Answers to exercises

Answer to Exercise 1.3.2, page 15
If a_j = —ag in

f(z) = Z ay, exp [i(2m)ka]
k=—o0

then

flx) = ao—i—z ay {exp [i(2m)kx] — exp [—i(2m)kx]} = ao—i-z 2iay sin [(27) k] .
k=1 k=1

In our case, we have a;, = (—1)¥/[—i(27)k], s0 2iay = (—1)k*+1/(7k).
Answer to Exerf:ise 1.3.3, page 16
We have ag = [ f(x)dz =1/2,and

1 3/4
ar = /0 f(z)exp [i(2m)ka] do = /1/4 exp [i(2m) kx| dx
_exp [i(2m)k3/4] — exp [i(27)k /4]
(2m)k
Cexp[i(2m)k1/2] exp [i(2m)k/4] — exp [—i(27)k /4]
(2m)k 2

(—1)¥sin(nk/2)
7wk '

As aresult ag, = 0 for k # 0, while

(1) sin(kr — 7/2) (—1)F

(2k — )m - (2k—- D7’

a2k—1 =

Answer to Exercise 1_.3.4i page 27
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Answer to Exercise 1.3.5,

The columns and rows of al
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1 1 A
?5 ? 0O 0 0 0 0 O
-5 7 0 000 OO0
0 01 0 0 0 0O
Wo _ 0 00 1 0 0 0O
0 00 0 1 0 0O
0 0000100
0 0000 O0OT1TFO0
L 0 00 00 O0 0 1]
Answer to Exercise 2.1.2, page 36
The matrix JJT has 5 rows and 9 columns
1 0 0000 0 0 O
_ 001 0 0 0 0 0 O
JJ=1000010000
00 00OO0OO0OT1TUO0ODO0
00 00O0OO0OO0OTO0°1
The matrix j‘;T has 4 rows and 9 columns
01 00 0 0 0 0 O
joT 10001 O0O0O0O0TO
i 100000 T1U0O0O0
0000 O0OO0OTUO0OT1SFPO0

Answer to Exercise 2.1.3, page 41
The rescaling matrix is a 5 x 5 = n; x n; diagonal matrix

The update matrix is a 5 x 4 = n; x (n;4+1 —n;) matrix, given by

U, =

eNeNeNelNS
o O ovE O
o oONE O O
oNvE O O O

The prediction matrix is a 4 x 5 = (n;+1 — n;) x n; matrix, given by

P; =

o O o
o o= O
o= O O
— O O O
OO OO
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Answer to Exercise 2.1.3, page 41
Switching the positions of the update and the rescaling leads to an equivalent

scheme if the rescaling uses the same diagonal matrix D; and if the update
uses the matrix U = D;lUj. The nonzero elements of this matrix are

—1
, (Aj+1,2k) Ajii2k+1  Djr12kt1
Ajk Aji12k

U- =
ik
! Ajk

Moving the rescaling further to the end of the forward transform leads to a
new prediction matrix P, = D;P;, which amounts to

;o Aok
iskok — T A
! Ajk

for the nonzero matrix entries.
Answer to Exercise 2.1.5, page 42
The prediction and update matrices have the same shape and the same

elements as those in Exercise 2.1.3. The rescaling matrix isa4 x4 = (n;4+1 —
nj) X (nj41 — nj;) diagonal matrix

1
D, = -I

9 M1y

Answer to Exercise 2.1.6, page 47
The function ¢, . (z) takes the form (z — x;,-1)/(z;x — xjk—1) on the in-

terval [z, x—1,x;]), and the form (x; x+1 — x)/(xj k+1 — x;,) On the interval
[k, %jk+1]), and it is zero elsewhere. The first moment is the integral of the
function, which is the area under a triangle,

Mj[oz]c = (Tj k1 — Tjh-1)/2.
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The second moment is given by

1
MY

Lj,k _ . Lj,k+1 . _
U — Tj k-1 Tjk+1 — U

/ — P udu + / — L udu

Lj k—1 Ijk - 'rjykfl Tjk Ij,k+l - 'rjvk

3 3 2 2

Tik ~ Tik—1 . (xj,k - Ij,k—l)
o Tkl
3(xjk — Tjk—1) 2(xjk — Tjk—1)

3 3 2 2
Js

3(Tj k41 — Tjk) 2(j k41 — Tjk)

