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Chapter 1

Overview and introduction

This workbook accompanies the textbook Political Economy and Policy
Analysis by Antonio Merlo. Chapters 2 through 14 contain exercises for
each corresponding chapter of the textbook. Each exercise is meant either
to illustrate the concepts presented in the main text, to apply the models de-
veloped there, or to analyze related work presented in the discussion section
at the end of each chapter of the textbook. Chapter 15 contains suggested
solutions to the exercises.

The aim of this workbook is to help the reader become acquainted with
the techniques and reasonings presented in Political Economy and Policy
Analysis.
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Chapter 2

Basic tools of
microeconomics

1. Consider an economy with two individuals, A and B, and two private
goods, x1 and x2. The preferences of each individual are decribed by
the following utility functions:

UA
(
xA1 , x

A
2

)
= 40xA1 + 60xA2 −

(
xA1
)2 − (xA2 )2

and

UB
(
xB1 , x

B
2

)
= 60xB1 + 40xB2 −

(
xB1
)2 − (xB2 )2 .

Goods can be transformed 1 for 1 (i.e., MRT = 1). The total endow-
ments of goods in the economy are x̄1 = 30 and x̄2 = 10.

(a) Suppose that the social welfare function is

W
[
UA

(
xA1 , x

A
2

)
, UB

(
xB1 , x

B
2

)]
= UA

(
xA1 , x

A
2

)
+ UB

(
xB1 , x

B
2

)
.

Find the allocations that satisfy the efficiency conditions and the
allocation that satisfies the equity conditions.

(b) Suppose that the social welfare function is

W
[
UA

(
xA1 , x

A
2

)
, UB

(
xB1 , x

B
2

)]
= 0.4UA

(
xA1 , x

A
2

)
+0.6UB

(
xB1 , x

B
2

)
.

Find the allocations that satisfy the efficiency conditions and the
allocation that satisfies the equity conditions.
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2. Consider an economy with two individuals, A and B, and two private
goods, x1 and x2. The preferences of each individual are described by
the following utility functions:

UA
(
xA1 , x

A
2

)
= xA1

(
xA2 + 1

)
and

UB
(
xB1 , x

B
2

)
= xB1

(
xB2 + 1

)
.

Goods can be transformed 1 for 1 (i.e., MRT = 1). The total endow-
ments of goods in the economy are x̄1 = 10 and x̄2 = 20.

(a) Suppose that the social welfare function is

W
[
UA

(
xA1 , x

A
2

)
, UB

(
xB1 , x

B
2

)]
= 0.5 lnUA

(
xA1 , x

A
2

)
+0.5 lnUB

(
xB1 , x

B
2

)
.

Find the allocations that satisfy the efficiency conditions and the
allocation that satisfies the equity conditions.

(b) Suppose that the social welfare function is

W
[
UA

(
xA1 , x

A
2

)
, UB

(
xB1 , x

B
2

)]
= 0.75 lnUA

(
xA1 , x

A
2

)
+0.25 lnUB

(
xB1 , x

B
2

)
.

Find the allocations that satisfy the efficiency conditions and the
allocation that satisfies the equity conditions.

3. Consider an economy with two individuals, A and B, and two private
goods, x1 and x2. The preferences of each individual are described by
the following utility functions:

UA
(
xA1 , x

A
2

)
=

1

2
lnxA1 +

1

2
lnxA2

and

UB
(
xB1 , x

B
2

)
=

1

2
lnxB1 +

1

2
lnxB2

The endowments of good x1 and good x2 for each individual are de-
noted by (x̄A1 , x̄

A
2 ) and (x̄B1 , x̄

B
2 ) and are as follows:

(x̄A1 , x̄
A
2 ) = (1, 2) , (x̄B1 , x̄

B
2 ) = (2, 1).

(a) Suppose there is no market for good x2, that is, individuals cannot
trade good x2. Does this situation violate any of the conditions
for the First Fundamental Theorem of Welfare Economics?
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(b) Derive the equilibrium allocation of the two goods when there is
no market for good x2.

(c) Is the equilibrium allocation when there is no market for good x2
Pareto optimal?

(d) Is there an alternative endowment (x̄A1 , x̄
A
2 , x̄

B
1 , x̄

B
2 ) such that x̄A1 +

x̄B1 = 3 and x̄A2 + x̄B2 = 3 that is Pareto optimal?

(e) If markets for both goods exist, what is the competitive equilib-
rium for this economy?

(f) If markets for both goods exist, is the competitive equilibrium
efficient?

4. Consider a game where there are two players, A and B. Player A can
choose L or R and player B can choose Y or N . If player A chooses
L and player B chooses Y the payoff of player A is equal to 9 and the
payoff of player B is equal to 3; If player A chooses L and player B
chooses N the payoff of player A is equal to 4 and the payoff of player
B is equal to 0; If player A chooses R and player B chooses Y the
payoff of player A is equal to 0 and the payoff of player B is equal to
4; If player A chooses R and player B chooses N the payoff of player
A is equal to 8 and the payoff of player B is equal to 5.

(a) Suppose that the players have to choose their actions simulta-
neously. Find the Nash equilibria of the game and determine
whether they are Pareto optimal.

(b) Suppose that player A moves first and player B second. Find the
subgame perfect equilibrium of the game and determine whether
it is Pareto optimal.

(c) Suppose that player B moves first and player A second. Find the
subgame perfect equilibrium of the game and determine whether
it is Pareto optimal.

5. Consider a game where there are two players, A and B. Player A can
take an action a > 0 and player B can take an action b > 0. The
players’ payoffs depend on the actions of both players and are equal
to

UA (a, b) = [100− 2 (a+ b)]a

and

UB (a, b) = [100− 2 (a+ b)]b.
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(a) Suppose that the players have to choose their actions simultane-
ously. Find the Nash equilibrium of the game.

(b) Suppose that player A moves first and player B second. Find the
subgame perfect equilibrium of the game.

6. Consider a game where there are two players, A and B. Player A can
choose among three actions, TOP (T ), MIDDLE(M), BOTTOM(B),
and playerB can choose among three actions LEFT (L), CENTER(C),
RIGHT (R). The payoffs that players get as a result of the two play-
ers’ actions are as summarized in the following matrix wherein player
A’s utility is listed first and player B’s second.

A\ B L C R

T 4,2 1,-1 5,0

M 6,2 0,0 2,3

B 1,3 0,x 3,1

(a) Does player A have a strictly dominated strategy?

(b) Does player A have a strictly dominant strategy?

(c) Is there any value of x such that player B has a strictly dominant
strategy?

(d) Is there any value of x such that player B has a strictly dominated
strategy?

(e) Is there any value of x such that the above game has a (pure-
strategy) Nash Equilibrium?

(f) Derive the range of the values of x such that the strategy (B,C)
is Pareto-optimal.

7. Consider a game where there are two players, A and B. Player A can
choose among three actions, TOP (T ), MIDDLE(M), BOTTOM(B),
and playerB can choose among two actions LEFT (L) andRIGHT (R).
The payoffs that players get as a result of the two players’ actions are
as summarized in the following matrix.

A \ B L R

T 0,3 6,2

M 3,10 2,12

B 4,4 3,5
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(a) Is there any outcome that is not Pareto optimal?

(b) Is any such outcome a Nash equilibrium?
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Chapter 3

Basic tools of political
economics

1. A fraternity decides to use the Borda Count voting rule to choose its
new president. There are 3 candidates: a biology major (Joe), an
economics major (Ray) and a math major (Pat).

There are four groups in the fraternity: group A has 10 members,
group B has 7 members, group C has 5 members and group D has 8
members. Preferences are as follows:

A B C D

1st choice Joe Pat Pat Ray

2nd choice Pat Joe Ray Joe

3rd choice Ray Ray Joe Pat

(a) Does a Condorcet winner exist? If yes, then who is the Condorcet
winner? If not, then show that there does not exist one.

(b) Does a Condorcet loser exist? If yes, then who is the Condorcet
loser? If not, then show that there does not exist one.

(c) Who is elected president?

(d) Does the Borda Count Voting rule satisfy the condition of Inde-
pendence of Irrelevant Alternatives or not? Justify your answer.

2. Suppose that there are five people in a community who rank projects
A, B, C, and D (which correspond to different levels of provision of a
certain policy and are therefore ordered with project A entailing the
lowest level of provision and project D the highest) as follows:

9
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1 2 3 4 5

1st choice A A D C B

2nd choice D C B B C

3rd choice C B C D D

4th choice B D A A A

(a) Graph the individual preferences of each individual.

(b) Does a Condorcet winner exist? If yes, what is the Condorcet
winner? If not, what is the problem?

3. Suppose that there are three candidates running for election: a liberal,
a moderate, and a conservative. The voting rule is plurality voting
with runoff: if no candidate wins a clear majority in the first round,
the top two vote-getters are paired off in a runoff majority election.
There are three groups of voters: group A has 33 members, group B
has 30 members, and group C has 37 members. Preferences are as
follows:

Group A Group B Group C

1st choice conservative moderate liberal

2nd choice moderate liberal moderate

3rd choice liberal conservative conservative

(a) Who wins the election? Is he a Condorcet winner?

