
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Solution C 

19
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Answer Key Chapter 4: Using the Ratio and Proportion Progression 

1. Practice engaging students in making sense of word problems: In this question you will use the
word problem strategy highlighted in this chapter. Read the train problem that follows and the
respond to a – d below.

a. (Read and retell) You will remove the question – Which train reaches its destination in less
time? – Have your students read only the first four factual sentences.  Generate a list of the
facts that you hope students will identify in the problem when they retell the story.

Sample Answers 

The list of facts may include: 
Train A is traveling faster than Train B. Train A is traveling 10 miles per hour faster. 
Train B is traveling slower than Train A. Train B is traveling 10 miles per hour slower. 
Train A has a further distance to go than Train B. Train A travels 85 more miles than Train B. 
Train B has a shorter distance to travel than Train A. Train B travels 85 miles less than Train A. 

b. (Generate questions – anticipate next) Ask your students, “What questions could we answer
given this story?”  Make a list of 5 or 6 questions that you anticipate your students might
ask.

Sample Answers 

Questions may include: 
1. How long will it take Train A to reach its destination?
2. How long will it take Train B to reach its destination?
3. Who will reach their destination first if they both leave at the same time?
4. Does each train make any other stops on their route?
5. Would it be quicker to make the trip in a car?
6. Why do the trains travel at different speeds?
7. How long would it take to travel from Derby to Sudbury?
8. If both trains travelled at the same speed, how much sooner would Train B arrive at

its destination than Train A?

c. (Solving the problems generated by the class) Describe different ways you can use the
questions that you anticipate students will generate.

i. Are there some questions you would not assign to your students? Why?
ii. Are there some questions you might assign to some students, but not all

students?
iii. Given the list that you generated, would you anticipate letting students

select the questions to answer? Why or why not?

Sample Answers 

The answers to these questions will vary depending on your students and the focus of the lesson. 

d. (Solving the original problem) Anticipate strategies that students might use after you unveil
the original question.

Sample Answers 

The problem asks students to explain which train reaches its destination in less time.  Students my use a 
table, a double number line or division to find how long each train will take. Note that students do not need 
to give an exact time to answer the question. They may find the time to the nearest hour then reason which 
train takes longer.  

21
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2. Try the word problem strategy discussed in this chapter with your class using a problem from
your mathematics program/textbook materials.

a. Choose a problem. Why did you choose this problem?
b. Try the process with your class using the problem that you selected.
c. Write a brief summary about how the strategy worked including things you might

modify the next time you use the strategy.

Sample Answer 

The answers will vary depending on the problem you choose and your class. 

3. Practice using the OGAP Ratio and Proportion Progression to inform instruction: The OGAP
Sort refers to the process of understanding the evidence in student solutions and determining the
level of the progression that the evidence in the solution matches best. Sorting student work is
the first step in using evidence to inform instruction and is described in this chapter.

Analyze the student work in Figures 4.15 - 4.18 below using the OGAP Ratio and Proportion
Progression. Record your analysis on a copy of the Evidence Collection Sheet in Figure 4.19 as
was modeled in this chapter.

a. For each solution identify:
i. The level on the progression the evidence is found. What is the evidence?

ii. Any underlying issues or concerns.
iii. Highlight/circle any solutions that are incorrect.

Sample Answers 

Figure 4.15 - Alex: Early Transitional Strategy - builds up and down using the multiplicative relationship. 
The solution is correct. 

Figure 4.16 - Margo: Early Transitional Strategy - uses the multiplicative relationship for part of the 
problem. Margo correctly reasons that 40 pounds will last 60 days but uses an incorrect referent with the 
additional 5 pounds. She divides 30 days by the 5 additional pounds. The solution is incorrect. 

Figure 4.17 – Antonia: Early Transitional Strategy the multiplicative relationship for part of the problem. 
Antonia correctly scales up the given rate to find that it takes 60 days for Paul’s dog to eat 40 pounds of 
dog food. She incorrectly divides 30 days by the additional 5 pounds. Her final solution is incorrect. 

Figure 4.18 - Mia: Early Transitional Strategy - builds up and down using the multiplicative relationship. 
The solution is correct. 

b. Assuming that these pieces of work are representative of the student work across the
classroom, answer the following.
i. What understandings are evidenced in the solutions that can be built upon? What is

the evidence?
ii. What mathematical concepts need to be further developed? What is the evidence?

Sample Answer 

All of the student responses show evidence of being able to scale up with whole numbers. Each student was 
able to figure out that 40 pounds of dog found will last 60 days. They know that there is an additional 5 
pounds that has to be dealt with. Some of the students show evidence of understanding that they have to use 
the relationship of the 5 pounds to the 20 pounds to scale the number of days. Other students incorrectly 
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use the relationship of 5 pounds and 30 days to find the additional number of days. These students need 
additional work with finding and applying non-integral multiplicative relationships. They may benefit from 
using double number lines or tables highlighting the scale factors.  

c. How might you use this work to engage the class in a discussion that will strengthen the
underlying mathematics?
i. If you were to select and sequence student solutions from this group of solutions,

which pieces of work might you use and how would you sequence it? Explain your
decisions.

Sample Answer 

Figure 4.16, Margo’s response, and Figure 4.15, Alex’s response may be two solutions to Select and 
Sequence to engage the class in a discussion that will strengthen the underlying mathematics. Margo’s 
response would be presented first then Alex’s response would be shared. The ratio table would make visible 
the relationships modelled in the equations with labels in Alex’s response.  

ii. Based on the pieces of work you selected make a list of five questions that you
could ask your students about these solutions. Explain why you chose these
questions.

Sample Answer 

Questions to ask the class may include: 

1. What do you notice about the numbers in the ratio table?
2. Can you identify any of the multiplicative relationships?
3. Why does Alex divide both 20 and 30 by 4? What would that look like in the table?
4. Both solutions scale the pounds and days up and down. Where do you see either quantity scaled

up? Scaled down?
5. What is similar about both of the solutions?
6. Both solutions have different final solutions. Which one do you think is correct? Why?