2 i . 2
i+ T kT k-1 T TS (xj 6+ xjk-1)

3 B e e—
2 . . 2
T Tk Tk + TG g (Tj k41 + Tjk)
3 2
2

(Tj — Tjk-1) (Tjk +Tjk—1)
3 TTET R T Tk

2
Tjkt+1 — Tjk Tjk+1 + Tjk
_( J,k+1 Js ) —Ij,k+1$j,k+517j,k+1( J +12 J )

+ T k+1

3
(%0 — Tjk—1)* (e — Tjk—1)
3 t Tk D

_ (ffj,k+13— zjk)® o (ffj,k+12— Tjk)
(56 — 2 k—1)(Tjx/3 + 2jk-1/6) + (Tjrr1 — 25 1) (2)k/3 + Tjk11/6)
(@ k1 — ffj,k—l)x‘;’l = @ (@j 1 = Tge—1) /6 + (25 pyr — 25 1) /6
(@) k41 = k1) (T k1 + ik + Tjikt1)/6

Answer to Exercise 2.1.7, page 47
Let A; = x;1 — x;,—1 be the interknot distance at level j. The prediction

coefficients are given by (2.15), which becomes:

Pop = i 1
” Ajpr+A; 2

P, - Am L
Gkt Ajpr+A; 2

According to Exercise 2.1.6, the moments are given by Mj[o,l =Ajand Mj[l,l =
Ajx; . The moment conditions become

Ajr1 = Ujkrlj+ Ujk1,68

Ajizirioetr = Uik kB0 + Ujk1, 6855 541

Using the fact that A; = 2A 44, this is

1 = 2Ujpk 42U kt1,k

Tit12k+1 = 2Ujkkjk + 2Uj k1 k5 k41
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Now we use that Tjk = Tjt41,2k = Tj+1,2k+1 — AjJrl and Tjk+1l = Tj4+1,2k+1 T
AjJrl:
1 = 2Ujkr+2Ujky1k
Tit12k41 = 2Ujkk(@i41,2641 — Djt1) + 2U5 k41,5 (Tj41,2641 + Djg1)-

Subtract =11 2+1 times the first equation from the second equation to get

1 = 2Ujkr+2U; kt1,k
0 = Uik +Ujrsik
from which it follows that U; 1, = U; x41,0 = 1/4.
Answerto Exercise 2.2.1, page 5 Zi _
% 0 0 0 —% 0 0 0
10 0 0 10 0 0
0 % 0 0 0 —% 0 0
~ 0 s 0 O ~ 0 = 0 0
— 2 — 2
Ho=19 % 5 0 and G, =1 3§ -5 0
00 4 0 0o 0 5 0
0 0 0 % 0 0 0 —%
L 00 0 3 | . 0 0 0 3|
) 1 0
~ i _ i
H, = 2 1 and G; = 2 1
0 3 0 -3
L 0 3 0 3
~ 1 ~ _1
H, = i ] and Gg = i %
Answer fo Exercise 2. 2, page 55 _
From (2.15) it follows |mmed|ately that Gj.op+10 = 1, GJ ok k = —Pjxk, and
Giokiok = —Pjurxs1. This corresponds to GT =1.and GJT = -P;.

Next, from substitution of (2.15) into (2. 16) we see that

sjk = Sjr1,2k T Ujkrdjr +Ujke—1d k1
Sjt1.2k + Ujkk[Sj+1,2k+1 — (Pt kSj1,26 + Pk k4 15j41,2k+2)]
+Uj i k—1(8j+1,26—1 — (Pjik—1,k-15j4+1,2k—2 + Pjik—1,kSj+1,2k)]
= —Ujrr-1Pjr-1r-15+12k—2 + Ujrk—15j+1,2k—1(1 = Uj ek Py — Ujkk—1Pjsk—1,k)Sj+1,2k
+Uj e kS541,2k+1 — Uj bk Pk k1185 41,2042,

meaning that

Hiop—2r = —Ujrr—1Pjr—1k-1
Hiop—1p = Ujgr—1
Hjorr = (1= UjrsPjms — Ujgop—1Pjr—1,k)
Hiopp1o = Ujrk
Hiopyor = —UjrrPjkkt1-

This corresponds to H], = I - U,;P; and H], = U;.
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Answer to Exercise 2.2.3, paggje
From (2.55) we find Py = -Gy Jo = 1/2 while (2.56) becomes Uy = 1/2.