Now, suppose that there is an additional candidate, who is a libertar-
ian. The voters’ preferences over the four candidates are as follows
(Group A-1 has 29 members, group A-2 has 4 members, group B has
30 members, and group C has 37 members):

Group A− 1 Group A− 2 Group B Group C

1st choice conservative libertarian moderate liberal

2nd choice moderate conservative liberal moderate

3rd choice liberal moderate conservative conservative

4th choice libertarian liberal libertarian libertarian

(b) Who wins the election?

(c) Does the plurality rule with runoff satisfy the condition of Inde-
pendence of Irrelevant Alternatives? Justify your answer.
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4. 300 people living in a community are considering how much to spend
in waste recycling. There are four groups of people in the community
who differ with respect to their preferences for expenditures in waste
recycling, R. The first group contains 75 individuals whose preferences
are described by the following function

V1(R) = 40R− 2R2

The second group contains 50 individuals whose preferences are de-
scribed by the following function

V2(R) = 30R− 3R2

The third group contains 110 individuals whose preferences are de-
scribed by the following function

V3(R) = 80R−R2

The fourth group contains 65 individuals whose preferences are de-
scribed by the following function

V4(R) = 80R− 2R2

Suppose that there are only 4 alternative levels of spending: 5, 10, 20,
and 40.

(a) What is the level of spending that would be chosen under sequen-
tial majority rule?

(b) What is the level of spending that would be chosen under Borda
Count?

(c) What is the level of spending that would be chosen under plurality
rule?

(d) What is the level of spending that would be chosen under plurality
rule with runoff?

5. Suppose that there are four different candidates from two parties
competing in an election: Conservative-1 (C1), Conservative-2 (C2),
Liberal-1 (L1), and Liberal-2 (L2). There are four groups of voters
who have the following preferences:
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A B C D

1st choice C1 L1 L2 C2

2nd choice C2 L2 L1 C1

3rd choice L1 C1 C1 L1

4th choice L2 C2 C2 L2

Group A contains 35% of the voters, group B 30%, group C 25%, and
group D the remaining 10%. The winner is determined by plurality
rule.

(a) Who wins the election? Is the winner a Condorcet winner?

Now, suppose that candidate L2 voluntarily withdraws from the
race.

(b) Who wins the election? Is the winner a Condorcet winner?

(c) Briefly explain why it may make sense for candidate L2 to with-
draw from the electoral competition.

(d) Which condition in the Arrow’s impossibility theorem does the
plurality rule violate?

6. Consider two towns trying to select one of the three alternatives {A,B,C}
which would be implemented in both towns. There are two stages in
the selection process. In the first one, each town decides the alter-
native to support in the second stage. The first town has 2 electoral
votes and the second town has 1. The alternative with the largest
electoral support is selected. There are three groups in each town.
The preferences of the first town are given by:

X Y Z

1st Choice A C B

2nd Choice C B C

3rd Choice B A A

where there are 8 in group X, 6 in Y and 4 in Z. On the other hand,
the preferences in the second town are given by:

M N K

1st Choice A B A

2nd Choice B A C

3rd Choice C C B
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where group M has 5 people, N has 4 and K has 3.

(a) What is a Condorcet winner in this example? Does one exist?

(b) What is a Condorcet loser in this example? Does one exist?

(c) Suppose the first town decides using a Borda Count and the sec-
ond town uses majority rule to decide the alternative to support.
What is the selected alternative?

(d) Suppose now that instead of two separate stages, towns jointly
decide in a single plurality election. Is there a Condorcet winner?
A loser?

(e) Who wins the election? Is it the Condorcet winner?

7. Consider three towns trying to select one of the three alternatives
{A,B,C} which would be implemented in all three towns. There are
two stages in the selection process. In the first one, each town decides
the alternative to support in the second stage. The first town has
2 electoral votes, the second town has 1 and the third has 2. The
alternative with the largest electoral support is selected. There are
three groups in each town. The preferences of the first town are given
by:

X Y Z

1st Choice A A B

2nd Choice C B A

3rd Choice B C C

where there are 8 in group X, 6 in Y and 4 in Z. The preferences in
the second town are given by:

M N K

1st Choice A B A

2nd Choice B A C

3rd Choice C C B

where group M has 5 people, N has 4 and K has 3.

Lastly, the preferences in the third town are given by:

T J L

1st Choice C B C

2nd Choice B C A

3rd Choice A A B
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where group T has 5 people, J has 10 and L has 7.

(a) What is a Condorcet winner in this example? Does one exist?

(b) What is a Condorcet loser in this example? Does one exist?

(c) Suppose every town decides which proposal to support with the
plurality rule. What is the selected alternative?

(d) Suppose now that instead of two separate stages, towns jointly
decide in a single plurality election. Is there a Condorcet winner?
A loser?

(e) Who wins the election? Is it a Condorcet winner. Why?



Chapter 4

Voters

1. Answer the following true or false questions and briefly explain your
answer:

(a) According to the pivotal voter model, a voter in the United States’
national elections is more likely to vote than a voter in Luxem-
bourg.

(b) Group rule-utilitarian individuals vote in order to maximize their
own utility exclusively.

(c) According to the ethical voter model, if in expectation there are
more supporters of a than b then the turnout of group a is going
to be lower than the one of b.

(d) In the context of the uncertain voter model, newspaper readers
are less likely to vote.

(e) According to the uncertain voter model, if multiple elections are
held simultaneously, voters in the voting booth may not vote in
one of the elections because of the mere physical cost of voting.

2. Consider a pivotal voter model with n = 3 voters, each of them sup-
porting either alternative a or alternative b. The probability that
a voter supports one of the alternatives is 1/2, which is common
knowledge. Each voter decides whether to vote or not, and if she
does, she votes for the alternative she supports. The alternative to
be implemented is decided through majority rule and in case of a
tie a fiar coin is flipped to select an alternative. The cost of voting
is Ci ∈ {0.2, 0.8} for each voter i ∈ {1, 2, 3} and its distribution is
P (0.2) = P (0.8) = 1/2.

15
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(a) Suppose the realization of the random variables is that voters 1
and 2 support a while voter 3 supports b, and that C1 = C2 = 0.2
and C3 = 0.8. Assume that these realizations are all common
knowledge among voters. Moreover, each voter gets utility equal
to 1 if the alternative she supports is implemented and −1 oth-
erwise. Is there a Nash equilibrium in this game? And if yes, is
it unique?

(b) Following the setting in (a), suppose now that the utility values
are 1/2 and−1/2 instead of 1 and−1. Is there a Nash equilibrium
in this game? And if yes, is it unique?

(c) Consider now the situation in which preferences over alternatives
and voting costs have not realized yet. Furthermore, assume that
their joint distribution is such that we always have Ci = 0.2 for
supporters of a and Ci = 0.8 for supporters of b. The utility from
the implemented alternative is still 1 for the supported one and
−1 otherwise.

Consider the strategy profile of voting if Ci = 0.2 and not voting
otherwise. Which type of player has the highest probability of
being pivotal? Is this a BNE? What is the expected turnout?

(d) Following the same setting as in (c) assume now that there are
n = 5 voters. How do the probability of being a pivotal voter and
expected turnout change with respect to part (c)? Is the strategy
profile in part (c) still an equilibrium? Explain your results.

3. Consider the ethical voter model in this chapter. Showing each step
of your calculations, derive the following

(a) The expected voting cost E[Cei ];

(b) The aggregate expected utility of the group of voters supporting
j = a, b, πj(Ca, Cb);

(c) The unique Nash equilibrium strategy profile C∗.

4. Consider an election where a society has to decide between alternatives
a and b. The voting population is a continuum of measure one which
is divided between supporters of the two alternatives. Let µ be the
fraction of voters supporting alternative a whose density function is
given by f(µ) = 3µ2 over the support [0, 1]. Each voter i bears a
cost of voting Ci, which is assumed to be uniformly distributed on the
support [0, 1], and benefits from a utility equal to 1 if the alternative
she supports its implemented and −1 otherwise.
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(a) What is the probability that a voter is pivotal?

(b) Suppose now that voters are rule utilitarians:

i. State the condition for alternative a to be implemented.

ii. What are the payoff functions for the two groups of voters?

iii. For each group j, find the equation characterizing the best
response function (no need to find a closed form solution).

iv. Explain how you would find the Nash equilibrium strategies
C∗a and C∗b .

5. In the context of the uncertain voter model, consider two alternatives a
and b with joint support over {−2,−1}×{1, 2}. The joint distribution
of (a, b) is such that Pr(−2, 2) = 1

8 , Pr(−2, 1) = Pr(−1, 2) = 2
8 and

Pr(−1, 1) = 3
8 . The distribution of preferred ideologies is uniform over

[−2, 2]. Voters evaluate alternative ideologies according to Vi(x) =
−(xi − x)2.

Each voter i derives a direct benefit, De
i from voting which is equal to

0 and 3
8 with equal probability. Moreover, let’s assume when the cost

of voting is equal to the direct benefit of voting, individuals choose to
vote. What is the expected turnout in this election?

