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Exercises for Chapter 4

Exercise 4.1 You have a choice of two foods to eat per day. Food A contains 3

grams of vitamin A per ounce, 4 grams of vitamin C and 1 gram of vitamin E. Food

B contains 1 gram of vitamin A, 5 grams of vitamin C and 3 grams of vitamin E.

The minimum daily requirements of vitamins A, C and E are 22, 66 and 20 grams

respectively. You are also on a diet, so you want to minimize your calorie intake.

An ounce of food A has 30 calories and an ounce of food B has 20.

(a) Formulate the linear programming problem.

(b) What are the vertices of the convex set bounded by the constraints?

(c) At what point do you minimize your calorie intake subject to the nutritional

requirements?

(d) Assume that each calorie you consume costs you $2. What would you pay for

a vitamin pill that would reduce the amount of vitamin A you need from food to

20 grams?

Exercise 4.2 For the following systems of constraints, determine and plot the

feasible regions.

(a)
4x+3y ≥ 12

x− y ≤ 0
(b)

x ≥ 0

y ≥ 0

x+ y−6 ≤ 0

2x+ y−8 ≤ 0

(c)

2x+ y ≥ 50

x+2y ≥ 40

x ≥ 0

y ≥ 0

11



✐

✐

✐

✐

✐

✐

✐

✐

CHAPTER 4. LINEAR PROGRAMMING 12

(d)

x+2y ≤ 12

6x+4y ≤ 48

−x+2y ≤ 8

x ≥ 0,

y≥ 0

(e)

3x+ y ≥ 12

6x+5y ≥ 30

x+2y ≥ 14

x ≥ 0,

y≥ 0

(f)

20x+15y ≤ 60,000

4x+9y ≤ 25,200

4x+6y ≤ 18,000

30x+20y ≤ 87,000

Exercise 4.3 Solve the following linear programming problems:

max 5x+4y

such that: x+2y ≤ 12

6x+4y ≤ 48

−x+2y ≤ 8

x, y ≥ 0,

min x+3y

such that: 3x+ y ≥ 12

6x+5y ≥ 30

x+2y ≥ 14

x, y ≥ 0.

Part I.

In the maximization problem, calculate the change in the value of the objective as

a result of:

(a) Changing the RHS (right-hand side) from 12 to 10, and from this deduce the

dual price associated with the first constraint.

(b) Changing the RHS from 48 to 40, and from this deduce the dual price associ-

ated with the second constraint.

(c) Changing the RHS from 8 to 7, and from this deduce the dual price associated

with the third constraint.

Part II.

In the minimization problem, calculate the change in the value of the objective as

a result of:

(d) Changing the RHS from 12 to 11, and from this deduce the dual price associ-

ated with the first constraint.
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(e) Changing the RHS from 30 to 32, and from this deduce the dual price associ-

ated with the second constraint.

(f) Changing the RHS from 14 to 15, and from this deduce the dual price associ-

ated with the third constraint.

Part III.

For both problems, introduce slack variables and write the programs as equality-

constrained problems. In both cases:

(g) Identify all the basic solutions.

(h) Identify all the basic feasible solutions.

Exercise 4.4 Consider the following problem

max x+ y

subject to: 3x+5y+8z ≤ 30

4x+5y−10z ≤ 20

x, y, z ≥ 0.

(a) Reformulate the problem using equalities.

(b) What are all the basic solutions?

(c) What are all the basic feasible solutions?

(d) What is the optimal basic feasible solution?

Exercise 4.5 Consider the following linear program:

max x+ y

subject to: 2x+4y ≤ 12 (4.1)

4x+2y ≤ 12 (4.2)

x, y ≥ 0.

(a) Plot the constraints and solve the program.

(b) Write the program in equality constraint form (Az = b) by introducing slack

variables, s1 and s2.

(c) The “A” matrix in (b) has two rows and four columns. Write down all the

submatrices having two rows and two columns. There are six such matrices:

A1, A2, . . . , A6. Find the six basic solutions by setting two of the four variables

(x, y,s1,s2) to zero. (e.g. A1

[

x

y

]

=
[

12

12

]

, A1 =
[

2 4

4 2

]

, when s1 = s2 = 0).

(d) Locate each of the six solutions found in (c) on a graph. Each solution has

the form (x∗, y∗,s∗1 ,s∗2 ), but in all six cases the (x∗, y∗) differ – so you can see
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where each solution is on your x−y graph. Now eliminate those solutions that

contain a negative term and relate the remaining solutions to the feasible

region.

Exercise 4.6 Consider the following linear program:

max Π= 2x+2y

subject to: 2x+4y ≤ 16

3x+ y ≤ 9

x ≥ 0, y ≥ 0.