This, however, leads to GO,O =I=1and Go,e =-Pyg=-1/2.
When G/ =[ -1 1]andH] =[1 1 ]/2, wefind Py =1and U, =

1/2, which leads back to the same G| and H{ .
Answer to Exercise 2.2.4, page 56
As in Exercise 2.2.3, we fin from (2.55) that

ST -1
—GTI, =—
Gidi= { 0 —1 1 [

From (2.56) it follows that

o O O
[l e M)
O =
= O
| I

0 0
o 1100 10 10
_JgTgo 1 =1
Ul_H1J1_2[0011] 00 2{0 1]'
01
From there we find
10 0 0 10
~ s |00 10 1 0] |10
Hi = JiediPi=1g 1] 100 [0 1]_ 0 1|
0 0 01 01
G, = JI-P,U)-J,U,

00 10
1o 1 0] [1o0o]1[1 07y |0 0|11 0
~ 100 01 0 1|20 1 0 1|2[0 1

0 1 0 0

1 0
110
- 0 —1

0 1

Answer to Exercise 2.2.5, page 56
For the reconstruction from the update-first lifting scheme, identification of

Sj41,0 = dj + Pys;, and sj 1. = (I — U;Py)s; — Ujd; with (2.46), i
Sjtlo = H“,s7 + Gjodj, and sji1.. = Hjcsj + Gjd; yields H,, = P,,
G =L H;,.=1-U;P;;and G, . = U,. Using the |dent|tyJ JT+J0J0 =
I.,,,, it follows that

sje1 = J;8501,0 + I98501,0 = |T;(1 - U;P;) + 3§?Pa} 8j + F? - jjUj:| dj,

meaning that N N
H; =J;I1-U;P;) + J/P;
and
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The forward transform matrices follow from (2.35)
T Jo'
85 = 8jt+1,e + UjSjt1,0 = (Ja' + U5 ) 8j+1;
meaning that
OT
J

- ~
and from (2.36)

FJo© JT FJo©
dj = Sj+1,0 — Pij = |:J7 - Pj (J] +UJJ7 ):| Sj+1,

meaning that
G] =(1-P;U)d —P,J].

J

Answer to Exercise 2.2.6, page 58
The dual matrices are found by

Answer to Exercise 2.2.7, page 58
The perfect reconstruction condition (2.61) is also satisfied when replacing

G, by G''. The dual detail matrix should satisfy (2.63), which becomes

GG =141, G GA; =111,

This is fulfilled if

G ZAIGT & Gl = GA; T

Answer to Exercise 2.2.8, page 58
It is straightforward to check that

Pik = X[mj,kvmj,k+3)(x):X[Ij+l,2k71j+1,2k+6)(x)

= X[Ij+l,2kvmj+l,2k+3)(x) + X[1j+1,2k+371j+1,2k+6)(x) = Yj+1,2k (‘T) + Pj+1,2k+3 (‘T)

Answer to Exercise 2.2.9, page 58
This amounts to taking a ditferent basis of the same detail space. The new

basis is a linear combination of the basis ¥ ;(x), as indeed
() = @44 (2) Gl

J

= (I)jJrl(ZC)GjAj = \IJJ(I)AJ

Answer to Exercise 2.2.10, page 59
We have ¢y =1, 1 = (1,0,0,1), 2 = (1,0,0,1,0,0,1,0,0,1,0,0,1), and so
on. The vector does not converge to a vector of function values of ¢ o(z;x).
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Answer to Exercise 2.2.11, page 59
1. The forward dual transform has matrices HJT and GjT in the filter-

bank. Together, this is

H/ T _w-T
[ G ] =W; =W;,
and similarly we find that the inverse of the dual transform is given
by the matrices W7T = W ". As a conclusion, the dual transform
matrices are given by the inverse transposes of the primal trans-
form.

2. The forward dual transform has matrices HI and GI In a predic-
tion first scheme, these matrices follow from (2.57):

T JT TYo'
Hj Jj + Pj Jj

T TpTyJo' TIT
Gj = (I- Uj Pj )Jj — Uj Jj .

Careful comparison of the results above with the expressions from
Exercise 2.2.5 reveals that the dual transform of a prediction first
lifting scheme is an update first scheme with update P;r and pre-
diction U .