6. As in the uncertain voter model there is a continuum of voters with
ideological preferences that are distributed uniformly over the [−1, 1].
Voters can choose to cast ballots in two elections with two competing
policy platforms in each election. The policies in the first election are
denoted by a1 and distributed according to a distribution with the
density

fa1(x) =


0 for x < −1
8(x+1)

3 for − 1 ≤ x ≤ −1/2
4(1/2−x)

3 for − 1/2 < x ≤ 1/2

0 for 1/2 < x

and the one of the second election is denoted by a2 and distributed
according

fa2(x) =


0 for x < −1/2
4(x+1/2)

3 for − 1/2 ≤ x ≤ 1/2
8(1−x)

3 for 1/2 < x ≤ 1

0 for 1 < x

.
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The policies in the second election are denoted by b1 and b2 and dis-
tributed according to

fb1(x) =


0 for x < −1

2(x+ 1) for − 1 ≤ x ≤ −1/2
2(1−x)

3 for − 1/2 < x ≤ 1

0 for 1 < x

and,

fb2(x) =


0 for x < −1
2(x+1)

3 for − 1 ≤ x ≤ 1/2

2(1− x) for 1/2 < x ≤ 1

0 for 1 < x

,

Suppose that voter i evaluates a policy according to Vi(x) = −(xi−x)2,
where xi is the preferred ideology of the voter i and derives benefit
D ∈ R by participating in either election.

a. How do you compare the two elections in terms of voters’ uncer-
tainty?

b. Which election do you expect to have a higher turnout?

7. Three individuals 1, 2, and 3 are participating in 2 simultaneous elec-
tions. The direct benefit of voting for each voter is large enough to
convince everyone to participate in both elections, and this is known
to everyone. The first election is between two alternatives a1 and a2,
while the second election is a choice between b1 and b2. Each individual
has preferences over the joint outcome of both elections as follows:

(a1, b1) �1 (a1, b2) �1 (a2, b1) �1 (a2, b2)

(a2, b2) �2 (a2, b1) �2 (a1, b2) �2 (a1, b1)

(a1, b2) �3 (a2, b1) �3 (a2, b2) �3 (a1, b1),

where X �i Y means individual i strictly prefers X over Y .

a. What is the outcome of sincere voting behavior?

b. Is the outcome in part (a) an equilibrium if the voters were be-
having strategically?

c. Characterize one equilibrium profile under the strategic voting
behavior.



Chapter 5

Electoral competition

1. Consider a Downsian electoral competition over the line [−1, 1] where
voters are uniformly distributed. Suppose there are two candidates,
{D,R} and the ties are broken by a coin toss.

(a) What is the Nash Equilibrium of this game?

(b) Now suppose that there is an ideological candidate C that posi-
tions himself at −1 whatever the other candidates do. Is there a
Nash Equilibrium of the game? If so, what is it?

(c) Suppose now that there is another ideological candidate at 1. Is
there an equilibrium and what is it?

2. Consider the Downsian model of electoral competition but suppose
that now we have a two dimensional policy space. There are only four
discrete policies from which politicians can choose:

xi ∈ {(1, 1), (−1, 1), (1,−1), (−1,−1)}.

As before, each voter has preferences that decrease with the Euclidean
distance between her bliss point and the promised policy. There are
25 voters at each of these points where the candidates can place them-
selves.

(a) Is it an equilibrium for both candidates to place themselves at
(1, 1)?

(b) Suppose one of the candidates are placed at (-1,1) and the other
at (1,1). Is this an equilibrium?

19
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(c) Can you find any set of positions for the candidates that does not
result in an equilibrium?

3. Consider the Downsian model of electoral competition but suppose
that now we have a two dimensional policy space. There are only
discrete policies that the politicians can choose:

xi ∈ {(0, 0), (1, 1), (−1, 1), (1,−1), (−1,−1)}

As before, each voter has preferences that decrease with the Euclidean
distance between her bliss point and the promised policy. There are
20 voters at each of these points where the candidates can place them-
selves.

(a) Is it an equilibrium for both candidates to place themselves at
(1, 1)?

(b) Suppose one of the candidates are placed at (-1,1) and the other
at (1,1). Is this an equilibrium?

(c) Is it an equilibrium for both candidates to place themselves at
(0, 0)?

(d) Is there a unique equilibrium?

(e) Does the Median Voter Theorem 1 hold in this example?

4. A town will elect an officer and in the town there are only 400 peo-
ple all of which share the same ideology. Citizens of the town declare
candidacy, everyone votes and the ties are decided with a coin flip.
Normalize utility to 0 if a citizen does not run and their most pre-
ferred policy is enacted (which will occur as long as any person runs
as everyone share to same policy position).

(a) Find conditions on B in terms of C such that there is only one
citizen running for the office.

(b) Find conditions on B in terms of C such that there are only two
citizens running for the office.

(c) Find conditions on B in terms of C such that there are K citizens
running for the office.

5. A town will elect an officer and in the town there are two groups of 400
people with the same ideology. Citizens of the town declare candidacy,
everyone votes and the ties are decided with a coin flip. A voter gets
utility -1 if the elected candidate is of the other group of ideology and
0 otherwise.
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(a) Is there any equilibrium with a single candidate? If there is, what
are the conditions one has to impose on B and C to get it, and
is it unique? (Assume that every citizen gets a utility of −∞ if
no citizen becomes a candidate.)

(b) Is there an equilibrium with two candidates? If there is, what are
the conditions one has to impose on B and C to get it, and is it
unique?

(c) Are there parameters where two citizens from the same ideological
camp run for the election in the equilibrium?

(d) Can you find parameters such that every citizen running for the
office is an equilibrium?

6. Consider the citizen-candidate model of electoral competition. Sup-
pose that the population of citizens contains 1, 000 individuals. Of
these, 450 people have the most preferred policy equal to −1, 450 peo-
ple have the most preferred policy equal to 1 and the remaining 100
people prefer 0. How many citizens care about the policies is captured
by parameter α ≥ 0. That is, when a policy y is implemented, a citi-
zen with most preferred policy xi receives the utility −α|y − xi| from
policy, y. Moreover, any citizen can run for office. The cost of running
is C and the benefit of the office is B. When no candidate runs for
office, each citizen gets utility −100.

(a) Suppose α = 0. What are the conditions on B in terms of C to
have no citizen run for the office? How does this depend on α?

(b) Suppose B = 3 and C = 2. Can you find an α such that there
is a one-candidate equilibrium and the candidate has the ideal
position of −1?

(c) Is there any combination of B, C and α such that there is a one-
candidate equilibrium where the candidate has the ideal position
of −1?

(d) Now suppose B = 3 and C = 2. What is the unique one candidate
equilibrium? Why is it unique? Does this change with α?

(e) What are the conditions on B in terms of C and α that guarantees
a two-candidate equilibrium where candidates have ideal points
−1 and 1? What happens as α increases, why?

(f) Suppose B = 0 and C = 1. Is there some α that we will still have
a two-candidate equilibrium?
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(g) Suppose B = 4 and C = 2. Can you find α such that there is a
two-candidate equilibrium where both candidates have 0 as their
ideal positions.

(h) Suppose B > C > 0. Is there any combination of B, C and α
such that there is an equilibrium with three candidates, all with
different ideal policies?

7. Consider the citizen-candidate model of electoral competition. Sup-
pose that the population of citizens contains N individuals. Of these,
N1 people have the most preferred policy equal to −1, N−1 people
have the most preferred policy equal to 1 and the remaining N0 peo-
ple prefer 0. Moreover, citizens can run for the office. The cost of
running is C and the benefit of the office is B. When no candidate
runs for the office, each citizen gets utility −100.

(a) Suppose B = 3 and C = 2. What are the conditions on the pop-
ulation parameters Ni such that there is a one-candidate equilib-
rium with a candidate with ideal position 1 running?

(b) Suppose B = 4 and C = 2. What are the conditions on the pop-
ulation parameters Ni such that there is a two-candidate equilib-
rium with candidates with ideal points −1 and 1 running?

(c) Suppose B = 6 and C = 2. What are the conditions on the
population parameters Ni such that there is a three-candidate
equilibrium with candidates with distinct ideal points?

8. Consider the citizen-candidate model of electoral competition. Sup-
pose that the population of citizens contains 1, 000 individuals. Of
these, 450 people have the most preferred policy equal to −1, 450 peo-
ple have the most preferred policy equal to 1 and the remaining 100
people prefer 0. How much citizen i cares about policy is captured by
parameter αi ≥ 0. That is, when a policy y is implemented, a citizen
with most preferred policy xi receives the utility −αi|y−xi| from pol-
icy. Moreover, citizens can run for the office. The cost of running is
C and the benefit of the office is B. When no candidate runs for the
office, each citizen gets utility −100.

(a) Suppose B = 3 and C = 2. Are there any conditions on α1, α0

and α−1 such that there is a one-candidate equilibrium where the
candidate has the ideal point 1?
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(b) Suppose B = 3 and C = 2. Are there any conditions on α1, α0

and α−1 such that there is a one-candidate equilibrium where the
candidate has the ideal point 0?

(c) Suppose B = 4 and C = 2. Are there any conditions on α1, α0

and α−1 such that there is a one-candidate equilibrium where the
candidates has ideal points −1 and 1?
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Chapter 6

Parties

1. Answer whether each of the following statements is true or false.
Briefly explain each of your answers.

(a) Consider the voter mobilization model with two elections, e1 and
e2. The primitives of the model are the same for both elections,
but with two differences: (i) supporters of a care only about
voting for e1 and not e2; (ii) supporters of b care about voting in
both elections exactly as much as supporters of a care about e1.
As a result, in equilibrium parties invest more for mobilization in
e2 than e1 in order to convince more supporters of a to vote.

(b) In the voter mobilization model, parties can invest different amounts
in equilibrium.

