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Exercises for Chapter 6

Exercise 6.1 Let C(q) denote the total cost of producing q units of a good. Show

that the average cost is minimized at the point where average and marginal costs

coincide.

Exercise 6.2 The price–cost margin (markup), m, for a monopolist is defined as

m =
price−marginal cost

price
.

Find the relationship between ǫ, the elasticity of demand and m.

Exercise 6.3 Let demand for a good be given by p = a− bq or equivalently by

q =
(

a
b

)

−
(

1
b

)

p = α−βp, where α =
(

a
b

)

and β =
(

1
b

)

. The cost of production of the

good is c(q) = cq, where c is a positive constant. Assume there is only one firm

producing the good.

(a) Is the firm’s profit function concave?

(b) Find the profit-maximizing level of output of the good.

(c) Suppose that the firm is taxed, paying $τ per unit of output. Give the firm’s

new objective function and find the firm’s profit-maximizing level of output.

(d) Suppose that the firm is taxed, such that on each dollar of sales the firm pays

the fraction τ in taxes. Give the firm’s new objective function and find the

profit-maximizing output level.

(e) In cases (c) and (d), analyze the effect of changing τ on the optimal choice

of q.

23



✐

✐

✐

✐

✐

✐

✐

✐

CHAPTER 6. FUNCTIONS OF ONE VARIABLE: APPLICATIONS 24

Exercise 6.4 A monopolist faces a demand curve P(Q) = kQ−α (0 < α < 1) and

cost function c(Q) = cQ2, c> 0.

(a) Find the profit-maximizing level of output, Q∗. Confirm that the second-order

condition for a maximum is satisfied.

(b) Now suppose, that the cost function is c(Q) = c1Q+ c2Q2, where c1, c2 > 0 (the

demand function is still P(Q) = kQ−α). Confirm that the profit function is

concave.

Exercise 6.5 Consider the following supply and demand model:

demand : Pd(Q)=α−βQ; supply : Ps(Q)= γ−δQ.

The equilibrium quantity Qo solves Pd(Q)= Ps(Q), i.e., Pd(Qo)= Ps(Qo).

(a) Find the elasticities of the demand and supply functions, ηd and ηs.

(b) Calculate the impact of a small (per) unit tax, t, on the quantity sold.

(c) Relate your answer
(

dQ
dt

)

, to the elasticity formula:

dQ

dt
=−

1
(

p

Q

)

{

1

ηs

−
1

ηd

}

(d) Replace the supply function by Ps(Q) = γ− 1
2δQ2 and repeat the calculations

for the pair: Pd(Q)=α−βQ and Ps(Q)= γ− 1
2δQ2.

Exercise 6.6 Suppose that instead of a unit tax, a proportional tax is imposed

so that the after-tax relation between the selling and buying price is given by

Pd(Q)= (1+ t)Ps(Q). Calculate
dQ
dt

, at t= 0.

Exercise 6.7 In a city, electricity is produced by one firm. This firm is given

the sole right to produce the city’s electricity because it can produce the electricity

needed more efficiently than could any other firm or firms. The firm is thus a

natural monopoly. The total revenue function for the firm is R(Q) = P(Q)Q =
24Q−5Q2 (P(Q)= 24−5Q) and its total cost is 25−Q2.

One of the problems that the city faces is that since the firm is a natural

monopoly, and since electricity has a very inelastic demand, the firm can make

large profits. To control these large profits, the city is considering a revenue

tax (tR) as a means of regulating the firm. Assuming that the firm is a profit

maximizer.

(a) Calculate the optimal price and quantity before regulation, and after the rev-

enue tax is applied.



✐

✐

✐

✐

✐

✐

✐

✐

25 EXERCISES FOR CHAPTER 6

(b) If the tax rate is set at 20%, will the profits of the firm be decreased? Will

the city benefit from this regulation, i.e., will it face lower prices and higher

quantities?

(c) Calculate the tax revenue the city will receive.

Exercise 6.8 To control the use of tobacco, the federal government can impose

many different types of tax on the producers of tobacco.