These questions are designed to help students identify the multiplicative relationships between the 
quantities. The teacher would annotate the student responses to help make those relationships visible 
especially the relationship between 20 pounds and 5 pounds as well as 30 days and 7.5 days.  

4. Try this in Your Class: In Question 3 above, you practiced analyzing student solutions using
the OGAP Ratio and Proportion Progression and the OGAP Evidence Collection Sheet. Most
importantly, you considered instructional implications in light of the evidence you collected.

a) Try this process with your students.  Follow the three steps below.
i. Design or select a ratio or proportion question based on the mathematical goal

of the upcoming lesson.
ii. Administer the question as an exit question at the end of the lesson.

iii. Analyze your students’ responses and record the information on a copy of the
OGAP Evidence Collection Sheet shown in Figure 4.19.

b) Use the evidence you collected in 4a above to answer the questions below:
i. What are some developing understandings you noticed in the solutions that can

be built upon in future lessons?
ii. What are some underlying issues or concerns across your class that future

lessons should address?
iii. What are some implications for instruction?
iv. Make a decision about an instructional intervention:
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a. Describe the targeted mathematics and the level on the progression.  Use
guidance from the arrow on the right side of the progression to help you make a
decision about next steps.

b. What level of response does the evidence suggest? Provide a rationale for that
level of response.

c. Select an instructional strategy to use if the evidence suggests that you take
immediate action. Use Table 4.1 as a guide.

Sample Answer 

Answers will vary depending on the focus of the lesson and your students. 
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1) Study each of the five problems found in Figure 5.15 below.
a. Describe the different structures (types of numbers, multiplicative relationships, format of

the problems, and internal structures).
b. Based on the structures:

i. Describe a couple of difficulties that students might encounter.
ii. Provide a couple of examples of strategies students might use to solve the problem.

iii. Identify errors students might make or diffuclties they may have based on the
structure of the problem

Problem Structures 
Some examples of strategies 
students might use  

Some examples of errors students 
might make or diffuclties they may 
have based on the structure of the 
problem 

Example 1: Donna runs at an average rate of 12 minutes per mile. At this rate how many miles will Donna run in 
28 minutes? 

Context/Topic: Constant Rate of 
speed 
Problem Type: Missing Value and 
unit rate 
Internal Structure: Non-parallel 
Mult. Relationships: Non-integral 
Numbers: Whole numbers 
Language: Mathematical (per) 

1. Because of the non-integral
relatioship students may use
the multiplicative relationship
for only part of the problem .

2. Use a visual model
multiplicatively (e,g,. double
number line)

3. Unit rate (miles per minute
given in problem or minutes
per mile
( !
!"

 𝑚𝑖𝑙𝑒 𝑝𝑒𝑟 𝑚𝑖𝑛𝑢𝑡𝑒))

1. Make a remainder error when
dealing with the non-integral
relationship (× 2 !

!
) in the

problem.
2. Confuse minutes per mile with

the more familiar miles per
minute.

Example 2: Carrie is packing apples. It takes 3 boxes to pack 2 bushels of apples. How many boxes does Carrie 
use to pack 7 bushels? 

Context/Topic: Packing 
Problem Type: Missing Value 
Internal Structure: Parallel 
Mult. Relationships: Non-integral 
Numbers: Whole numbers 
Language: Natural 

1. Applies multiplicative
relationship between bushels
(× 3.5) and applies that
relationship to 7 bushels.

2. Finds a unit rate of 1.5 boxes to
1 bushel and applies the rate
correctly.

3. Uses a multiplicative
relationship for part of the
problem (2 × 3 = 6).

1. Builds up multiplicatively for
part of the problem and then
adds the remainder

2. Solution may not consider a
whole number of boxes needed
(round up)

Example 3:  Mia is cooking 2 !
!
 cups of dry rice. Use the information in the table to 

determine how much water she should add to 2 !
!
 of dry rice. 

Context/Topic: Ratio 
Problem Type: Missing Value 
Internal Structure: Non-parallel 
Mult. Relationships: Non-integral 
Numbers: Rational Numbers 

1. Finds the total water for 5 cups
of rice and divides by 2.

2. Finds the water for half a cup
of dry rice by dividing 7 fourths
by 2.

1. Fraction computation error
2. Uses whole number reasoning

with fraction operations.
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Language: Natural 
Representations: Ratio table 

Example 4: Holly has a photograph that has a width of 8 inches and a length of 10 inches. If she enlarges the 
photograph so that the width is 10 inches, what is the length of the enlarged photo? 

Context/Topic: Scale 
Problem Type: Missing Value 
Internal Structure: Parallel 
Mult. Relationships: Non-integral 
Numbers: Whole numbers 
Language: Mathematical 

1. Applies a scale factor of  !
!
 to

the width.
2. Compares ratios by simplifying

the given ratio and then
building up multiplicatively to
the new ratio.

1. Misinterprets the meaning of
the quantity and answers 8
inches.

2. Adds between the quantities
3. (10 + 2 = 12 inches).
4. Finds the scale factor and

multiplies incorrectly.

Example 5: Carrie measured the distance from the front door to the flagpole by placing one shoe in from of the 
other. Carrie counted 27 shoe-steps from the door to the flagpole. Use the diagram below that shows the ratio of 
Carrie’s shoe-steps to Justin’s shoe-steps to determine the number of shoe-steps Justin will make to walk the same 
distance, 

Context/Topic: Ratio 
Problem Type: Missing Value 
Internal Structure: Non-parallel 
Mult. Relationships: Non-integral 
Numbers: Whole numbers 
Language: Natural 
Representation: Model 

1. Simplifies the ratio of 6 to 4  as
3 to 2 and then applies a
multiplicative relationship to
find 2 times 9 (18 Justine foot
steps to 27 Carrie footsteps)

2. Finds and applies a unit rate of
one Carrie shoe-step for every
⅔ of Justin’s shoe-step.

1. Builds up to twenty four steps
by iterating 6 steps additively
and then adds the remainder.

2. Makes a calculation error
when multiplying 4 by 4.5.

2) In the next series of questions you will be asked to analyze the evidence in student work like you did
earlier in the chapter with Sam’s responses to the Bob’s Shower problem.  When providing examples
of next intentional steps be specific (Use strategies from Table 4.1 or others of your own). For
example, if collecting additional evidence by modifying the problem is one strategy, provide an example
on how you could modify the problem. If asking additional questions is a part of your strategy given
the evidence and the structures in the problem, provide examples of questions with rationales as to
why they are important questions to ask.