(c) Consider a policy platforms model with group a, b, and c repre-
senting the 60%, 20%, and 20% of the population respectively.
If politicians a and b are in the same party, then a decides the
policy platform since she has the majority of the votes.

(d) In the policy platforms model, a party configuration is stable if
neither politicians have the incentive to leave and form a smaller
party.

(e) In the candidate recruitment model there is no equilibrium where
a party selects a high-skilled candidate while the other chooses a
mediocre one.

(f) In a candidate recruitment model, increasing the party’s benefit
from winning an election will not avoid a mediocracy.

(g) Aristocracy is more likely to occur in a majoritarian system.
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2. In the voter mobilization model, it was assumed that both parties
obtain equal benefits if their preferred policy is implemented. Let us
assume that party j obtains benefit Bj with Ba > Bb. Show that in
equilibrium the optimal level of investment for party a is larger than
the one for party b.

3. Consider the voter mobilization model in section 6.1. Now suppose
that the party supporting alternative a has a constraint on the level
of investment to encourage its supporters to vote. Suppose that the
the highest investment possible for Pa is Ī < I∗a∗, where I∗a denotes
the optimal investment level of the party with no budget constraint.
Suppose that De

a = 1, De
b = 0.25, B = 1, and the investment constraint

is given by Ī = 0.15. Explain whether there exists a Nash equilibrium
in which party a invests the highest possible level.

4. Consider the policy platforms model described in section 6.2 with xa =
(−1,−1), xb = (1, 1) and xc = (0, 1). Answer the following questions:

(a) Consider the party configuration ({b}, {a, c}). Is the policy x =
(0.8, 0.2) in the Pareto set P {a,c}? If not, show graphically the
area of points that Pareto dominate x. Write down the equation
that characterizes the policy platforms in P {a,c}.

(b) Given the party configuration ({a}, {b}, {c}), compute the indi-
rect utility of each politician for each possible election outcome.
Why is politician in party {c} running unopposed the only equi-
librium?

(c) Suppose that 20% of the population is in group b, 25% is in group
c, and 55% is in group a. How does it change the equilibrium pol-
icy platforms? What about the equilibrium party configurations?

5. In the last few decades, the Italian political system has been charac-
terized by a very large number of political parties (between thirty and
forty). However, the party configuration of the 2006 Italian general
elections involved two main coalitions: the center-right wing coalition
(led by Silvio Berlusconi and including 19 parties) and the center-
left coalition (led by Romano Prodi and including 18 parties). How
can you interpret this equilibrium party configuration using the policy
platform model? What can we infer about the preferred policies xj ’s
of the parties in each coalition?

6. Consider the policy platforms model with a two-dimensional policy
space X = X1 × X2, X1 = X2 = [−1, 1] and a continuum of voters
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divided in three groups (each containing 1/3 of the population) de-
noted by j ∈ {a, b, c}. The indirect utility for each member of group
j has the quadratic form Vj(x) = −(xj1 − x1)2 − (xj2 − x2)2 with most
preferred policies xj ’s given by

xa = (−1,−1), xb = (1, 1), and xc = (−1, 0.5).

As in section 6.2, one voter of each group is a politician and has the
same preferences as each member of her group.

(a) Draw the most preferred policies of each group and at least two
indifference curves in the policy space.

(b) What is the set of potential party configurations running for elec-
tion?

(c) Characterize and draw the Pareto set of each party. How do they
differ compared to the case where xc = (−1, 1) (as in section 6.2)?

(d) Find the equilibrium policy platform for each possible party con-
figuration.

(e) Given the results in (d), find the equilibrium party configurations.
Compare your findings with the xc = (−1, 1) case. What is your
interpretation of such differences?

7. Consider one of the past presidential elections in the U.S., for instance
the election in 2016. Using the model described in section 6.3 try to
explain how the primaries and the general election can fit into narrative
of the model about the two phases of the election. Based on your
personal judgment about the primary contestants and candidates in
the general election, answer the following questions.

(a) Explain whether each party chose mediocracy or aristocracy as
its strategy.

(b) Based on your answer to the previous part and the candidate re-
cruitment model in this chapter, can you explain why each party
chose mediocre or the aristocratic candidate and under what con-
ditions they would have changed their choice of candidate.

(c) Argue whether there was a discouragement effect in the organi-
zational phase of each party.
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Chapter 7

Lobbies

1. Consider the model of ex-ante lobbying where one lobby may offer
campaign contributions to one of two candidates running in an elec-
tion.

(a) According to this model, will the candidate choose an equilibrium
policy that is equal to the policy most preferred by the lobby?

(b) According to this model, will the candidate receive any transfers
from the lobbyist?

Consider now the model of ex-post lobbying where one lobby may offer
transfers to an elected politician.

(c) According to this model, will the politician choose an equilibrium
policy that is equal to the policy most preferred by the median
voter?

(d) According to this model, will the politician receive any transfers
from the lobbyist?

Suppose now that the lobby may choose whether to offer campaign
contributions to one of the two candidates running in an election, or
to offer transfers to the politician who wins the election.

(e) Which one would the lobby choose?

2. Answer whether each of the following statements is true or false.
Briefly explain each of your answers.

(a) In the model of ex ante lobbying where one lobby may offer cam-
paign contributions to one of the two candidates running in an
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election, both candidates choose an equilibrium policy that is
equal to the average of the policy most preferred by the lobby
and the policy most preferred by the median voter.

(b) In the model of ex ante lobbying where two lobbies may offer
campaign contributions to the two candidates running in an elec-
tion, both candidates choose an equilibrium policy that is equal
to the average of the policies most preferred by the two lobbies.

(c) In the model of ex post lobbying where one lobby may offer trans-
fers to an elected politician, the politician chooses an equilibrium
policy that is equal to the policy most preferred by the lobby.

(d) In the model of ex post lobbying where two lobbies may offer
transfers to an elected politician, the politician chooses an equi-
librium policy that is equal to the average of the policies most
preferred by the two lobbies.

(e) In the models of ex ante and ex post lobbying with only one lobby,
it is always the case that ex ante lobbying biases policy away from
the outcome that would result if lobbying were not allowed more
than ex post lobbying.

3. Consider a Downsian model of electoral competition where two can-
didates, L and R, are competing for elections. The policy space X is
unidimensional and the policy most preferred by the median voter is
XM = 0. The candidates compete by choosing policies they would im-
plement if elected. Candidate L announces policy XL and candidate R
announces policy XR. The objective of each candidate is to maximize
the probability of winning the election. There is one right-wing lobby
that may offer candidate R campaign contributions CR to enhance his
electoral chances. The probability candidate R wins the election is

πR =
1

2
+ CR.

The utility function of the lobby is

UR(X,CR) = −(1−X)2 − C2
R.

(a) Which policies will candidate L and candidate R choose in equi-
librium?

(b) In equilibrium, how much money will the lobby contribute to the
electoral campaign of candidate R?
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4. Consider a Downsian model of electoral competition where two can-
didates, L and R, are competing for elections. The policy space X
is uni-dimensional and the policy most preferred by the median voter
is XM = 0. The candidates compete by choosing policies they would
implement if elected. Candidate L announces policy XL and candi-
date R announces policy XR. The objective of each candidate is to
maximize the probability of winning the election.

There are two lobbies, A and B. Lobby A may offer candidate R
campaign contributions CA to enhance his electoral chances and lobby
B may offer candidate L campaign contributions CB to enhance her
electoral chances. The probability candidate R wins the election is

πR =
1

2
+ CA − λCB

The utility function of lobby A is

UA (X,CA) = − (α−X)2 − 1

2
C2
A,

and the utility function of lobby B is

UB (X,CB) = − (β −X)2 − 1

2
C2
B.

(a) Derive the campaign contributions of lobbies A and B, CA and
CB, as a function of the policies of candidates L and R, XL and
XR.

(b) Derive the policy choices of the two candidates in the unique Nash
equilibrium of the electoral competition game.

(c) In equilibrium, how much money will each lobby contribute to the
electoral campaign of the candidates and what is the probability
candidate R wins the election?

(d) Consider four possible cases. Case 1: α = 1, β = −1 and λ = 1.
Case 2: α = 1, β = −1 and λ = 0.5. Case 3: α = 1, β = −2
and λ = 1. Case 4: α = 1, β = −2 and λ = 0.5. For each
case, calculate the policies that candidates L and R choose in
equilibrium.

(e) For each of the four cases considered in part (d), evaluate the
extent to which lobbying biases policy away from the outcome
that would occur if lobbying were not allowed.
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5. Consider a situation where an elected politician P has to choose a pol-
icy X and there is a lobby R that may offer the politician a monetary
transfer TR in order to attempt to influence his policy choice. The
utility function of the politician is

UP (X,TR) = −X2 + TR

and the utility function of the lobby is

UR(X,TR) = −1(1−X)2 − TR.

(a) Which policy will the politician choose in equilibrium?

(b) In equilibrium, how much money will the lobby transfer to the
politician?

6. Consider a situation where an elected politician P has to choose some
policy X and there are two lobbies (that do not communicate) A and
B that may offer the politician monetary transfers TA and TB in order
to attempt to influence her policy choice. The utility function of the
politician is

UP (X,TA, TB) = −X2 + λ(TA + TB),

the utility function of the lobby A is

UA(X,TA) = −(PA −X)2 − αATA,

and the utility function of lobby B is

UA(X,TB) = −(PB −X)2 − αBTB.