Answer to Exercise 2.3.1, page 62

We proceed by top-down induction, for j = J*,J* — 1,..., that is. Assume

that

1
/o O 1 ()84 ()de = Lja :/o ® (2)®)11 (x)da,

then we know that ®;(z) = ®;,1(z)H; and 5133- (x) = <T>j+1(:c)ﬁj. As aresult

1 1
/0 ®;(x)" &;(x)de = /O H o/ (2)0;41(2)Hjde =H T, H; =1,

because of the perfect reconstruction in (2.60). The other results follow in a

similar way.
Answer to Exercise 2.3.3, page 64
Construct a tridiagonal update for three primal vanishing moments in a Haar

detail basis, i.e., using a Haar scaling basis, find G; through a tridiagonal
update so that the wavelet basis ¥ ;(z) has three vanishing moments. Then
switch the roles of primal and dual bases by taking the dual wavelet transform

as above.
Answer to Exercise 3.1.1, page 68
The functions in ¥, (z) do not overlap, so

/ \I/L(a:)T\I/L(x)d:c = WL,
0
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where W, is a diagonal matrix with elements

1
2
Wik = /[@L+1,2k+1(~’0)] dx
0
1L+1,2k+1 2
B / < T — X412k ) de
L2k TL+1,2k+1 — TL+1,2k

2
TL+1,2k+2
’ TL+1,2k+2 — T
+/ ( : dx
TL41 21 TL+1,2k+2 — LL+1,2k+1

= ($L+1,2k+2 - $L+1,2k)/3-

The matrix defined by

VL:/O U ()" @y (x)dx

is bidiagonal, as indeed
1 1
Vi = / Y k(r)pr(r)de = / or+1,26+1(7)pr i (z)dx
0 0
which is nonzero if I € {k,k + 1}. We have

dx

xr
B L+1,2k41 T — Tr41,2k LTL+1,2k+2 — X
Vi = '
x

Li1.2k LTL4+1,2k+1 — LL4+1,2k  LL4+1,2k+2 — LTL+1,2k

x
+/ Lot 2k TL41,2k42 — T L TL4l2ke2 =T
i1kt CL41,2k42 7 TL41,2k+1  LL41,2k+2 — LL41,2k

1
= 6(2$L+1,2k+2 — TL41.2k+1 — TL11,2k)

and

dx

xT
EAL2kAL T — TL4+1,2k T — TL41,2k+2
Viik k1 .
T

L41.2k TL+1,2k+1 — TL+12k TL41,2k+2 — TL41,2k
T
+/ Ert2k2 TL4+12k+2 — T T TL412k42
Tri1okp1  CL+1,2k4+2 T LL+1,2k+1  LL41,2k+2 — LL+1,2k

1

= 6($L+1,2k+2 + Tr412k41 — 20141 2k)-

The detail coefficients are given by

Vi .k 5 Viik k1
_ Lk —
Wik k Wrikk

FA] FL)

drr = SL k41
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Answer to Exercise 3.1.2, page 69
1. This is a straightforward rewriting of the refinement equation in

(2.28):
Qi(x) = Pj1e(x)+ Pjy1,0(2)P;
= @j11(2)d; + @41 (2)IP;
D;11(x) [33 + jﬁPJ} .

2. With G; _JOA we have ¥;(z) = ®;41(z )J Aj =01 ,A,. The
gth moments as defined in (2.30) and (2. 31) are then given by

OJ( ATM(?Q1 .- With A, a non-singular matrix, the only vector
M;i)lp in the null space is the zero vector.

As the multiplication with A ; amounts to a basis transform, all de-
compositions in the oiginal hierarchical basis, including the nontriv-
ial decompositions of the zero function, transform into decomposi-
tions in the transformed basis.