A. Catherine’s response in Figure 5.6. Analysis and next instructional steps:
i. What solution strategy is evidenced in Catherine’s response?

Cathrerine found and applied a unit rate
ii. Where along the OGAP Progression is the evidence on Catherin’s response?

This is a proportional strategy
iii. What do we know from the evidence in Catherine’s response?

 Catherine found the integral relationship between the gallons and minutes (×6) as 
a unit rate of gallons per minute.  She was looking within the ratio of 18 gallons to 3 
minutes and divided to find gallons per minute.   

iv. What are some things that might be helpful to find out to challenge Catherine?
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- How will Catherine approach a problem that has both non-integral relationships?
- Will Catherine continue to find a unit rate and apply that rate or try a different
strategy?
- How will Catherine approach a different context/topic in proportional reasoning like
density or rate concentrations?

v. What additional information about Catherine’s understanding of proportions
could be used to challenge Catherine?
- Change the context/topic structure to see what strategy she applies.
- Continue with the shower context, but make the integral relationship between the
ratios and then see how she approaches a problem with both relationships non-
integral.

vi. Provide three potential instructional moves/responses based on this analysis. Be
specific.

Some possible instructional actions based on the evidence. 
1. Change the structures of the problem to see how flexible her reasoning is (context,
multiplicative relationships, numbers in the task).  Changing the structures will give evidence of
the strength and flexibility of her proportional reasoning.
2. Link Catherine’s strategy to another proportional strategy - like comparing simplified ratios -
to see if she can connect her thinking to the thinking of others.  How are the strategies the same or
different?
3. Pose a new problem - say in density - where the unit rate requires some interpretation.  For
example, in one of the racoon problems where you have 9.5 racoons per square mile.  Can she
interpret what that unit rate means?

B. Kaitlyn’s response in Figure 5.7 Analysis and next instructional steps:

i. What solution strategy is evidenced in Kaitlyn’s response?
- Kaitlyn determined that 3 minutes + 10 minutes = 13 minutes, and then added 10
gallons + 18 gallons = 28 gallons.

ii. Where along the OGAP Progression is the evidence on Kaitlyn’s response?
- Kaitlyn uses a non-proportional strategy.  She uses an additive difference, not a
multiplicative relationship.

iii. What are some things that might be helpful to find out?
- Can Kaitlyn iterate a composed unit by repeatedly adding (18 gallons in 3 minutes so
36 gallons in 6 minutes)?  Can she use this strategy when the question asks for a
number of minutes that is a multiple of 3?

iv. What additional information about Kaitlyn’s understanding of proportions might
help her teacher provide appropriate next instructional steps?
- What strategies does Kaitlyn apply when both multiplicative relationships are
integral?
- Can Kaitlyn correctly interpret a given visual model interating composed units by
repeated addition or by using skip counting?

v. Provide three potential instructional moves/responses based on this analysis. Be
specific.
  Some possible instructional actions based on the evidence. 

1. Provide a model with iterating units for a task where the multiplicative
relationships are both integral.  Ask for her interpretation.
2. Provide actionable feedback for Kaitlyn.  Refer to prior knowledge of
proportions as a multiplicative relationship (if previously established).  Ask her
to look for that relationship.  Where does she see a multiplicative relationship?
3. Collect additional information.  Pose a ratio problem where both
multiplicative relationships are integral.  Use numbers in the task that are easily
modeled or iterated (The ratio of adults to children at the East Side Fun Run is
3:4.  How many adults are running if there are 16 children running?)
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3) Study the problem below. What structures may have influenced Margo’s solution to the problem?
Provide three potential next instructional steps that might help Margo understand the quantities in
the problems.

           Figure 5.16 Margo’s response 

Paul’s dog eats 20 pounds of dog food in 30 days. How long will it take Paul’s dog to eat 45 pounds of 
dog food? Show your work. 

Sample response: 

Structure influencing the solution: The evidence in Margo’s solution suggests that the non-integral relationship 
between the ratios (× 2 !

!
) was the major structure influencing this solution.  

Some potential instructural steps: 
1. Collect Additional Evidence: While it appears that Margo would be able to solve this problem if the

multiplicative relationship between the ratio was integral, it is worth it to modify the problem or give
another problem so the multiplicative relationship is integral and verify that is the case.

2. Facilitate a discussion using student solutions: Use Margo’s solution and one in which the student used a
multiplicative solution to the problem and have the students compare and contrast the solutions.

3. Provide Actionable Feedback: Provide feedback that will help Margo rethink her strategy. For example.
Margo this is the equation you provided for your solution… 65 days = 30 Days × 2 + 5 pounds.  Does the
addition of 5 pounds to 60 days get you 65 days make sense? Why or why not?  Use a visual model and try
to solve the problem again?
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Figure 6.17 Raccoons in Town A and Town B. 

1) Solve the Raccoon Problem in Figure 6.17 and then answer the following questions:
a. What is the context of this problem?

Density - Rates 
b. What type of problem is it?

Rate Comparison 
c. What strategies do you think students will use to solve the problem?

Possible strategies:
1. Find a unit rate (raccoons per square mile)
2. Build up or down to a common number of raccoons or square miles

d. What errors might students make when solving this problem?
Some possible errors.