Suppose that PA > 0 and PB > 0.

(a) Solve for the willingness to pay of the lobbyists for some policy
X > 0.

(b) Solve for the equilibrium level policy chosen by the politician.

Now suppose that PA > 0, P = PA = −PB. Moreover, now lobby A
transfers money only if X > 0 and B only if X < 0.

(c) Solve for the willingness of pay for the lobbyists for any policy.

(d) Let αA = αB = 1 and P = 1. Determine the equilibrium policy
chosen by the politician for each λ.
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(e) Now suppose that αA = 2, αB = 1 and P = 1. What is the
equilibrium policy chosen?

7. Answer whether each of the following statements on the endogenous
lobbies model is true or false and carefully explain each of your answers.

(a) The stages of the game consist only of voting and then lobbying.

(b) Lobbies make contributions to the candidates before the elections
take place.

(c) In both models of exogenous and endogenous lobbies the policy
outcome is a compromise between the politician’s and the lobby’s
preferences.

(d) There can be an equilibrium where all existing lobbies participate
in the policy-making process.

(e) Lobbies, instead of voters, may be crucial in bringing the policy
outcome to the center of the policy spectrum.

(f) It is never optimal for the politician to bargain with lobbies hav-
ing completely opposite policy preferences.

8. Answer the following questions.

(a) In order to maintain fairness in political elections, some Euro-
pean countries set limits on the amount of money candidates can
spend for their electoral campaigns. As these limits surely ben-
efit smaller parties lacking financial resources (by limiting larger
parties’ expenses during electoral campaign), they also greatly
reduce the role of lobbies.

Based on the lobbying models you saw in this chapter, how should
the policy outcomes in the European countries differ compared
to the ones in the USA (where there is no limit)? What could be
the rationale of setting such limits?

(b) In 2003 the US Congress passed a law called “Medicare Part D”,
aimed at helping seniors buy prescription drugs. However, one
of the most criticized points of this reform was that the federal
government is not allowed to bargain over medicine prices, as this
activity was fully outsourced to insurance companies delivering
the subsidized coverage determined by the new law. It is known
that the main reason behind the government giving away this bar-
gaining right is due to the pharmaceutical companies funnelling
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about 2 billion dollars to congressmen through lobbies in the past
fifteen years.

Using the implications of the lobbying models you studied in this
chapter, explain why such a law is still in force despite the ma-
jority of US citizens reportedly prefer a stronger role of the gov-
ernment in negotiating prescription drugs prices.



Chapter 8

Political careers

1. Answer whether each of these statements is true or false. Briefly ex-
plain your answer

(a) A politician who leaves politics before retirement is a career politi-
cian.

(b) In the BNE of the political careers model, individuals with p ∈[
p∗, 1+p

∗

2

]
run for office in the second period.

(c) In equilibrium, individuals having voluntary political careers do
not run for office in the second period.

(d) In equilibrium, people with p = 0 may consider a political career.

2. Consider two countries, A and B, with exactly the same characteristics
in terms of market and political sector wages, skills distributions, and
public benefits generated by politicians. However, workers’ productiv-
ity in the market sector of country A is tracked much better than in
country B, therefore allowing more workers to find out their actual
market skill after one period of work.

If both A and B were to increase the per-period politician salary s by
the same amount, what would be the effect on the average quality of
career politicians in the two countries?

3. In the past decade there has been a heated debate in Italy about the
retirement annuity of politicians (so called vitalizio). In fact, retired
members of the Parlamento and Regional Counsils who accumulated
enough tenure in office are entitled to receive a pension for life. Some
parties, like the brand new Five Star Movement, are strongly against
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such vitalizio claiming that it is waste of public money and an unfair
benefit to politicians, and proposed to completely abolish it once in
power.

Based on the political careers model, how would such a policy affect
the Italian political sector?

4. In the model of politicians’ careers, suppose the specification of the
probability of having higher market ability, i.e. π(p) is given by

π(p) = α+ λ ∗ p2

.

(a) What is the fraction of high market ability individuals among
those with political ability? Compare this with the original spec-
ification for a given level of λ.

(b) Now suppose that political abilities are distributed uniformly over
[0, 2], how would the fraction differ between the two specifica-
tions?

5. Consider two countries, A and B, with different politicians’ turnover in
office. In particular, A has a 50% turnover rate, while B has only 35%.
Based on the political career model, what are the possible sources of
such different turnover rates in the two countries?

6. Consider an individual in the first year of her working life with no
political ability (p = 0). Let w̄ denote the posted wage in the market
for those with unknown abilities, in the first period.

(a) Suppose that this individual decides to work in the market sector
in both periods. Write down an expression for the expected payoff
of her decision.

(b) Write an expression for the expected payoff of joining the political
sector in the first period and switching to the market sector in
the second period.

7. Consider the first period of an economy, only populated by individuals
in their first year of working life deciding between the market and
political sectors. Explain how many different wages can be observed
in the competitive market sector, how are these wages determined?
Now, suppose in the first period some individuals join the market
sector and some join the political sector. How many different wage
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levels are posted in the market sector in the second period, and briefly
explain what are these wages based on.
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Chapter 9

Public goods

1. Answer whether each of the following statements is true or false in
regards to the Political Economy of Public Goods, specifically the
selection of the level of funding for some public good, G.

(a) Let income be homogeneous across agents, preferences be single-
peaked and heterogeneous, and the variable differentiating agents’
preference be αi. If αi is distributed symmetrically, i.e., its mean
is also its median, then the democratically selected level of public
good provision will be efficient.

(b) Under public provision, efficiency requires

MRT =

N∏
i=1

MRSi

(c) If a model uses proportional taxes to raise funds for public expen-
diture, the government budget constraint requires revenue raised
in taxes to equal the expenditure on public goods.

(d) When considering provision of public goods, efficiency conditions
depend on the specific form of the Social Welfare Function.

(e) When considering provision of public goods, efficiency conditions
are dependent upon whether a tax is raised proportionally or as
a lump sum.

2. A community of 10 people is considering building a public swimming
pool of size G.

39



40 CHAPTER 9. PUBLIC GOODS

Individuals derive utility from a homogeneous private good X (the
numeraire) and a swimming pool of size G. Their utility function is

U(X,G) = lnX + α lnG

where α = 1 for four individuals, α = 3 for three individuals, α = 4
for two individuals, and α = 9 for one individual. Each individual has
an income of 200. The cost of a unit of swimming pool is 500.

The community decides to build the pool and chooses the size by
majority voting.

(a) If costs are shared equally among all individuals, what pool size
will be chosen?

(b) Is the outcome of majority voting efficient?

3. The 250 people living in a community are considering how much to
spend on national defense.

Income is distributed in the community as: 100 people have income of
$100, 50 people have income of $200, 100 people have income of $300.
People’s preferences for defense expenditures (E) are described by the
following functions

Vi(E) = yiE − E2

where yi is the income of individual i.

Suppose that there are 5 alternative levels of spending (0, 50, 100, 150,
and 200) and people vote on them in ascending order according to
sequential majority voting.

(a) What is the level of expenditure that will be chosen?

(b) Is the outcome efficient?

(c) Does the outcome depend on the order in which the votes are
taken? Explain.

4. A community of N = 10 people is considering building a public library
of size G. Individuals derive utility from consuming a homogeneous
private good X (the numeraire) and a public library of size G. Their
utility function is

U (Xi, G) = lnXi + αi lnG
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where 4 individuals have αi = 1
8 and income Ii = 800, 2 individuals

have αi = 1
4 and income Ii = 600, and 4 individuals have αi = 1

2 and
income Ii = 400. The cost of a unit of public library is c = 10.

The community decides to build the public library and chooses its size
by voting. It is also decided that the cost associated with building the
public library will be shared in proportion to an individual’s income:
that is, each individual will pay a tax as a share of their income equal
to

T =
cG

NĪ
.

(a) Derive the indirect utility functions of the individuals in the com-
munity.

(b) Show that the indirect utility functions are single-peaked.

(c) Solve for the size of the public library that will be chosen by
referendum.

(d) Solve for the efficient size of the public library.

(e) Suppose that the community is constrained to choose only be-
tween two alternative sizes of the public library, GH = 1000 or
GL = 100. What size of the public library will be chosen under
majority rule? Note: preferences are not necessarily symmetric.
You cannot, therefore assume that the level closest to an individ-
ual’s most preferred size G∗i is the level he’d most prefer.

5. Two individuals, A and B, have to decide whether or not to contribute
to a public good. The income individual A is $1000 and the income of
individual B is $900. The benefit to individual A if only one individual
contributes to the public good is equivalent to $50 and if both individ-
uals contribute is equivalent to $100. The benefit to individual B if
only one individual contributes to the public good is equivalent $100
and if both individuals contribute is equivalent to $300. The individual
cost of contributing to the public good is $100 for both individuals.

(a) If the two individuals choose simultaneously whether or not to
contribute, what are the Nash Equilibria of the voluntary contri-
bution game? Are the Nash Equilibria Pareto Optimal?