Answer to Exercise 3.1.3, page 71
The two-scale equation in (2.28) does not depend on U. This is confirmed by

the Expression (2.57) from which H; can be identified to be H; = J +J°P
When the update comes before the prediction in the forward transform the

refinement becomes (2.39), which does depend on the update.
Answer to Exercise 3.1.4, ?a ge 7
We have var(s; ) = (1 —u)* + 2u? — 2(u/2)?, which takes a minimum at u =

2/7.The value is dlfferent fromthe u =1/4 for vanishing moment updates. A
compromise with just one vanishing moment is impossible, because, on an
equidistant grid, the first vanishing moment implies the second, for reasons

of symmetry.
Answer to Exercise 3.1.6, page 75
letj =J—-1=1L, then di = 0,80 5j110k = 85 = (1 —u)sjpion +

USj+1,2k—1 + USj41,2k+1 — (U/2)8541,26—2 — (U/2)8)41,2k+2, While

Sj+1,2k+1 = §(Sj+1,2k+5j+1,2k+2)-

_ %[(1  3u/2)85 10+ (1 — 3u/2)s)4 10010
+USj11,2k—1 + 2USj41,2k+1 + USj41,2k43
—(u/2)s5412k—2 — (u/2)8j11,2k44]-
The variance is then
var(8j11,0641) = [2(1 — 3u/2)? + (v + 4u® + u?) + 2(u/2)%] /4.
This is minimised at v = 3/11.

Answer to Exercise 3.1.7, page 75 o
The multiscale variance propagation depends on the projections onto the

coarse scaling spaces, not on the detail offsets, so not on the choice of G.E‘” =
G/A;.
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Answer to Exercise 3.1.12, page 80
The proof inserts the transpose of the perfect reconstruction of (2.58),

HH +G,G] =1,

leading to
Ui(z) = 0;41(2)G; = @11 ()11 Gy
= (I)J+1(I)(HJHT +G; GT) I 1 G,
= (I)J+1(I)HJ H HJ+1G —|—(I)J+1( )éj 'G;rHjJrlGj
= O(2)Y; + U;(2)E; = 0+ ;(2)E;.

Answer to Exercise 3.2.3, page 90
Since the scaling basis is interpolating, the associated wavelet transform con-

sists of one prediction step and one update step. Hence, following (2.23),
s; = sjt1,e + Ujd;. If d; = 0 or if Uj is the zero matrix, then s; = sj41,. =

f7+1 e = f
Answer to Exercise 4.1.1, page 101
Since
ol—mHY gl | Litie —Uj
1,6, = 6 e U],
we have
~ T
o~ H _
H; G| = [é#] =[H;G,]7"
J

-7
— HY glh-T j+1le J
[H;7 Gy 0jt1,0e Ljt10
~ T
_ H[Q]T [ L. mp ]T
Ojr10e Litio
_ ooy | Lirse Ojtieo
B [HJ Gj ][ U;r Ij-l—l,o :|
We used the facts that (AB)™' = B~'A~! and (AB)T = BTAT, so
(AB)"T=A" "B,
The dual wavelet transform is lifted by a prediction at the coarse scale side,
using U] as prediction matrix in

i, - A9+ &y

This is the same form as (4.14).
Answer to Exercise 4.1.8, page 108 o
The dual refinement in a semi-orthogonal wavelet transform is given by (3.6)

or (3.12). These dual refinements satisfy the perfect reconstruction (2.60).
From (4.35), it then follows that U; = J] GI".
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Answer to Exercise 4.1.9, page 108
The perfect reconstruction (2.60) is satisfied, as

H/H; =3 (J; +JP;) =T ..

The choice ﬁ = 3 corresponds to a hierarchical, interpolating basis, see

Exercise 3.1.2. From (4.35), it then follows that U; = JTG[O] meaning that
the final update is one half of the detail matrix accumulated |n the process of
factoring the refinement.

Answer to Exercise 4.1.10, page 108

Let H and GJ” be the dual transform matrices of the given multiscale de-
composmon defined by

HT
1
[H,; GB]] l G[l]T ] =L

With G[O] the detail matrix that follows from the factoring in (4.30), fix U;
HIGP as in (4.35) and G, = G —H;U;. Then

HH +G,G] =L, =HH] + GG = ¢;6] =allal™.

The latter equality can be right multiplied by G; and GB»”. Perfect recon-
struction in the multiscale transform induced by the factoring given multi-
scale transform then reads G "G = 1, leading to GI'' = G;(GTG"),
while perfect reconstruction in the given multiscale transform leads to G; =
GB”(C‘.B”TG /). This can be understood as G =Gj,A;and G, = =Gl ]A]Tl,

where A; = GJ Gl and A7 = GI'TG;. The forward transform with H;

and G is realised by the lifting factoring for H; and G; (including the fi-
nal update), followed by a multiplication with Aj‘1 on the detail branch, as in
Exercise 2.2.7. N

The example of hierarchical bases has G[” = J?. The even rows of G; =
G[”A will therefore contain zero elements.