1. Find square miles per raccoon and have difficulty interpreting their solution to
answer the question

2. Calculation errors with division when finding unit rate
3. Difficulty with meaning of the quantities when one unit rate is not a whole

number
4. Find an additive difference between the quantities

2. Raccoon Problem Solutions in 6.17

David’s Solution Mark’s Solution 

What strategy did 
they use to solve 
the problem? 
Locate this on the 
OGAP Ratio and 
Proportion 
Progression. 

Non-Proportional 
Uses random operations 

David multiplies the two quantities 
(raccoons by square miles)   

Early Ratio 
Builds up or down using addition 

Mark creates a visual model to 
build down to the unit rate  

What instructional 
strategies might 
you use next to 
help students like 
David or Mark? 

Full class discussion around meaning of the 
quantities - 
1. What does the 480 mean? 60?

(clarifying questions)
2. What is the task asking us to find?
3. What does per mean?(sense making

question)
4. How many raccoons would there be in

town A with 30 square miles?  10
square miles? (sense making question)

5. How could a t-chart help organize your
thinking? (strategy suggestion)

Provide student with actionable 
feedback.   
1. What operations did you do to

the original numbers in the
problem to find the unit rate?
How can you show those
relationships with equations?

2. Compare their solution to
another student’s work (share a
division strategy for unit rate)

3. How is your thinking the same
and different than this
solution?
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3) Write or find in your math program materials/textbook three questions that are the same type of problem,
but different contexts. For each problem indicate difficulties that students may encounter?

Possible problems – Rate comparison problems in different contexts: 

Buy – Consume Context: A 20-ounce box of Toasty Oats cereal costs $3.00.  A 15-ounce box of Toasty Oats 
cereal costs $2.10.  Which box costs less per ounces. 

Sample potential difficulties: 
1. Find and misinterpret ounces per dollar instead of cost per ounce.
2. Have diffiuclty with finding the unit rate when dealing with decimals.

Concentrations: Ann and Mary each made orange drinks for the class picnic.  Ann used 2 cans of orange 
juice concentrate and 8 cans of water in her drink.  Mary used 4 cans of orange juice concentrate and 12 
cans of water.  Both girls used the same size cans and the same type of juice concentrate to make their 
drinks.  Whose drink had a stronger orange flavor? 

Sample potential difficulties: 
1. Students may find the whole amount of liquid for each student and compare additively (Ann’s

10 cups of liquid < Mary’s 16 cups of liquid)

Distance, rate, and time:  Sally walks 2 miles every day. It takes her 40 minutes. Ashley walks 5 miles and it 
takes her 1ó hours. Who walks faster? 
Sample potential difficulties: 

1. Students may not realize the units need to be the same (minutes or hours) and
solve the problem as 40 hours and 16 hours or vice versa.

2. Students may also compare the speeds additively.

4) Write or find in your math program materials/textbook three questions that are different types of
problems but the same context. For each problem indicate difficulties that students may encounter?

Example Density problems - different types of problems 

A common difficulty with density problems is that it is a difficult concept for students to understand and solution 
often are additive rather than multiplicative.  

Missing Value: Town A has 480 raccoons on 60 square miles.  How many raccoons does Town B have on 
180 square miles if they have the same amount of raccoons per square mile. 

Scale Factor: Town A has 480 raccoons on 60 square miles.  Town B has one and a half times as many 
raccoons as Town A.  If Town B is  twice the size of Town A, how many raccoons are there per square mile 
in Town B? 

Unit Rate: There are 7.25 raccoons per square mile.  How many raccoons are there in 40 square miles? 
   Students may calculate decimals incorrectly by multiplying 40 x 7 = 280 and then add 0.25 to 280 = 
280.25 raccoons. 
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5) For the following pieces of student work in this chapter indicate the level along the OGAP Progression that
the evidence is found? What is the evidence?

Sample student work analysis: 

a. Figure 6.11  Kelyn’s response
Proportional Strategy: Finds and applies unit rate

Evidence: Kelyn found the unit rate of  !
!"

 mile per minute.  Kelyn then multiplies the 28 

minutes by !
!"

 to get 2 ⅓ miles in 28 minutes. 
b. Figure 6.15 Armand’s response

 Proportional Strategy: Finds and applies a unit rate 
 Evidence: Armand divides 20 by 20 to get one ounce and then divides $3.00 by 20 to get 
15¢ per ounce. Armand divides 15 by 15 to get one ounce and then divides $2.10 by 15 to 
get 14¢ per ounce. Armand then compares the two unit prices to decide that the 15 oz box 
is a better deal. 

c. Figure 6.15 Kari’s response
Early Transitional Strategy: Applies the multiplicative relationship, but uses and 
misinterprets the wrong rate. 
Evidence: Kari found and compared the unit rates ounces per dollar instead of dollars 
per ounce incorrectly concluding that 6.33 ounce per dollar < 7.14 ounces per dollar. 
Note: Had Kari correctly interpreted that 7.14 ounces per dollar is a better deal that 6.33 
ounces per dollar the solution would be classified as a Proportional Strategy. 

d. Figure 6.15 Kit’s response
Proportional Strategy: Compares rates 
Evidence: Kit uses the multiplicative relationship between 20 and 15 (×  !

!
) to determine 

that the 20 ounce box would cost $2.25 for 15 ounces.  Kit compares this amount to the 
original 15 ounce box that costs $2.10 and determines that box (15 ounce box) is 
cheaper. 
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1) Study Brooke’s and Victoria’s responses in Figure 7.19 to the Marbles in a Bag problem and then
answer a – d below.

Figure 7.19 Brooke’s and Victoria’s responses 

Sue has a bag containing 3 black marbles and 5 red marbles. Mary has a bag containing 5 
black marbles and 10 red marbles in the bag. Whose bag would you choose to have the best 
chance of picking a red marble? Show your work. 

Brooke’s response 

Victoria’s response 

A) What type of problem?
     Ratio Comparison 

B) What is the context?
     Probability 

C) Where along the progression are Brooke and Victoria’s solutions to the problem?  What is their
evidence?