(b) Suppose now that individual B has the option of paying $150 to
make contributions compulsory for both herself and individual
A, instead of letting each individual decide whether or not to
contribute. Would B pay that amount?
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6. Consider a society inhabited by 20 individuals (N=20). The society is
divided into three groups (types) j = A,B,C; 11 individuals belong to
group A, 5 individuals belong to group B, and 4 individuals belong to
group C. Suppose that type j’s preferences over a publicly provided
good G and a privately provided good (the numeraire) X are

U j (Xj , G) = lnXj + αj lnG

where αj represents group j’s taste for the public good, and let αA =
1/4, αB = 1/2, and αC = 3/4. Assume, in addition, that all individu-
als have identical wealth Y = 1400. Finally, the cost of producing one
unit of the public good is c = 20.

(a) Compute the amount of public good provided by the community
through voluntary contributions assuming that all individuals in
the same group make the same contribution and one generic in-
dividual in each group decides the level of contribution of all the
individuals in the group.

(b) Suppose now that in order to finance the provision of the public
good the government taxes all individuals equally (that is, each
individual pays cG/N). Compute the amount of public good
provided by the community under majority rule.

(c) Compute the socially optimal amount of public good in this econ-
omy. How does it compare to the quantity you found in parts (a)
and (b)?

7. (a) Suppose a town is deciding how much money to spend on a public
works project, x. Let’s say the town has agreed to spend no more
than $10,000 on the project, so x is within [0, 10000]. There are
100 voters in the town and voter i, i = 1, ..., 100, evaluates alter-
native expenditures x according to the indirect utility function
V i (x) = |ai + x|, where ai is an individual specific parameter. Is
it possible to use Median Voter Theorem I to establish the ex-
istence of a Condorcet winner? Does the answer depend on the
values of the parameters a1, ..., aN?

(b) Suppose that those same townspeople had different indirect util-
ity functions, while everything else stayed the same. So voter
i evaluates alternative expenditures x according to the indirect
utility function V i (x) = (Ii/10−x)2, where Ii is voter i’s income.
Furthermore, assume that 10 voters have incomes of $100,000; 20
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voters have incomes of $30,000; 30 voters have incomes of $20,000;
and the remaining voters have incomes of $10,000. Is it possible
to use one of the two Median Voter Theorems to establish the
existence of and find a Condorcet winner?
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Chapter 10

Public schools

1. Consider the model of the provision of public education discussed in
this chapter.

(a) According to this model, when will the superintendent hold a ref-
erendum to change the current (status quo) level of expenditure
in public education?

(b) According to the model, if the superintendent does hold a refer-
endum and the referendum is successful (that is, the community
votes in favor of the proposal by the School Board), what is the
relationship between the outcome of the referendum (that is, the
new level of expenditure in public education implemented after
the referendum) and the status quo level?

(c) What are the three testable implications of this model if the su-
perintendent is a bureaucrat a la Niskanen?

(d) What are the three testable implications of this model if the su-
perintendent is a Downsian politician?

2. The 100 residents of a community are deciding the level of public ed-
ucation spending in their community. There are two groups of people,
60 young resident who have a school-age child and 40 seniors living
on their own. Although the senior residents value the education of
the children in their community, their valuation is different from the
young parents. To reflect this, we modify primitives of the model dis-
cussed in this chapter. Let the preferences of the young parents be
given by Uyi (ci, E) = ln ci + 2 lnE and those of the senior residents by
Uoi (ci, E) = ln ci + lnE. Suppose that the current level of expenditure
is $100, and every individual has an income of $200.
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(a) What is the optimal level of spending on public education for an
individual in each group?

(b) If the superintendent is a Downsian politician, characterize the
political-economic equilibrium.

(c) If the superintendent is a bureaucrat, characterize the political-
economic equilibrium.

3. Consider again the model of provision of the public education in this
chapter in a community populated by 10 individuals with similar pref-
erences over the numeraire good and public education spending with
α = 1

2 . However, individuals do not enjoy the same income level. 2
individuals earn $40, 6 individuals earn $100, and the remaining 2
earn $200 of income. Suppose that the current level of spending on
public education is $50. What is the optimal level of spending on
public education for an individual in each income group? How does
the political-economic equilibrium differ from the one discussed in the
chapter,

(a) If the superintendent is a Downsian politician?

(b) If the superintendent is a bureaucrat?

4. In this chapter, we assumed that the goal of an appointed superin-
tendent is to maximize the size of the budget. However, the body
in charge of this appointment may be elected by the public. The
appointed superintendent may have a fixed term and the decision of
being reappointed can reflect the satisfaction of the electorate with the
appointed official. Consider the role of the state superintendent; Find
one state where the superintendent is elected and one that is appointed
directly by an elected official. How often an elected superintendent is
reelected and how often an appointed superintendent is reappointed
after his or her fixed term comes to an end?

Now let’s consider the model of the political provision of primary ed-
ucation with some slight modifications. We leave the primitives of the
political economy intact except for the goal of the superintendent, who
is an appointed bureaucrat. Let the status-quo level of education on
public education be denoted by ESQ, the political-economic equilib-
rium level of spending on public schools when the superintendent is
elected by E∗PESE . Now, let’s suppose that the appointed superinten-
dent’s utility from successfully implementing E is given by

E − (E − E∗PESE)2.
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What is the political-economic equilibrium in this modified model?
How does this compare to the case where the bureaucrat is just max-
imizing the budget?

5. People living in a community are considering how much to spend in
public education. Their preferences for education expenditure (E) are
described by the following indirect utility function, which is the same
for all individuals in the community:

V (E) = 100E − E2.

(a) Suppose that the community chooses how much to spend in public
education by voting over all possible levels of E, but you do not
know which voting rule the community is using. What is the level
of expenditure that will be chosen?

(b) Suppose instead that the community chooses how much to spend
in public education by holding a referendum. Suppose also that
there is a School Board who has power over the agenda, and can
face the voters with a choice between an expenditure level of its
choice and the current (status-quo) level E0. Assuming that the
School Board’s objective is to maximize the amount of education
expenditures, characterize the level of expenditure that will be
chosen as a function of E0.

6. The 100 people living in a community are considering how much to
spend in public education. Individuals derive utility from a homoge-
neous private good X (the numeraire) and per-capita education ex-
penditure E. Their utility function is:

U(X,E) = lnX + lnE.

Each individual has income of 100 and education expenditures are
financed with a proportional income tax. Let t denote the tax rate.

(a) Suppose that the community chooses how much to spend in public
education by majority rule. What is the level of expenditure that
will be chosen?

(b) Suppose instead that the community chooses how much to spend
in public education by holding a referendum. Suppose also that
there is a School Board who has power over the agenda, and can
face the voters with a choice between an expenditure level of its
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choice and the current (status-quo) level E0 = 10. Assuming
that the School Board’s objective is to maximize the amount of
education expenditures, what is the level of expenditure that will
be chosen?

7. Answer whether each of the following statements is true or false.
Briefly explain each of your answers.

(a) If the superintendent behaves as a bureaucrat, it will call a ref-
erendum whenever the status quo level of expenditure in public
education is higher than the level most preferred by the residents
of its school district.

(b) If the superintendent behaves as an elected Downsian politician,
it will call a referendum whenever the status quo level of expen-
diture in public education is lower than the level most preferred
by the residents of its school district.

(c) Whenever referenda occur in school districts managed by ap-
pointed bureaucrats, we should observe a positive correlation be-
tween the alternative level of expenditure in public education
proposed by the superintendent and the status quo level.

(d) Whenever referenda occur in school districts managed by elected
politicians, we should observe a negative correlation between the
alternative level of expenditure in public education proposed by
the superintendent and the status quo level.

(e) If we ever observe a referendum where a superintendent proposes
to decrease the level of spending in public education, then we
can conclude that particular School Board does not behave as a
bureaucrat a la Niskanen.
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Higher education

1. Answer whether each of the following statements is true or false.
Briefly explain each of your answers.

(a) The creation of student loans for higher education represents a
Pareto improvement (with respect to a system where student
loans do not exist).

(b) The creation of private universities represents a Pareto improve-
ment (with respect to a system where all universities are public).

(c) A mixed higher education system with a private and a public
component is always efficient.

2. Each of the 100 individuals living in a community has a certain amount
of wealth, W , which she can either invest in education, E, or in a
physical capital good, K, yielding a return R = 2. Furthermore, she
is endowed with an ability level, A, that positively affects the return
of her investment in education AEβ, where β = 0.5. The individual
derives utility from her consumption, C, and the utility function is

U(C) = C.

People differ with respect to their wealth, W , as well as their ability,
A. 20 people have W = 5 and A = 4, 20 people have W = 10 and A
= 8, 40 people have W = 15 and A = 16, and 20 people have W = 25
and A = 20.

(a) If education is only provided through a private system, how much
education will each individual choose to invest in? Is the resulting
allocation efficient?
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(b) If education is only provided through a public system financed
by a proportional tax on wealth where the tax rate t is chosen
by majority voting, how much education will be provided? Is the
level of provision efficient? Is the level of provision constrained
efficient?

3. Answer whether each of the following statements is true or false.
Briefly explain each of your answers.

(a) If higher education is only provided through a private system,
where homogeneous individuals with respect to wealth and abil-
ity can choose different levels of education, then the resulting
allocation is always efficient.

(b) If higher education is only provided through a public system fi-
nanced by a proportional tax on wealth, where everybody receives
the same level of education and heterogeneous individuals with
respect to wealth and ability choose the tax rate by majority
voting, then the resulting level of education is always constrained
efficient, but is also always inefficient.