Assume that there is only one producer (monopolist) who faces the demand

curve P(Q)= 56−8Q, and whose total cost curve is C(Q)= 6Q2−10. If the producer

is a profit maximizer

(a) Determine the profit-maximizing output of the monopolist and the associated

price.

(b) Assume now that the government levies a per-unit tax of t on the producer in

order to reduce the use of tobacco. What effect does this have on the profit-

maximizing price and output?

(c) Alternatively, assume the government levies a sales tax of 50% on the pro-

ducer. What effect does this have on the profit-maximizing price and output?

(d) If the per-unit tax is set at 7, and the sales tax is set at 50%, which tax is more

effective?

Exercise 6.9 Assume that a perfectly competitive producer has a production

function for a homogeneous good given by Q(L) = 20L
1
2 . The costs of production

are given by a fixed cost of $50 plus a wage rate of $8 for each unit of labour

employed. If the market price of the good is $4,

(a) Find the amount of labour needed to maximize profits, and the associated level

of profits.

(b) Assume that a payroll tax is imposed, which causes the wage rate to become

w = w(1+ t). Determine the new amount of labour needed to maximize profits.

(c) If t= 0.25, what is the amount of labour needed to maximize profits? What is

the associated level of profits?

Exercise 6.10 A competitive firm faces the market price of $9 per unit. Its total

cost is given by Q3 −9Q2 +33Q+10.

(a) Determine the level of output that maximizes the firm’s profits, and the value

of profits at this level. Will the firm continue to produce?

(b) Determine the minimum price at which the firm will stay in the industry.

Exercise 6.11 Consider a firm with cost function C = 6+Q2 facing the market

demand function Q = 18−2P.
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(a) If the firm behaves as a monopolist, what will be the price and quantity in

equilibrium?

(b) If the firm behaves competitively, what will be the equilibrium price and quan-

tity?

(c) Suppose the monopolist were offered a subsidy S per unit produced. What

level of subsidy would induce the monopolist to produce at the competitive

equilibrium?

Exercise 6.12 Consider a firm with the following cost and demand functions:

C(Q)=Q2 +2Q+1, Q = 16−2P.

(a) Calculate the equilibrium price and quantities:

(i) if the firm acts as a monopolist

(ii) if the firm acts competitively.

(b) Calculate the profits the firm makes:

(i) as a monopolist

(ii) as a competitor.

(c) Suppose the government offered the monopolist a per-unit subsidy, S. What

level of S will bring about the competitive solution?

(d) What is the subsidized monopolist’s level of profit?

Exercise 6.13 Consider a monopolist with a demand function P = P(Q) and cost

function c = c(Q), c′(Q) > 0. Show that if the monopolist maximizes profit, the

monopolist will operate on the portion of the demand curve where the elasticity

exceeds 1.

Exercise 6.14 Consider a monopolist with a demand function P = P(Q) and

cost function c = c(Q), c′(Q) > 0. Show that if with profit maximization, the firm

will operate on the portion of the demand curve where the elasticity

exceeds 1.

Exercise 6.15 In some market, the demand function is given by pd(q) = a
ln q

and

the supply function is given by ps(q)= bq.

(a) Calculate the elasticities of demand and supply.

(b) The equilibrium quantity satisfies pd(q) = ps(q). Starting from a point where

there is no tax on the good, suppose that a small tax t is imposed – so that

pd(q) = ps(q)+ t. Calculate
dq

dt
,

dpd

dt
and

dps

dt
, all at t= 0.
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Exercise 6.16 Suppose that the demand and supply functions in a market are

given by Pd(Q) = Q−α and Ps(Q) = ekQ −1. The equilibrium quantity depends on

the parameters α and k: Q(α,k).

(a) Show that
∂Q
∂α < 0 and

∂Q
∂k

< 0.

(b) Suppose now that the government imposes a “goods and services” style tax

at rate t (formally, a value added tax) so that the equilibrium quantity after

tax is Q(t) (ignore the parameters α and k from now on). Thus, Q(t) satisfies

Pd(Q(t)) = (1+ t)Ps(Q(t)). Find
dQ(0)

dt
in terms of elasticities.
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