Brooke’s Response: Transitional Strategy – uses a visual model multiplicatively 
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Evidence: The visual model in the solution is used to compare the probabilities of not getting a red 
marble.  It is correctly stated that Mary’s probability of not choosing a red marble is less than 
Sue’s and therefore has the best chance of picking a red marble.  The solution also shows 
evidence of choosing the correct ratio referent to solve the problem.   

Victoria’s Response: Early Transitional Strategy - applies multiplicative relationship, but uses 
incorrect ratio referent   
Evidence: The work shows evidence of understanding comparing ratios, but used an incorrect 
ratio referent in determining the probabilities.  Although Victoria correctly compared her ratios to 
the benchmark one-half, she compares black marbles to red marbles as a part-to-part comparison 
rather than a part to whole comparison.  

D) What is the evidence of Brooke’s understanding or misunderstanding the concept?
Brooke correctly compares the number of black marbles to the total number of marbles.  She 
explains how she used the probability of not getting a red marble to answer the question correctly. 

E) What did Brooke do differently from other examples of student work on Marbles in a Bag in this
chapter?

Brooke compares the probabilities of not getting a red marble, or the probability of getting a 
black marble, rather than the probability of getting a red marble.  She determines that !

!"
 is less 

than !
!
 and uses this reasoning to know that if the probability of getting a black marble is smaller 

you have a greater probability of getting a red marble.  

F) What is the evidence of Victoria’s understanding or misunderstanding the concept?
Victoria used a part-to-part comparison rather than a part to whole comparison.  She used the 
incorrect ratio referent.   

2. For each of the problems below:

a. Identify the context of the problem.
b. Identify the problem type.
c. What strategies do you anticipate students would use to solve the problem?
d. What difficulties do you anticipate students may encounter when they solve the problem?

Problem 1:  Playground 

Figure 7.20 Problem 1: Playground 

A town enlarged a rectangular playground. The dimensions of the new playground are proportional to the 
old playground. Using the information in the table below, what is the length of the new playground? Show 
your work. 

a) Context:  Similarity
b) Problem Type:  Missing value
c) What strategies do you anticipate students would use to solve the problem?
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Some possible strategies: 
1. A student might apply the multiplicative relationship between 50 and 150 feet.  They may reason

that the new playground’s width is three times bigger than the old playground so the length must
also be three times the old playground.  3(80) = 240 feet

2. A student may also determine the ratio of the width of the old playground to the length of the old
playground (5 : 8) and use this to determine the length of the new playground.  The length is 1 !

!
longer than the width in the old playground so the same must be true in the new playground.  150
× 1 !

!
 = 240 feet in the old playground so the width in the new playground must be !

!
 of the length

and !
!
 of the width.

3. A student may set up a proportion and use cross products.
!" ft.
!"# ft

 =  !" ft
!

  
50x = 150(80) 
50x = 12,000 
x = 240 

d) What difficulties do you anticipate students may encounter when they solve the problem?

Possible misunderstandings: 
1. A student may find differences between the widths of the two playgrounds and reason that the

length of the new playground also needs to be 100 feet longer.
2. A student may reason that the length of the old playground is 30 feet longer than the width so the

length of the new playground needs to be 30 feet longer than the width.

Problem 2: Lakeview to Hillside 

Figure 7.21 Problem 2: Lakeview to Hillside A road travels in a straight line between Hillside and Lakeview. 
What is the distance between Lakeview and Hillside?  

a) Context:  Scale
b) Problem Type:  Scale factor/missing value
c) What strategies do you anticipate students would use to solve the problem?

Some possible strategies: 
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1. Students might measure the distance between the two towns on the map and divide it by the length
of the scale then multiply by 2.5.

2. Students might draw a line on the map connecting the two towns and partition it into cm lengths.
Each partition would be 2.5 miles and then they would estimate the remainder.

d) What difficulties do you anticipate students may encounter when they solve the problem?
Possible misunderstandings:

1. A student may measure incorrectly.
2. A student may guess or use random operations.
3. A student may measure the distance shown on the map and not convert to the actual distance in

miles.
4. A student may use an incorrect unit of measure in their answer.. For example give their answer in

centimeters, not miles.

Problem 3: Car A and B 

Figure 7.22 Problem 3: Car A and B 

Car A travels 240 miles on 12 gallons of gasoline. Car B travels 180 miles on 9 gallons of gasoline. 

• San says Car A travels more miles per gallon of gas because it traveled 240 miles and Car B traveled
only 180 miles.

• Tracy says Car B travels more miles per gallon of gas because it used less gas than Car A.
• Tom says Car A and Car B use the same number of miles per gallon.

Who is correct? Explain why. 

a) Context:  Buy/Consume
b) Problem Type:  Rate Comparison
c) What strategies do you anticipate students would use to solve the problem?

Some Possible strategies:
1. A student may compare the unit rates.  240 miles/12 gallons = 20 mpg and 180 miles/9 gallons =

20 mpg and conclude that Tom is correct.
2. A student may scale up to the same number of gallons using a common multiple of 240 and 180.

720 gallons is 3 times the number of gallons for car A so they must have used 3 times the amount
of gas, 36 gallons.  For car B, 720 gallons is 4 times larger so they must have used 4 times the
amount of gas, 36 gallons.  Again concluding that Tom is correct.

3. A student may scale down to the same number of gallons of gas using a common factor.  For
example, how far could each car go on 3 gallons of gas?  12/4 = 3 so 240/4 = 60 miles on three
gallons for car A.  9/3 = 3 so 180/3 = 60 miles on 3 gallons of gas for car B.  Again concluding
that Tom is correct.

d) What difficulties do you anticipate students may encounter when they solve the problem?
Some Possible misunderstandings:

1. A student may look at only one of the quantities to make the comparison.  For example, Car A
traveled more miles and used more gas so agree with San.