(c) A mixed higher education system, where all individuals receive
the same basic level of education through the public system and
each individual can then invest in additional education provided
through a private system, always represents a Pareto Improve-
ment over both a pure private and a pure public system.

4. Each of the 90 individuals living in a community has a certain amount
of wealth, W , which she can either invest in education, E, or in a
physical capital good, K, yielding return R = 3. Furthermore she is
endowed with an ability level, A, that positively affects the return of
her investment in education which is equal to A

√
E. The individual

derives utility from her consumption, C, and the utility function is
U (C) = C.

People differ with respect to their wealth and ability. 30 people have
A = 6 and W = 30 and another 30 people have A = 12 and W = 36.
The remaining 30 people have A = 18 and W = 54.

(a) If education is only provided through a private system, how much
education will each individual choose to invest in? (Show your
calculations.)

(b) Is the resulting allocation efficient? Briefly explain your answer.
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(c) If education is only provided through a public system financed
by a proportional tax on wealth where the tax rate t is chosen by
majority voting, how much education will be provided? (Show
your calculations.)

(d) Is the level of provision constrained efficient? Briefly explain your
answer.

(e) Suppose that the education system in the community is a pure
public system. A politician calls for a referendum to introduce a
private system on top of the public one. That is, he proposes a
transition from a pure public system to a mixed public/private
system. Will the referendum pass? Provide the intuition for the
result.

5. Each of the 100 individuals living in a community has a certain amount
of wealth, W , which she can either invest in education, E, or in a
physical capital good, K, yielding return R = 2. Furthermore she is
endowed with an ability level, A, that positively affects the return of
her investment in education which is equal to A

√
E. The individual

derives utility from her consumption, C, and the utility function is
U (C) = C.

People differ with respect to their wealth and ability. 30 people have
A1 = 10 and W1 = 20. The remaining 20 people have A2 = 5 and
W2 = 30.

(a) What would be the education level chosen by each individual
under the pure private system?

(b) What would be the education level chosen by each individual
under the pure public system? What is the implied tax rate?

(c) Now suppose that the education system in the community will
be decided with a majority vote. That is, every individual in the
community will either vote for the public education or private
education. Explain why Arrow’s impossibility theorem does not
apply and why we can use the Median Voter Theorem.

(d) Which education system will be victorious in education?

(e) Which education system is more efficient? And does the election
pick that system? Why or why not?

6. Consider a finite population of n individuals with Wi = W for all i =
1, . . . , n but different ability levels Ai. Show that the Condorcet winner
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of the voter problem with respect to the level of public education in
a mixed system, EPUBmix , is equal to the Condorcet winner of a pure
public higher education system.

7. Consider a pure private higher education system with the addition
of a loan market. In particular, assume that each individual i ∈
{1, 2, . . . , n} chooses to allocate their initial wealth, Wi, to either edu-
cation, Ei, or to the loan market which gives a return of R. As in the
standard model, education gives returns equal to AiE

β
i where β = 0.5

and the utility is linear in consumption, U(Ci) = Ci.

(a) Find the optimal amount of education for each individual.

Now assume that individuals whose education choice is constrained by
a low Wi can borrow money from the loan market to be invested in
education. Let bi denote the amount borrowed by individual i. The
amount to be repaid is then biR.

(b) What is the optimal amount b∗i each individual is willing to bor-
row?

Assume the loan market is managed in a centralized way by the govern-
ment, whose only objective is to collect money from those investing in
the loan market and lend money to borrowers, with its only constraint
being

L ≡
∑
i

li ≥
∑
i

bi ≡ B

where li is the amount invested in the loan market by individual i.

Suppose now the case where, in order to satisfy the loan market con-
straint, the government can give out individual loans for a maximum
amount of b = L/Nb, where Nb is the number of borrowers (i.e. finan-
cially constrained individuals). That is, bi ≤ b.

(c) Derive the social welfare improvement (from a utilitarian point
of view) of the introduction of such policy.

(d) If L ≥
∑

i b
∗
i ≡ B

∗
, what would be a better loan policy in terms

of social welfare?

Now assume that L < B
∗

and that the government decides to run a
policy which prioritizes some of the borrowers with respect to others.
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(e) Which borrowers should have priority in getting a loan in order
to maximize the welfare gain? Would a merit-based loan (i.e.
based only on Ai) be enough of a priority criterion?

Now assume that all borrowers have same wealth W and consider a
policy in which the government sets a loan eligibility cutoff A such
that only individuals with Ai ≥ A get a loan. The amount of each
loan is constant and equal to b̃.

(f) Explain in words when such a policy can bring about a social
welfare gain.
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Chapter 12

Redistribution

1. Answer whether each of the following statements is true or false.
Briefly explain each of your answers.

(a) A lump-sum transfer financed by proportional taxation of labor
income is an efficient redistribution policy.

(b) A lump-sum transfer financed by proportional taxation of fixed
endowments is an efficient redistribution policy.

(c) A transfer proportional to income financed by lump-sum taxation
is an efficient redistribution policy.

2. The 100 individuals living in a community derive utility from con-
sumption, C, and leisure, ` and are endowed with one unit of time
they can allocate between work and leisure. Their utility function is

U(C, `) = C + ln `

People differ with respect to their wage rate, W . Of the 100 towns-
people, 60 individuals have W = 1, and the remaining 40 individuals
have W = 4. If an individual works an amount of time L, her earned
income is equal to WL.

The community imposes a linear income tax: that is, a proportional
tax on earned income to finance lump-sum redistribution to all indi-
viduals. The tax rate, t, and the per-capita amount of redistribution,
S, are chosen by majority voting. The budget for the community has
to balance.

(a) Derive the individuals’ labor supply.
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(b) Characterize the community’s income distribution.

(c) Derive the indirect utility functions for the individuals in the
community and show they satisfy the “single-crossing” property.

(d) Characterize the community’s budget constraint.

(e) What is the tax rate that will be chosen?

3. The individuals living in a community derive utility from consumption,
C, and leisure, `. Their utility function is

U(C, `) =
(1− `)2

2

People differ with respect to how productive they are with their use
of time. An individual with productivity X has 1 + X (effective)
units of time she can allocate between work and leisure. The average
productivity of the population is X̄ = 0.5 and the median is XM = 0.2.
The wage rate is the same for everybody and is W = 1. Hence, if an
individual works an amount of time L, her earned income is equal to
WL = L.

The community imposes a linear income tax: that is, a proportional
tax on earned income to finance lump-sum redistribution to all indi-
viduals. The tax rate, t, and the per-capita amount of redistribution,
S, are chosen by majority voting. The budget for the community has
to balance.

(a) Derive the individuals’ labor supply.

(b) Calculate the mean and median of the community’s income dis-
tribution.

(c) Derive the indirect utility functions for the individuals in the
community and show they satisfy the “single-crossing” property.

(d) Characterize the community’s budget constraint.

(e) What is the tax rate that will be chosen?

4. The 150 individuals living in a community derive utility from con-
sumption, C, and leisure, `. Their utility function is

U(C, `) = C − α(1− `)2.

People differ with respect to their preferences for leisure, α. Specifi-
cally, 100 people have α = 1, 25 people have α = 2, and the remaining
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25 people have α = 3. Each individual is endowed with one unit of
time to allocate between work and leisure. The wage rate, W , is the
same for everybody and is equal to 1. Hence, if an individual works
an amount of time L, her leisure time is 1−L and her earned income
is equal to L.

The community imposes a linear income tax: that is, a proportional
tax on earned income to finance lump-sum redistribution to all indi-
viduals. The tax rate, t, and the per-capita amount of redistribution,
S, are chosen by majority voting. The budget for the community has
to balance.

(a) Derive the individuals’ labor supply.

(b) Calculate the mean and median of the community’s income dis-
tribution.

(c) Derive the indirect utility functions for the individuals in the
community and show they satisfy the single-crossing property.

(d) Characterize the community’s budget constraint.

(e) What are the values of t and S that will be chosen by majority
voting?

5. Consider the model of income redistribution where individuals differ
with respect to their potential wage rate and their utility function is
additively separable and linear in consumption.

(a) What is the marginal effect of an increase in the tax rate on
average income?

(b) What is the marginal effect of an increase in the level of subsidy
on average income?

(c) What is the equilibrium relationship between the tax rate and
the level of subsidy that characterizes the government’s budget
constraint?

(d) What is the effect of an extension of the franchise (that is, a
transition from a system where only rich people can vote to a
system with universal suffrage), on the amount of redistribution?

(e) Suppose we observe the redistribution policies of two countries, A
and B, and country A’s policy is characterized by a much higher
tax rate and subsidy level than the policy of country B. Provide
two possible explanations for this observation.
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6. Consider all possible income redistribution policies.

(a) Provide an example of an efficient redistribution policy and briefly
explain why it is efficient.

(b) Provide an example of an inefficient redistribution policy and
briefly explain why it is inefficient.

7. The 100 individuals living in a community derive utility from con-
sumption, C, and leisure, `. Their utility function is

U(C, `) = C + 2`− `2.

People differ with respect to how productive they are with their use
of time. An individual with productivity X has 1 + X (effective)
units of time she can allocate between work and leisure. Productivity
is distributed as follows: 10 people have X = 0.1, 20 people have
X = 0.2, 30 people have X = 0.3, 20 people have X = 0.8 and 20
people have X = 1.

