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Exercises for Chapter 11

Exercise 11.1 The total weekly revenue (in dollars) that a company obtains from

selling goods x and y is:

R(x, y)=−
(

1

4

)

x2 −
(

3

8

)

y2 −
(

1

4

)

xy+300x+240y.

The total weekly cost attributed to production is

C(x, y)= 180x+140y+5000.

Find the profit-maximizing levels of x and y and check the second-order condi-

tions.

Exercise 11.2 A television relay station will serve three towns, A, B and C,

located in the (x, y) plane at coordinates A = (30,20), B = (−20,10) and C = (10,−10).

Plot the location of the three towns in the (x, y) plane and find the location of a

transmitter, chosen to minimize the sum of the squares of the distances of the

transmitter from each of the towns. For two points (x1, y1) and (x2, y2), the dis-

tance between them is [(x1 − x2)2 + (y1 − y2)2]
1
2 .

Exercise 11.3 Consider the following duopoly model. There are two firms sup-

plying a market where demand is given by p(Q) = a−bQ. Firm i produces qi units

of output and so the total level of production is Q = q1 + q2. Both firms face the

same constant marginal cost, so the cost of producing qi for firm i is cqi . Thus

the profit functions of firms 1 and 2 respectively, are given by:

π1(q1, q2)= p(q1 + q2)q1 − cq1 = (a−b[q1 + q2])q1 − cq1

π2(q1, q2)= p(q1 + q2)q2 − cq2 = (a−b[q1 + q2])q2 − cq2.
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(a) Suppose that each firm takes the output of the other firm as fixed, and cal-

culates its own best choice of quantity. In this case, firm i solves
∂πi

∂qi
= 0,

taking as given the value of q j . Calculate for the linear demand case the

equations:
(

∂π1
∂q1
∂π2
∂q2

)

=
[

0

0

]

.

Solve for q1 and q2 and denote the solutions qd
1 and qd

2 , where d denotes

duopoly. Compare the value of Qd = qd
1 + qd

2 , with the monopoly level of

output.

(b) Suppose now that we have n firms instead of two. This case is called oligopoly.

Let the output of the ith firm be qo
i
, where o denotes oligopoly, and see if you

can solve for Qo = qo
1 + qo

2 + . . .+ qo
n.

(c) Suppose now that a government tax per unit of output is imposed on each

firm, with tax ti per unit on firm i. Then the profit functions become:

π1(q1, q2; t1)= p(q1 + q2)q1 − cq1 − t1q1 = (a−b[q1 + q2])q1 − cq1 − t1q1

π2(q1, q2; t2)= p(q1 + q2)q2 − cq2 − t2q2 = (a−b[q1 + q2])q2 − cq2 − t2q2.

Repeat the exercise in (a), and solve for q1 and q2. In this case, q1 and q2

will depend on t1 and t2( and the other parameters, a,b, c), so we can write

q1(t1, t2) and q2(t1, t2). The total tax revenue of the government is T(t1, t2) =
t1q1(t1, t2)+ t2q2(t1, t2). Maximize T with respect to t1 and t2, and check that

the second-order conditions for a maximum are satisfied.

Exercise 11.4 Consider a firm that sells it output, y, at a fixed price p. In the

production process, the firm creates pollution. To control pollution, the firm can

engage in pollution abatement, a. The technology is as follows: the cost of pro-

ducing y units of output when operating at abatement level a is given by c(y,a),

and the level of pollution emission is e(y,a). We assume that for the cost function,

cy > 0, cyy > 0, ca > 0 and caa > 0. Similarly, for the emission process, e, we assume

that e y > 0, e yy > 0, ea < 0 and eaa > 0. In addition, we assume that cay(= cya)

and eay(= e ya) are both positive. Finally, the government imposes a (unit) tax,

τ, on the level of pollution emission. The profit function for the firm is then

given by:

π(y,a) = py− c(y,a)−τe(y,a).

(a) Find the first-order conditions for profit maximization with respect to choice

of (y,a).

(b) Determine the second-order conditions.
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(c) In the case where c(y,a) = y2a+γay and e(y,a) = y−a2+βay, γ,β parameters,

find the profit maximizing levels of y and a. Check the second-order condi-

tions. From the solution to the first-order conditions and calculate ∂y/∂τ and

∂a/∂τ.

Exercise 11.5 A firm’s costs of plant operation are a function of two variables, x

and y. The cost function is given by:

c(x, y) = 3x2 −2xy+ y2 +4x+3y.

Give the solution to the first-order conditions and confirm that the solution mini-

mizes the cost function.

Exercise 11.6 A box with edge lengths x, y and z has volume V = xyz. The

surface area of a box with these dimensions (open at the top) is: S = xy+2yz+2xz.

(The base of the box has length x and width y. Since there is no top, xy occurs

only once in the definition of S.) Suppose you have to choose a box size with

volume 32; what choice of x, y and z is optimal to minimize surface area? Note

that, in this question, there are only two choice variables once the volume is fixed.

The variable z can be substituted out: z = 32/xy. Find the optimal choices of the

variables to minimize surface area S, and check that the second-order conditions

for a minimum are satisfied.

Exercise 11.7 Consider a firm which sells its output, y, at a fixed price p.

In the production process, the firm creates pollution. To control pollution, the

firm can engage in pollution abatement, a. The technology is as follows: the

cost of producing y units of output when operating at abatement level a is given

by c(y,a), and the level of pollution emission is e(y,a). Finally, the government

imposes a (unit) tax, τ, on the level of pollution emission. The profit function for

the firm is then given by:

π(y,a) = py− c(y,a)−τe(y,a).