2. A student may just look at the amount of gas consumed and agree with Tracy.
3. A student may use random operations such as adding the number of miles to the number of

gallons.
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Problem 4: Belmont Forest 

Figure 7.23 Problem 4: Belmont Forest 

Belmont Town Forest has an area of 10 acres. There are about 30 maple trees in Belmont Town Forest. 
Douglas Town Forest has an area of 15 acres. There are about 38 maple trees in Douglas Town Forest. Which 
town forest has more maples trees per acre? 

a) Context:  Density
b) Problem Type:  Rate Comparison
c) What strategies do you anticipate students would use to solve the problem?

Some possible strategies:
1. A student may compare the unit rates of 3 maple trees per acre in Belmont Forest to 2.53 maple

trees per acre in Douglas Forest and conclude that Belmont has more trees per acre.
2. A student may scale the number of acres up to 30 acres each and compare the number of maple

trees for the same amount of area.  Belmont would have 90 maple trees on 30 acres and Douglas
would have 76 maple trees on 30 acres.

3. A student may calculate a unit rate using acres per maple tree.  For Belmont !
!
 (0.333) acre per

tree and for Douglas 0.395 acres per tree.  Belmont has fewer acres per tree so therefore has
more maple trees per acre.

d) What difficulties do you anticipate students may encounter when they solve the problem?
Some possible misunderstandings:

• A student may calculate acres per maple tree instead of maple trees per acre and misinterpret
the meanings of the quantities.

• A student may use additive reasoning and compare the differences between trees and acres.
Belmont has 20 more trees than acres, Douglas has 23 more trees acres than so therefore
Douglas has more.

Problem 5: Mexican Pesos 

Figure 7.24 Problem 5: Mexican pesos 

Erin is exchanging U.S. dollars for Mexican pesos. Four U.S. dollars are worth about 78 pesos. How many 
pesos should Erin get for $10.00? 

a) Context:  Measurement conversion
b) Problem Type:  Missing value
c) What strategies do you anticipate students would use to solve the problem?

Some possible strategies:
1. A student could set up a proportion ( $".!!

!" !"#$#
=  $"#.!!

!
 ) and use the scale factor between $4.00 and

$10.00 (× 2 !
!
) to find the number of Pesos equal to $10.00 (2 !

!
 × 78 pesos =  $195 pesos). 

2. A student might use the multiplicative relationship between $4 and 78 pesos (× 19.5) to determine
how many pesos is worth $10.00 ( $10.00 × 19.5 = 195 pesos).

3. A student might use a ratio table:
$ 4 8 2 10 
Pesos 78 156 39 195 
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d) What difficulties do you anticipate students may encounter when they solve the problem?
Some possible misunderstandings:

1. A student may use random operations or additive reasoning to solve.

Problem 6: Triangles 

Figure 7.25 Problem 6: Triangles 

John says that the two triangles below are similar.  Is he correct? Why or why not? 

a) Context:  Similarity
b) Problem Type:  Scale factor or ratio comparison
c) What strategies do you anticipate students would use to solve the problem?

Some possible strategies:
2. A student might test to see if the scale factors are the same for each set of corresponding sides.

The scale factor for 16 units to 12 units is 0.75 and the scale factor is 0.77 from 13 units to 10
units, so no, the triangles are not similar.

3. A student may compare the ratios of sides lengths between figures, such as16 units : 12 units = 4 :
3 and know that 13 units:10 units  ≠  4 : 3 so therefore the two triangles are not similar.

d) What difficulties do you anticipate students may encounter when they solve the problem?
Some possible misunderstandings:

1. A student may use additive reasoning to find the differences in side lengths.
2. A student may not compare corresponding sides.
3. A student might ignore or not be aware what it means that figures are not in scale.
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3. Review the student work in figures 7.3, 7.5, 7.10, 7.11 and 7.13.

A) Where along the OGAP Ratio and Proportion Progression is each piece of work?
B) What is the evidence?

Figure 7.3 Sample Response 

Hannah’s solution: Non-proportional Strategy – uses additive differences not multiplicative differences 

Evidence: The solution compares the additive differences between the number of horses and the number of 
acres on each ranch.  This is evidence of non-proportional reasoning. She states that Big Horn Ranch has 
25 horses more than Jefferson and 25 more acres than Jefferson.  She also states the converse; Jefferson 
has 25 less horses and 25 less acres.  This is evidence of not using the multiplicative relationship between 
the number of horses and the number of acres at each ranch. 

Kaitlyn’s solution: Non-proportional Strategy – uses additive differences not multiplicative differences 

 Evidence: The solution compares the sums of the number of horses and the number of acres for each 
ranch.  This piece of work would be in non-proportional reasoning section of the progression because she 
compares numbers, not ratios or rates.  

Max’s solution: Early Transitional Strategy – uses multiplicative strategy, but uses and misinterprets 
the wrong rate 

Evidence: Max correctly determines the unit rates for horses per acre but the problem asks for acres per 
horse. 

Figure 7.5 Sample Responses 

Armand’s response: Proportional Strategy – uses multiplicative relationships 

 Evidence:  Uses the multiplicative relationship between the length and the width of the rectangles 
correctly stating that for both B & D the first dimension goes into the second dimension 2.5 times.  

Kim’s response: Proportional Strategy – uses the scale factor 

Evidence: Tam circles B & D and states the scale factor is 1.5.  Tam writes equations showing the 
dimensions of 4 and 10 each being multiplied by 1.5 to equal 6 and 15.  This is an example of applying the 
multiplicative relationship between similar figures. 

Tam’s response: Proportional Strategy – compares simplified ratios 

Evidence: The solution contains evidence that the ratio of length to width for Rectangle B is equivalent to 
the ratio of the length to width for Rectangle D.   

Figure 7.10 Sample responses 

Debbie’s strategy: Non- proportional Strategy 

 Evidence: Finds how many groups of 2.2 (pounds) are in 50 (kilograms).  This shows evidence of not 
applying the conversion factor correctly.  Debbie divides instead of multiplies. 

Brice: Proportional Strategy – applies the conversion factor 

 Evidence: Correctly determines that in 50 kg there would be 110 pounds by correctly applying the 
conversion factor.  