(a) Find the optimal values of x and y.

(b) What is the value of the objective at the (optimal) solution?

(c) What are the values of the slack/ (surplus) variables at the solution?

(d) Suppose that in the second constraint, 9 is replaced by 10. How are your

answers in (a) and (b) affected?

Exercise 4.7 For the following linear program:

min C = 4x+3y

subject to: 3x+2y ≥ 158

5x+2y ≥ 200

x+3y ≥ 90

x ≥ 0, y ≥ 0.

(a) Find the optimal values of x and y.

(b) What is the value of the objective at the (optimal) solution?

(c) What are the values of the slack/ (surplus) variables at the solution?

(d) Calculate the dual prices associated with each constraint.

Exercise 4.8 For the following linear program:

max Π= 10x+24y

subject to: x+2y ≤ 120

x+4y ≤ 180

x ≥ 0, y ≥ 0.

(a) Find the optimal values of x and y.

(b) What is the value of the objective at the (optimal) solution?

(c) What are the values of the slack/ (surplus) variables at the solution?

(d) Calculate the dual prices associated with each constraint.
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Exercise 4.9 Consider the following linear program:

max 2x+5y

subject to: 4x+1y ≤ 24 (4.1)

1x+3y ≤ 21 (4.2)

1x+1y ≤ 9 (4.3)

x, y ≥ 0.

(a) Solve the linear program – find the (x, y) pair that solve, the problem.

(b) Find the slack/ (surplus) values.

(c) What is the effect on the value of the objective if the third constraint is replaced

by 1x+1y ≤ 8? From this, give the dual price associated with the third con-

straint.

(d) Calculate the dual prices for the other two constraints, (1) and (2).

(e) Would the optimal values of the variables (x, y) be different if the objective

were 1x+5y?

Exercise 4.10 Consider the linear program:

max 3x+2y

subject to: 4x+2y ≤ 14

4x+3y ≤ 17

6x+ y ≤ 19

x ≥ 0, y ≥ 0.

(a) Plot the constraints.

(b) Find the optimal solution, (x, y).

(c) Calculate the dual prices associated with each constraint.

(d) Find all the basic solutions.

(e) Identify all the basic feasible solutions.

Exercise 4.11 Consider the linear program:

max 3x+4y

subject to: 3x+ y ≤ 16

x+3y ≤ 16

x+ y ≤ 6

x ≥ 0, y ≥ 0.

(a) Plot the constraints.

(b) Find the optimal solution, (x, y).
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(c) Calculate the dual prices associated with each constraint.

(d) Find all the basic solutions.

(e) Identify all the basic feasible solutions.

Exercise 4.12 Consider the following linear program:

max 3x+4y

subject to: 2x+3y ≤ 13 (4.1)

3x+4y ≤ 17 (4.2)

x, y ≥ 0.

Plot the program and solve, giving the slack variables, objective value and dual

prices.

Exercise 4.13 Consider the following linear programming problem.

max 3x+2y

subject to: x+ y ≤ 12

2x+ y ≤ 20

x ≥ 0, y ≥ 0.

(a) Plot the constraints and the feasible region for this linear programming

problem.

(b) Solve for the optimal choice of x and y.

Exercise 4.14 Consider the following linear program:

max x+ y

subject to: 7x+2y ≤ 28 (4.1)

4x+3y ≤ 24 (4.2)

2x+6y ≤ 42 (4.3)

x, y ≥ 0.

Plot the program and solve giving, the slack variables, objective value and dual

prices.

Exercise 4.15 Consider the problem of maximizing xy subject to the constraint

x2 + y2 ≤ 2 and x ≥ 0, y ≥ 0. Let the feasible region be the (x, y) pairs satisfying

x2+ y2 ≤ 2 and x ≥ 0, y ≥ 0.
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(a) Plot the feasible region.

(b) Plot the set of (x, y) pairs such that (i) xy= 1, (ii) xy= 2 and (iii) xy= 3.

(c) Indicate the solution on a graph and find the solution.

(d) How does your answer change if the constraint changes to x2 + y2 ≤ 3.

Exercise 4.16 (a) Consider the linear program:

max 3x+5y

subject to: x+2y ≤ 10 (4.1)

2x+3y ≤ 17 (4.2)

3x+2y ≤ 24 (4.3)

x ≥ 0, y ≥ 0.

(i) Plot the constraints.

(ii) Find the optimal solution, (x, y).

(iii) Calculate the dual prices associated with each constraint.

(b) Consider the linear program:

max x+ y

subject to: 2x+ y ≤ 6

x+2y ≤ 6

x ≥ 0, y ≥ 0.

(i) Find all the basic solutions.

(ii) Identify all the basic feasible solutions.
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