Give the first- and second-order conditions for a maximum. Find the profit-

maximizing levels of output and abatement when the cost function is given by

c(y,a) = y2 + 1
2 a2, and e(y,a) = y(10−a). Check that the second-order conditions

are satisfied. We assume that the tax rate is less that 1(0< τ< 1), and p> 10.

Exercise 11.8 Find the maximizing values of (x, y) for the following function,

and confirm that the second-order conditions are satisfied:

f (x, y)=
p

x+ ln y− x2 −3y.
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Exercise 11.9 Find the maximizing values of (x, y) for the following function,

and confirm that the second-order conditions are satisfied:

f (x, y)= a ln x+b ln y− 1

2
c(x2 + y2).

Exercise 11.10 Find the maximizing values of (x, y) for the following function,

and confirm that the second-order conditions are satisfied:

f (x, y)= ln(ax+by)− 1

2
c(x2 + y2).

Exercise 11.11 Consider the problem of maximizing a function, f (x, y;a), by

choice of x and y, where a is some parameter. Suppose that the solution values

for x and y are x(a) and y(a), respectively. The optimized value of the function is

then f ∗(a)= f (x(a), y(a);a).

(a) Explain why
d f ∗(a)

da
= ∂f (x(a),y(a);a)

∂a
.

(b) Illustrate this in the one-variable case, where f (x;a) = a ln(x)− 1
a

x.

Exercise 11.12 Consider the following problem. Minimize f (x, y) = (x− a)2 +
(y−b)2 − 1

2 cxy.

(a) Find the minimizing values for x and y. (Assume that c< 1.)

(b) Confirm that the second-order conditions are satisfied. Let f ∗(a,b, c) be the

value of the function at the solution.

(c) Find
∂f ∗(a,b,c)

∂a
and

∂f ∗(a,b,c)
∂c

.

Exercise 11.13 A firm maximizes profit, where profit is equal to revenue minus

cost. Output (Q) depends on two inputs, K and L, related according to the pro-

duction function Q = f (K ,L). Output sells at price p and the costs of the inputs K

and L are r and w, respectively. So the profit maximization problem is:

maxπ(K ,L) = pf (K ,L)− rK −wL.

Give the first and second-order conditions for profit maximization. In the partic-

ular case where f is f (K ,L) = KαLβ with α > 0, β > 0 and 0 < α+β < 1, verify

that the second order conditions are satisfied and solve for the optimal choice

of (K ,L).

Exercise 11.14 A standard econometric problem is determining the ordinary

least squares estimator (OLS). In the underlying model, the ith observation on

one variable y is denoted yi and the corresponding observation on another vari-

able x is denoted xi . It is postulated that y and x are linearly related with
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some error, yi = β0 +β1xi + ǫi. If a and b are chosen as the intercept and slope,

respectively, then the estimated error associated with the ith observation is e i =
yi −a− bxi . The OLS estimator is obtained by minimizing the sum of squares of

the estimated errors,
∑n

i=1 e2
i
, by choice of a and b. Thus, the OLS estimator is

obtained by solving the problem:

min
a,b

S =
n
∑

i=1

e2
i =min

n
∑

i=1

(yi −a−bxi )
2 =min

n
∑

i=1

(yi −a−bxi )
2.

Find the OLS estimator and confirm the second-order conditions for a minimum.

Exercise 11.15 A monopolist can sell a product in three different countries. The

demand in each country is:

Q1 = 50− 1

2
P1

Q2 = 50−
1

3
P2

Q3 = 75− 1

4
P3.

The cost function for the monopolist is

C(Q)= 30+Q2, where Q =Q1 +Q2 +Q3.

Calculate the amount of the product that the profit-maximizing monopolist should

sell in each country and check the second-order conditions for a maximum.

Exercise 11.16 For the following functions, calculate the Hessians and deter-

mine if they are positive or negative definite:

(a) f (x, y)=−2x2−7y2 + xy+12x+37y

(b) f (x, y)= 10x2+5y2 +3x−12y+9xy

(c) f (x, y, z)= 3x2 +12y2+5z2 −13x+12y+2xz−3yz

(d) f (x, y, z)= 2x+3y−5xz+2xy−6x2−8y2 −11z2.

Exercise 11.17 For the following function find all extreme points and check if

they are maxima or minima:

f (x, y)= 3y3 +2x2 +4xy+8y2 +2y.
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Exercise 11.18 Given the three-input Cobb–Douglas production function,

Y = ALαKβMγ,

where L is the amount of labour, K the amount of capital and M the amount of

other materials used, prove that the second-order conditions for a profit maxi-

mization hold α+β+γ < 1 (α,β,γ > 0). The good sells for a price of a dollar per

unit. The costs of labour, capital and materials are, respectively, w, r and p. Find

the Hessian matrix and confirm that it is negative definite.

Exercise 11.19 The geometric average of three (positive) numbers x, y and z is

given by (xyz)
1
3 . Suppose that x+ y+ z = k. Show that the geometric average is

maximized when x = y= z.

Exercise 11.20 A firm uses two inputs x, y to produce Q according to

Q = A(xα + yβ), with 0 < α,β < 1. The production cost is given by c(x, y), so

that profit is π(x, y) = pA(xα + yβ)− c(x, y), where p is the price of Q. Give the

first- and second-order conditions for a maximum. In the case where c(x, y) =
ax+ by+ dxy, a,b,d > 0, find the maximizing values of x, y and show that the

conditions for a maximum are satisfied.

Exercise 11.21 For the function

f (x, y)= 10x2+10y2 +3x−12y+10xy,

show that the Hessian is positive definite.

Exercise 11.22 For the function

f (x, y, z)= 2x+3y−5xz+2xy−6x2 −9y2 −12z2.

show that the Hessian is negative definite.