38



Chapter	7	Looking	Back	Answers	

Figure 7.11 Sample Response 

Alec’s response: Proportional Strategy - applies the conversion factor 

 Evidence: correctly shows a conversion from US dollars to Canadian dollars as well as Canadian dollars 
to US dollars.  Alec correctly uses a conversion factor for each conversion and then compares them.   

Tom’s response: Non-proportional Strategy – uses additive differences 

Evidence: Shows no evidence of understanding conversions between the two systems.  The evidence 
suggest that the absolute values of the Canadian and US dollars were compared.   

Figure 7.13 Sample Response 

Marco’s response: Non-proportional Strategy 

Evidence:  Marco makes a part-to-part comparison using the additive differences between the number of 
red marbles and the number of black marbles.  

Anna’s response: Early Transitional Strategy 

Evidence:  Anna’s response shows evidence of using the multiplicative relationships between the part-to-
part ratios not the part-to-whole.  

4. For the following pieces of student work, how might the context, problem type, and/or other structures
have influenced their strategy?

a) Figure 7.3 Max - Big Horn Ranch problem

1. The internal structure of the Big Horn Ranch problem is an example of non-parallel structure
because the information in the problem is given with horses first then acres but the question is the
reverse, acres then horses.  Although Max could have answered the question asked with his
calculations, the non-parallel structure made it difficult to keep track of the quantities.

2. The context and language used within the problem may also add to the level of difficulty for
students.  The language used, such as “per” and “acre” may be unfamiliar to some students.

b) Figure 7.6 Rick - Similar Triangles

1. Context and problem type may influence the strategies and thinking used to solve this problem.
Students are not as familiar with similarity and scale factors as they are with buy/consume type
problems.

2. The whole numbers chosen for the dimensions in the problem lend themselves to additive
reasoning.  Students are apt to notice additive differences rather than multiplicative relationships
because of this as demonstrated in Rick’s work.

3. Students may also encounter difficulty when trying to determine the multiplicative relationships
within and between rectangles, as they are non-integral.

c) Figure 7.10 Debbie - Pounds to Kilograms

1. The context of measurement conversions is less familiar to students, especially across systems,
making it more difficult.

2. This problem also gives information in the form of a decimal, which also makes the problem more
challenging for some students.
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Chapter 8 – Answer Key 

1. Answer questions a – b using the following problem situation.

On Monday, Francis walks 6 miles in 2 hours.  If Francis walks at the same rate on Tuesday, how
long should it take him to walk 8 miles?

a) Solve the problem using multiplicative change, unit rate and cross products strategies.
Write an equation representing each strategy.

b) Describe how the three strategies are mathematically related.

Sample Solution: 

Multiplicative change: 

!!"#$%
! !!"#$

  =   ! !"#$%
!

         

! !"#$% × !!!
! !"#$% × !!!

  = ! miles
!!! miles

Unit Rate: 

6 miles per 2 hours = 1 mile per !
!
 hours 

8 miles × !
!

 hours = !
!
 hours = 2!

!
 hours 

Cross Products: 

!!"#$%
! !!"#$

  =  ! !"#$%
!

         

6h = 16 

h = 2!
!
 hours 

Multiplicative Change Equation:  (8 miles ÷ 6 miles) x 2 hours = 2!
!
 hours 

Unit Rate Equation:  (2 hours ÷ 6 miles) x 8 miles = 2!
!
 hours 

Cross Product Equation:  (2 hours x 8 miles) ÷ 6 miles = 2!
!
 hours 

8 ÷ 6 x 2      =   2 ÷ 6 x 8     =   2 x 8 ÷ 6 

Mult. Change Unit Rate Cross Product 

The key to understanding how the three equations are mathematically related is remembering that division and 
multiplication by a reciprocal are mathematically equivalent.  All three equations use division by 6 which is 
equivalent to multiplying by !

!
 .   
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8 ×  !
!
 x 2   =   2 ×  !

!
 x 8  = 2 × 8 ×  !

!
 

Mult. Change Unit Rate Cross Product 

By applying the associative and commutative properties of multiplication, all three equations can be rewritten in a 
different order: 

8   ×  !
!

 × 2  =       8 ×  !
!

 × 2       =  8 ×  !
!

 × 2   

Mult. Change Unit Rate Cross Product 

2. Use the multiplication property of equality on the equation you created in question 1a for the cross
products procedure to illustrate the mathematical basis of the cross-products procedure.

Sample response:

!!"#$%
! !!"#$

  =   ! !"#$%
!

 

              Multiply both sides of the equation by 2 hours: 

2 hours (! !"#$%
! !!"#$

)  =   ! !"#$%
!

 x 2 hours

Multiply both sides of the equation by h: 

h x 6 miles = ! !"#$% ! ! !!"#$
!

 x h

Resulting equation:

6h miles= 16 miles hours 

Divide both sides by 6 miles: 

6h ÷ 6 = 16 ÷ 6 

Answer: 

h = 2 !
!
 hours 

3. Case Study:  You have just started your proportion unit with your sixth grade students.  A parent
contacts you wondering why their daughter is not using the cross-products algorithm to solve
proportion problems.  Write a description of what you would say to help the parent understand the
importance of building understanding of ratio and proportions before introducing the cross products
procedure.  What research would you site?  How might you use student work samples?

Sample response – using research and student work samples 

I understand your concern that your child is not using cross products to solve the ratio and proportion 
problems in math class this year. Cross products strategy is an efficient strategy, but researchers have 
found that premature introduction of the procedure or limiting students to only the use of the cross 
products procedure has been found to interfere with building strong proportional reasoning (Cramer, 
2017; Lamon, 2007; Lesh, et al., 1988; and others). It is not to say that students shouldn’t learn and use the 
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cross products procedure, rather that the focus of instruction initially should be building understanding of 
the multiplicative relationships in proportional situations.  