Anisweér to Exercise 4.2.7, page 111
We have p intervals on which S5, k( ) is a piecewise polynomial. That means

that we have p? coefficients a;,: 1 € {k — |p/2],...,k + [p/2]} and ¢ €
{0,1,...,p — 1 We have p + 1 knots with p — 1 contlnuity conditions, stating
that left and right limits of the gth derivative at each knot are the same, for
g =0,1,...,p — 2. All these consitions lead to a homogeneous system of
(p+ 1)(p — 1) = p? — 1 independent linear equations. In the leftmost and
rightmost knots, this means that the ¢th derivatives are zero. In the leftmost
interval, we find that s; x(z) = ay_|5/2)5-12" ' Putting a;_ 52 5-1 = 0
leads to the zero solution.

Answer to Exercise 5.1.2, page 133
The factoring of H; defines a dual detail matrix, as in (4.32). The dual detail

matrix defined by the factoring need not be exactly the same as the solution
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proposed in (5.20). Therefore the dual detail generated by the factoring can
be denoted here by G . Then both GJ proposed in (5.20) and GJ , proposed
in (4.32) satisfy the PR condition in (2.62), meaning that the columns of both
matrices span the Ieft null space of H;. As a result, there exists a matrix
A; so that GJ = G A Let H be the primitive dual refinement matrix
resultlng from the factorlng in (4. 32) then we have

f{B.O]T (1, 0 H[O]
G ~ o A] Gm*
D! o =L, 0 I, Ul
- [ o' AT } (H ~pll L, 1 l 0 I, ‘
s=0 J J

The primitive inverse transform then follows straightforwardly

u _ 1yl I. O D: 0
[0] o In U’ T J
[Hﬂ' G; }_<H[OJ In;J pl IWD{O AJ._T]

s=1
A final update as in Section 4.1.5 can be added to enrich the wavelet trans-

form with more properties.
Answer to Exercise 5.2.4, page 135

i) = D geapipir(@)

k=—o00
= Z Gr—ad o (272 — k)
[——
= dc i gmep (2(272) — 21 — m)
= dc i gme (2(272 = 1) —m)
= djz/;z;j;o— ).

Answer to Exermse 5. 3 1, page 138

We have h(z) = fo z—u)du = [7  g(v)dv. The derivative is h'(z) =
g(z) — g(x — 1) which is a difference between two piecewise polynomials
of degree p — 1 with common knots. Therefore 2'(x) is a spline of degree
p — 1, order p, ans so h(zx) is a spline of order p + 1, nonzero on the interval
[0,p + 1]. As the result in Lemma 4.2.8 on equispaced knots simplifies to the
same expression as h/'(z) = g(x) — g(x — 1), we conclude that i(z) is the
B-spline defined on the knots {0,1,...,p + 1}. Note that this is Nj[fﬂo(a:), not

PP ().
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Answer to Exercise 5.3.2, page 138
The density of a sum of independent random variables is given by the con-

volution integral of the two densities. Using the result in Exercise 5.3.1 as
induction step, repeated convolution of the uniform density of [0, 1] (which
is the Haar scaling function, which is the B-spline of order 1 on the knots
{0,1}) leads to a B-spline basis function on the knots {0, 1,...,p}. Rescaling
of the random variable corresponds to a mere stretching (dilation) of its den-
sity function. The central limit theorem provides a proof for the B-splines of

increasing order converging to the Gaussian bell curve.
Answer to Exercise 5.4.9, page 147
We have to prove that hmnﬁoo Sup,cp |Rn(z)| = 0, where

n

R, (z) =log(l + x) =0.
k=1
Taking the derivative
g 11— (o (o)
R ( =
n(®) 1—|—:c Z “1+z 1tz 1+’

k=1

it is found that R/, (0) = 0, leading to a local and global minimum at the
origin (not surprisingly for a Taylor series) while the absolute error increases
monotoneously from there, reaching its maximum on D at + = 1. As the

series converges at = = 1, it does so uniformly on the whole interval.
Answer to Exercise 6.1 2 page 6

With ¢(z) = sin(mz)/(7z) and P(w) = 5= [ o(z) exp(—iwz)dz its Fourier
transform, we have .
/ mM@mz%ym
oo TX

