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Exercises for Chapter 12

Exercise 12.1 A firm has the production function Y = 30L
1
2 K

2
3 .

(a) What is the cost-minimizing level of L and K if the firm must produce 1000

units? Check the second-order conditions.

(b) By how much will cost increase if the firm must increase output by one unit?

(c) Given this production function, can we find a profit-maximizing level of out-

put? Why or why not?

Exercise 12.2 Assume that a monopolist producing one good can sell to two

distinct markets and price discriminate. The demand function in each market is

D1 = 300− 1

3
P1

D2 = 300− 1

2
P2.

The total cost to the monopolist is C = 2D2
1 +3D1D2 +D2

2. Also, owing to a gov-

ernment restriction, the total output of the firm must be 100 units. What is the

profit-maximizing output in each market? Check the second-order conditions.

Exercise 12.3 Consider a firm that produces beer and pretzels. It must sell a

bag of pretzels for every four bottles of beer. If its profit function is

π= 150B−4B2+150P −3P2 +10BP+100

(P = # of bags of pretzels, B = # beers) what is the profit-maximizing level of

output?
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Exercise 12.4 The geometric average of two positive numbers, x and y, is (xy)
1
2 .

Consider the task of minimizing the geometric average, subject to the condition

x+ y= 1. Show, using the method of Lagrange multipliers, that the optimal choice

of (x, y) is
(

1
2 , 1

2

)

and confirm that this gives the constrained minimum.

Exercise 12.5 A swimming pool is 25 meters times 100 meters. In coordi-

nates, a position (x, y) gives length and distance traveled from (0,0). Thus (15,20)

denotes the position of a swimmer who swam 20 meters along the x axis and

15 meters along the y axis from (0,0). There are four corners (0,0), (0,25), (100,0)

and (100,25). The diagonal line connecting corners (0,25) and (100,0) is given by

4y+ x = 100. The distance from corner (0,0) to coordinate (x, y) is (x2 + y2)
1
2 . A

swimmer wishes to swim from the (0,0) corner, and cross the diagonal line in the

shortest distance possible. What coordinate position should the person swim to?

Use the method of Lagrange multipliers to determine the answer.

Exercise 12.6 A firm wishes to produce level of output Q at minimum cost.

Two inputs, capital (K) and labour (L), are used to produce Q with the production

function given by Q = Kα+Lα, where 0<α< 1. The wage rate is ω and the cost of

capital (per unit) is r, so that total cost given (K ,L) is C = rK +ωL.

(a) Set up the Lagrangian to solve the problem of finding the cost-minimizing

levels of K and L required to produce Q.

(b) Solve for K ,L and the Lagrange multiplier, λ.

(c) Check that the second-order conditions for a minimum are satisfied.

(d) Observe that in your solution to part b), both K and L depend on Q. To empha-

size this dependency, write K(Q) and L(Q). Thus the cost of producing the

output level Q is C(Q) = rK(Q)+ωL(Q). Find dC(Q)/dQ and compare your

answer with λ.

Exercise 12.7 Dr. Who lives at coordinates (x, y) = (3,12). A road in the (x, y)

plane follows the path: k = x2 −6x+ y, where 0 < k < 3. On the bus journey home,

each traveller must give the driver “drop-off” coordinates. Unfortunately for Dr.

Who, the bus does not travel by his house (since (x, y) = (3,12) is not on the line

k = x2 −6x+ y).

(a) What drop off coordinates should Dr. Who give the driver so that Dr. Who is as

close to his house as possible? Hint: the distance between two points, (x1, y1)

and (x2, y2), is d = [(x1 − x2)2 + (y1 − y2)2]
1
2 . However, since minimizing this is

equivalent to minimizing d∗ = [(x1 − x2)2 + (y1 − y2)2], take d∗ as the measure

of distance.

(b) Confirm that the second-order conditions are satisfied.
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(c) The solution depends on k. Let d∗(k) be the distance at the solution from

the drop-off point to Dr. Who’s house. Calculate d[d∗(k)]
dk

and relate it to the

Lagrange multiplier in a).

Exercise 12.8 A firm sets both price and quantity in a market. It is known

that the demand function for this market is P = k/Q. By law, the firm is required

to choose a price quantity combination lying on the demand curve. The cost of

setting (P,Q) combinations is C(P,Q) = P +αQ2.

(a) Minimize C(P,Q) subject to the demand constraint.

(b) Confirm that the second-order conditions are satisfied.

(c) The optimal choices of P and Q depend on (α,k) : P(α,k),Q(α,k), so that the

cost at the solution is C∗(α,k) = C(P(α,k),Q(α,k)). Find ∂C∗(α,k)/∂k and com-

pare this with the Lagrange multiplier obtained in (a).

Exercise 12.9 Maximize xy subject to the constraint x2+ y= k, where k is some

positive constant. Confirm that the second-order conditions for a constrained opti-

mum are satisfied. Interpret the Lagrange multiplier.

Exercise 12.10 Minimize (x−1)2+ y2 subject to the constraint x2+k = y, where

k is some positive constant. Confirm that the second-order conditions for a con-

strained optimum are satisfied. Interpret the Lagrange multiplier.

Exercise 12.11 Consider the following constrained optimization problem: max-

imize f (x, y) = y−bx2 subject to the constraint: y = k+a ln x. Here k, a and b are

positive constants.

(a) Plot the problem.

(b) Find the solution values for x and y.

(c) Confirm that the second-order conditions are satisfied.

(d) Let the solution be x(a,b,k) and y(a,b,k). Then the value of the objective at

the solution is f ∗(a,b,k) = f (x(a,b,k), y(a,b,k)). Find
∂f ∗(a,b,k)

∂a
. Find

∂f ∗(a,b,k)
∂k

and interpret this in terms of the Lagrange multiplier.

Exercise 12.12 An individual faces the problem of minimizing expenditure sub-

ject to reaching some fixed level of utility u∗. There are two goods, x and y, and

the utility function is given by u(x, y) = xαyα, 0 < 2α< 1. The cost of x (per unit)

is p and the cost of y (per unit) is q, so the cost of the bundle (x, y) is px+ qy.

(a) Set up the Lagrangian for this problem. Find the optimal values of x and y and

the value of the Lagrange multiplier. Check the second-order

conditions.
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(b) The solution depends on p, q and u∗ so write x(p, q,u∗ ), y(p, q,u∗ ), λ(p, q,u∗ ).

The expenditure required to achieve utility level u∗ given prices p and q is

therefore e(p, q,u∗ )= px(p, q,u∗ )+ qy(p, q,u∗ ). Then

∂e(p, q,u∗ )

∂p
and

∂e(p, q,u∗ )

∂q

give the change in minimum income required to reach utility level u∗ when

the price of x and y change. Show that

∂e(p, q,u∗ )

∂p
= x(p, q,u∗) and

∂e(p, q,u∗ )

∂q
= y(p, q,u∗ ).