Let’s look at some student work (Figure 8.9) to understand this idea.  What do you notice about the 
students’ strategies? Also notice how their strategies make sense for the problem situation. That is, in the 
first solution the student found a unit rate (3 apples per dollar) and then was able to scale that up by 
multiplying 3 apples per dollar times $32. The student in the second solution set up a proportion and then 
found the multiplicative scale factor between $8.00 and $32.00 (× 4). You’ll notice that all the quantities in 
each solution make sense for the situation (e.g., 3 apples per dollar, $32 = 4 × $8) 

Figure 8.9 
    Twenty-four apples cost $8.00. How many apples can be bought for $32 

Solution 1 

Solution 2 

In contrast, look at the cross products solution to the same problem (Figure 8.10). While the answer 96 
apples is the same, 768 apple-dollars(?) makes no sense in the problem. That, is where is the scale up or 
unit rate in this problem. Certainly not in the multiplication of 24 apples × $32 dollar.  

Additionally, notice how much more work the cross products solution was then the unit rate and 
multiplicative change solutions. Given the problem situation it just isn’t necessary to use the cross products 
procedure. 

Figure 8.10 

43



Chapter	8	Answer	Key	

12.11.2019	

Now show the parent the OGAP Ratio and Proportion Progression and explain how instruction is focused 
on helping students be flexible problem solvers using a range of strategies at the Proportional Strategy 
level. 

And so on…. 
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1) Look at the Kai’s and Cathleen’s work in Figure 9.30.
a. What strategy was used to solve the problem? Locate this strategy on the

OGAP Ratio and Proportion Progression.

Sample Answer 

Figure 9.30 – Kai: Non-Proportional Strategy – concept error. Kai divides 15 by 10 to find 
10% of $15.00. This shows evidence of identifying and using the multiplicative relationship. 
However, Kai incorrectly subtracts 10% ($1.50). The sales tax should be added to the cost of 
the CD.  

Figure 9.30 – Cathleen: Non-proportional strategy. Cathleen misinterprets a 6% sales tax as 
meaning divide the price by 6. Similar to Kai, she subtracts the tax from the cost rather than 
adding it. 

b. What instructional strategies might you use next to help students like Kai?

Sample Response 

Warm-up focused on understanding the impact of discounts and sales tax: For students who solved 
the problem like Kai a warm up problem that engages students in a discussion of the impact of tax 
and discounts on final costs would be beneficial. An example follows. 

The students were asked to read this problem situation and discuss the impact of the discount and 
the tax on the final payment and were then asked if each friend will pay more or less than $70.00 
and explain why. 

Two friends went to a sale proclaiming 30% off everything if you spent $100. Each 
bought exactly $100.00 worth of clothing. The sales tax is 6%. 

2) Look at Joy’s solution in Figure 9.28. Joy states that 25% = .25¢
a. What is the underlying assumption that must be true for Joy to be

correct?
Sample Answer 

The underlying assumption for Joy’s assertion to be true that 25% = .25¢ is that 100% 
must equal $1.00. 

b. What are the models and contexts you might use to help Joy  build
understanding about decimal and percent equivalents?

Sample Answer 

Have Joy identify the percent and quantity using a 10 × 10 grid when the whole is more 
or less than 100. Use compatible numbers such as 200, 450, 50 to help Joy build 
understanding of the relationship of benchmark percents to the whole. Joy may also 
benefit from the use of double number lines to build understanding of the relationship of 
benchmark percents and fractions. Joy should work with a variety of contexts that involve 
identifying the whole, the part or the percent. 

45

Chapter  9 Looking Back Answer Keys



3) Look at Figure 9.27, Max’s solution. Max writes that 0.5% = 50%.
a. What models would help Max build understanding of the difference

between 50% and 0.5%?
Sample Answer 

Have Max work with a 10 x 10 grid to identify percent and decimal equivalents. Begin with 
whole number percents and then incorporate fractional percents using both fractional and 
decimal notation. The present table may be another model for Max to use with the going 
through 1% strategy.  

b. What are the implications for instruction when working with  students on
decimal and percent equivalence?

Sample Answer 

Students should have experiences working with fractional percents as well as percents less 
than 1%. They should use models such as the 10 x 10 grid and percent tables with familiar 
contexts. Students should understand that a percent is normed to 100. 

4) Look at the structure of the problem in Figure 9.31.
a. How are benchmark percents used in the problem?

Sample Answer 

Students are asked to reason about the difference between 25% and 25 students. The total number of 
students; 80, is a compatible number. 25% or !

!
 of 80 is 20. 

b. Locate the strategy used to solve the problem on the OGAP Ratio   and
Proportion Progression.

Sample Answer 

The student shows evidence of using a proportional strategy. The student identifies the ratio 
referent and correctly applies the multiplicative relationship. 

c. Look through your program materials. Do students have
the opportunity to reason with benchmark fractions and
percents?

Sample Answer 

This will vary depending on the program materials that are used. 

5) For the following student work in this chapter indicate the level along the OGAP ratio
and Proportion Progression that the evidence is found. What is the evidence?.

a. Figure 9.6 Shawn’s response
b. Figure 9.7 Margaret’s response
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c. Figure 9.13 Maria’s response
d. Figure 9.20 Nat’s response

Sample Answer 

Figure 9.6 - Shawn: Transitional Strategy. There is evidence that Shawn identified the 
multiplicative relationship in the problem.  Shawn coverts !

!
=  !

!"
=  !"

!""
= 60%. 

Figure 9.7 - Margaret: Transitional Strategy –uses visual model multiplicatively. Margaret 
used a percent bar and division to find 10% of $115.00 then correctly adds the whole and 
part together to decide if John has enough money to buy the sneakers.  

Figure 9.13 - Maria: Non-proportional Strategy - misinterprets a concept. The student 
thinks that the decimal point takes the place of the percent symbol converting 9% to 0.9 
instead of 0.09.  

Figure 9.20 - Nat: Proportional Strategy – uses multiplicative relationship. Nat finds and 
applies a unit rate. The student finds 10% of the total and then multiplies that by 3 to find 
30%. Finding a unit rate is a proportional strategy.    
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