From Example 6.1.1, we know that ¢(w) = 1/(27), leading immediately to

the conclusion that the integral equals one.
Answer to Exercise 6.1.11, page 168

Plugging in
= Z hs exp(—iws)
into _ _
Hw)H(—w)+ H(r+w)H (7 —w) =2,
we find
Z Z hohy exp[—iw(s —t)]+ Z Z hshe(—1)"t exp[—iw(s—t)] = 2.
s=—00 t=—00 s=—o0t=—00

With r = s —t,we have s =r +tand s +t = r 4+ 2t, so we get

Z Z hTthhteXp —iwr] Z Z h/Tthh/t )" expl[—iwr] = 2,

r=—00t=—00 r=—00t=—00
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which simplifies to

i i 2h2r+t7Lt exp[—iw2r] = 2,

r=—o0 t=—00
or,withk = —randl =t,
Z Z hl,Qkﬁl exp[iw2k] =1.
k=—oc0 l=—0c0

The left hand side can be seen as a Fourier series as in (1.2) with w = 72 of
the function f(w) = 1 on the right hand side. The coefficients are here

ap = Z hi_ahi.

l=—00

By (1.4) These coefficients equal

1
ai = / 1[—i(2m)kz] dz = dy,
0

from which (5.16) follows.
Answer to Exercise 6.2.3, page 173
We find

F(f(x—a) = % /jo f(z — a) exp(—iwx)dx

= % /:: f(u) exp(—iw(u + a))du
= exp(—iwa)F(w)
and

F (exp(ibz) f(x)) = x /:30 f(z) exp(ibz) exp(—iwz)dr = F(w — b).

2m
The Fourier transform of exp(ibx) f(x — a) is then
F (exp(ibz) f(xz — a)) = exp[—i(w—b)a] F(w—b) = exp(iab) exp(—iwa)F (w—Db).

The effect of a dilation (stretching) is found by
F(f(sx)) = %/ f(sx) exp(—iwz)dz

= %/O; f(u)exp(—iwu/s)ci—u = 1F(E)

S S
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Dilation and translation combined lead to
F(f(sx—a)) = 2i / f(sz — a) exp(—iwx)dx
™ — 00

— 5 [ et a)/s T

_ exp(—iwa/s)F (u) .

S S

Note that f(sx — a) is a dilation of a translation of f(z): the translation comes
first, then the dilation. That is, we dilate the function f(x — a) by evaluating it
in sx. This is in contrast to the function f(s(z — a)) which is a translation of a

dilation: the dilated function f(sx) is evaluated in (z — a).
Answer to Exercise 6.2.4, page 173
We have T, = T + a/s, which can be seen from

/_O:O lg(2)[2ede
] o)

/O:O \f (52 — a)|Pxdz

JCERE

[oirwr ()L R o

[uwr [ :

The width of the uncertainty window is
| la@P -z,

/_Z lg(z)2dw
/O;|f(s:z:_a)|2 (x_ Ef_:a>2dx

| Wrtsa = s

[ e (u_—Tf> T e

[ rwe ’

(Agx)z =
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From Exercise 6.2.3, we can see that |G(w)| = (1/s)|F(w/s)|. The factor 1/s
in front has no impact on (Agw)?, while the scaling by 1/s leads, in line with
the result above, to (Agw)? = s?(Arw)?. As a result of all this, we conclude
that

(Arz)(AFw) = (Agz)(Agw).

Answer to Exercise 6.2.5, page 173
Using partial integration

F(f@) = / /(@) exp(—iwa)da
= 5 [f( ) exp(—iwz)]~ / f(@)(—iw) exp(—iwx)dx
= 0+ iwF(w).

Answer to Exercise 6.2.6, page 173
Isolation of a squared sum in the integrand, followed by a substitution u =

T + iwo? yields

o = & [l o

— e [-wor/2) [ e [— (= +2%) ]
— g [~wa/2] [ ep(-ut/20%du = T exp [0/

Answer to Exercise 6.2.7, pa?e 173
Applying Fubini’s theorem, we fin

1

H(w) = %/:’O h(zx) exp(—iwzx)dx

= %/OO /OO f(uw)g(x — u)du exp(—iwzx)dx

= / / fw)g(v)duexp(—iw(u + v))dv
/ f(u) exp(—iwu)du - /:: f(v) exp(—iwv)dv
— EnFW)GEW).
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Let o(x) be the Haar scaling function, which is the characteristic function on
[0,1]. Then

P(w) = % 700 o(x) exp(—iwz)dx
B ! ) 1 [exp(—iw) —1
= % exp(—iwx)dxr = o {7—%} }
_ exp(—iw/2) exp(iw/2) — exp(—iw/2) _ exp(—iw/2) sin(w/2)
o 2i(w/2) 27 w/2

Answer to Exercise 6.2.8, page 174

The denominator is
oo 1 2
/ |f(a:)|2d:c:2/ (1 —z)%de = =.
0 3

— 00

Since Ty = 0, the numerator is

o0 1 1
/ |f (2)|*2?dx = 2/ (1 —2)*2?dr = T
—0o0 0

Hence (A;x)? = &

20"
Answer to Exercise 6.2.9, page 174
The denominator is the same as in Exercise 6.2.8. The numerator becomes

/_O:O | (z)?dx = /_01 12dx + /01(—1)2da: =2.

All together we find

_V/(1/15)-2 1
Answer to Exercise 6.2.10, page 174
We have )
|F(w)]?w? = % w? = 4sin*(w/2),
w

which has an infinite integral on the RR.
Answer to Exercise 6.2.11, page 174
The denominators of (A,z)? and (Agw)? are given by

[ ties( [ oies [ o) or(141 3) oo

The numerator of (A,z)? becomes

o) 1 3
/ |g<x>|2x2dx_z( [ atar | <3_x>2x2/4dx)_§.
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The numerator of (Agw)? is

oo -1/ 1\2 1 3/ 1\2
/ lg' (2)|?da :/ (—§> dw—i—/ 12dx+/ (—§> dx = 3,
0 -3 -1 1

leading to (Ayz)? = 2, (Aqw)? = 2, and (Ayz)(Agw) = 1.643. Somehow
suprisingly, the wavelet function has a much less precise time-frequency win-

dow than the accompanying scaling function.

Answer to Exercise 6.2.17, page 177

Let Sa(w) = Y pep F (H22E) [then Sa(w + 2m) = Sa(w). Hence, by (1.9),
we have Sa(w) = >.02 ___ asexp(—iws), where

S§=—00

1 (7 .
aw = o Sa(w) exp(iwk)dw

1 (7 w+27s .
= %/_WZF( A )exp(zwk)dw

SEZL

1 g w+ 27s )
= 3 Z/ﬂF( A >exp(zwk)dw

SEZ

12/“2”1?(”)(3 (iwk) exp(—i2msk)d
= — — | exp(twk) exp(—i27sk)dw
27 SEZ —7m427s A

= % /OO r (%) exp(iwk)dw

— 00

= % /_O:O F(v) exp(iAvk)dv = %f(kA)

Answer to Exercise 9.1.1, page 221
From (9.7), taking o = 1/2, and using the primal version of (9.5), we find

1
s, = 5 [ngqu sl 4 gl glertl  placil el +G§2q+1]d§2ﬂ

L a5 37 20,2041 | olaFUFLT 4[2q,2¢+1]
5 [H Jj.]j S +gj Jj Jj dj

J J
(] FFAIT _[29,2¢+1] [dF FT 4[29,2¢+1]
+ GG L + G, 3] afr ]
Now, (2.54), which reads here as

3,37 43030

N4

leads straightforwardly to (9.8).
Answer to Exercise 9.1.1, page 221
We look for the vector s, that minimises

2[2q| T 2 ~1[2q]T 2
(i) = |HPT ;0 —sPY2 4 |GRITs a2

rrl2g+1] T 2q+1 ~[2q¢+1]T 2q+1
HE s = P 4 G s - a2
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Because of the orthogonality, this can be written as

2 2q+1
r(8541) = 8j01 — o3+ 1841 — st 2,

where s’ = B sPo2attly gl gla2atil gng gl2art) — pplzattge2artl

G?Mdg?gﬁq*”. The minimisation of r(s;;1) proceeds componentwise. The
kth component is

2 2q+1
7(Sj+1,6) = (8416 — ng]l,k)2 + (8416 — ngl,k])2~

In general 7(z) = (z — 20)* + (x — x1)? takes a minimum at = = (xq + z1)/2.