The wage rate is the same for everybody and is equal to W = 2.
Hence, if an individual works an amount of time L, her earned income
is equal to WL = 2L

The community imposes a linear income tax: that is, a proportional
tax on earned income to finance lump-sum redistribution to all indi-
viduals. The tax rate, t, and the per-capita amount of redistribution,
S, are chosen by majority voting. The budget for the community has
to balance.

(a) Derive the individuals’ labor supply.

(b) Calculate the mean and median of the community’s income dis-
tribution.

(c) Derive the indirect utility functions for the individuals in the
community and show they satisfy the single-crossing property.

(d) Characterize the community’s budget constraint.

(e) What are the values of t and S that will be chosen by majority
voting?
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Health care

1. Answer whether each of these statements is true or false. Briefly ex-
plain your answer

(a) If a private insurance company can perfectly distinguish between
people in different groups and pool their risks, then the optimal
fee is the same as the optimal savings amount in the absence of
the company.

(b) In the model described in section 13.1.1, the middle class would
prefer the rich class policy.

(c) If insurance companies cannot distinguish people of different types,
the private market is inefficient.

(d) Implementing universal health care coverage is the Constrained
Pareto Optimal outcome of a Social Planner.

2. Suppose that the individuals making decision in the first period, dis-
count the value of their consumption in period 2 by a factor β ∈ (0, 1).
Thus, the preferences of the individual i can be represented by

U i(ci1, c
i
2) = (1− exp(−2c1i )) + β(1− exp(−2c2i )).

Again, let’s denote individual i’s wage by wi and her probability of
getting sick and being unable to work by ρi.

(a) Derive an expression for individual i’s optimal saving, si, in pe-
riod one.

(b) Let w = 1, β = 0.9, ρ = 0.1 what is the optimal level of savings?
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3. Consider a competitive private health insurance sector. The insurance
company is risk neutral and collects premiums to cover expected claims
and policy maintenance costs. The fixed maintenance cost is known
and denoted by c > 0. There is a population of 100 individuals, where
the top 10 percent earn wage wrich = 10 and have a probability of
getting sick ρrich = 1/5. The bottom 10 percent of the population’s
wage is wpoor = 1 and face ρpoor = 1/2. the rest of the population earn
wmiddle = 4 and have ρmiddle = 2/5.

(a) Assuming that each group’s policy needs to be financially self-
sufficient and that the insurer can distinguish among different
groups, what is the optimal fee for each group?

(b) Assume that the insurer cannot distinguish among the different
groups. Find the optimal fees for each policy such that each
policy only attracts its intended target group.

4. Now suppose the same setup as in the previous problem. Assume that
the insurer is able to distinguish among different groups but is not
restricted by self-sufficiency of each group’s policy. Can there be any
Pareto improvement over the outcomes under self-sufficiency?

5. In 2010, President Obama signed into law a major reform of the US
health care system called the Affordable Care Act (ACA). Under ACA,
insurers can only consider one of the following 4 personal factors in
their premium setting: age, geographical location, tobacco use, and
family structure. This means that the insurers cannot use factors such
as income, pre-existing health conditions, or chronic illnesses to set the
plans’ premiums. Discuss how this provision of ACA may affect the
efficiency of the health care market? Suppose that, as in the model in
this chapter, there is a correlation between income and health risk of
individuals.

6. In the public health care system described in section 13.1.2, explain
why the tax rate in the political-economic equilibrium is τ∗PE = 0.25
while the constrained Pareto optimal rate is τ∗CPO = 0?

7. Consider the electoral competition and health care model in section
13.2, but suppose that candidate B maximizes the welfare function
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given by the weighted sum below.

100∑
i=1

λi [log(wi(1− τ)) + ρi log(b) + (1− ρi) log(wi)]

s.t. b = 10τ

where

λi =


1/10 if poor

2/10 if middle

1/10 if rich

(a) Find the policy that would be enacted by B if elected and compute
the utility of the members of each group under this policy.

(b) For which candidate will the middle class vote? Who wins the
election?
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Chapter 14

Mobility

1. In the context of the local public goods model, show that the political-
economic equilibrium is a locally efficient outcome for both communi-
ties.

2. Answer whether each of these statements is true or false. Briefly ex-
plain your answer

(a) In a political-economic equilibrium of the local public goods model,
an individual living in community j may prefer the public good
allocation of the other community, GPEk (with k 6= j), given the
same level of consumption cPEj .

(b) In the local redistribution model, richer individuals will need a
higher increase in Sj compared to the poor in order to keep the
same level of indirect utility after a given increase in taxes.

(c) In a two-community redistribution equilibrium, each community-
specific median voter maximizes her indirect utility with respect
to both tax rates τ1 and τ2.

3. Consider the local public goods model in section 14.1, but assume now
that αi is uniformly distributed over [0, 2] and that individuals’ utility
is given by

U i(ci, Gj) = ln ci +
α

3
lnGj .

(a) Find the individual’s optimal level of public good G∗i and the
level of provision of local public good in community j, G∗j .

(b) Characterize the sorting equilibrium. (Hint: base your analysis
on the αi ∼ U [0, 1] case.)
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(c) Find the political-economic equilibrium.

4. Consider the local redistribution model with two communities of sec-
tion 14.2, but suppose now that each individual’s utility is given by

U(c, h) = ln (c) + λh

The rest of the model is unchanged.

(a) Find the demand for housing as a function of taxes, subsidies,
and income.

(b) Determine whether preferences satisfy the single-crossing prop-
erty. Can we apply one of the MVTs?

(c) Characterize the redistribution equilibrium

5. Consider the federalism model with two local communities, j = 1, 2,
with production technologies given by

Fj(nj) =
nj
64

1
1+j

,

where nj denotes the number of workers in the community j. The
total number of poor people in both communities, adds up to 1000.
Given the assumption of competitive labor markets and free mobility
between the two communities, what is the rent of the rich landowners
and the wage of the poor workers in each community? Also, compare
the two communities in terms of their production technology.

Calculate the labor demand in each community under the following
restrictions on the redistribution policies.

(a) S1 = S2 = 0

(b) S1 = S2

6. Explain why the local levels of transfers with S1 6= S2 are not efficient
in the federalism model.

7. In the context of the federalism model, consider two communities with
similar access to the production technologies described in this chapter.
Show that in the presence of a central government that can establish
a system of matching grants (T1, T2, z1, z2), the equilibrium level of
the local transfers (S1, S2) satisfies S1 = S2. Also, discuss how the
redistribution policy of the central government affect the efficiency of
the equilibrium outcome.
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Answer key

Answer key: Chapter 2

1. (a) Efficiency requires the following conditions to be satisfied:

xA2 = 10 + xA1

xB1 = 10 + xB2

xA1 + xB1 + xA2 + xB2 = 40

Hence, all allocations (xA1 + xB1 + xA2 + xB2 ) that satisfy these
conditions are efficient. Equity requires the following conditions
to be satisfied

xA2 = xB1

xA2 = 10 + xA1

xB1 = 10 + xB2

xA1 + xB1 + xA2 + xB2 = 40

Hence, the only allocation that satisfies the equity conditions is

xA2 = 15, xB1 = 15, xA1 = 5, xB2 = 5

(b) The allocations that satisfy the efficiency conditions are the same
as above. For the equity conditions, we add another equation
which is

0.6xA2 = 0.4xB1 .
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We get this condition in the following way. First, as in the general
setup, the allocations that satisfy equity conditions should satisfy

WUAU
A
xA1

= WUBU
B
xB1
.

In this question,

WUAU
A
xA1

= 0.4UA
xA1

= 0.4(40− 2xA1 )

WUBU
B
xB1

= 0.6UB
xB1

= 0.6(60− 2xB1 ).

Therefore, WUAU
A
xA1

= WUBU
B
xB1

yields

0.6(30− xB1 ) = 0.4(20− xA1 ). (15.1)

Next, we can rearrange the terms in the efficiency conditions and
get 30− xB1 = xA2 and 20− xA1 = xB1 in the following way. Recall
that we had the following three conditions for efficiency

xA2 = 10 + xA1

xB1 = 10 + xB2

xA1 + xB1 + xA2 + xB2 = 40

Plugging the first and the second equation into the third equation,
we get xA2 + xB1 = 30. Therefore,

30− xB1 = xA2 (15.2)

20− xA1 = 20− (xA2 − 10) = 30− xA2 = xB1 (15.3)

Finally, by plugging (15.2) and (15.3) into (15.1), we get

0.6xA2 = 0.4xB1

In summary, equity requires the following four conditions to be
satisfied

0.6xA2 = 0.4xB1

xA2 = 10 + xA1

xB1 = 10 + xB2

xA1 + xB1 + xA2 + xB2 = 40.
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Hence, the only allocation that satisfies the equity conditions is

xA2 = 12, xB1 = 18, xA1 = 2, xB2 = 8

Alternatively, we can obtain the same solution by solving the
Social Planner’s problem is

max 0.4[40xA1 +60xA2 −(xA1 )2−(xA2 )2]+0.6[60xB1 +40xB2 −(xB1 )2−(xB2 )2]

subject to xA1 + xB1 + xA2 + xB2 = 40,

which can be rewritten as

maxL =0.4[40xA1 + 60xA2 − (xA1 )2

− (xA2 )2] + 0.6[60xB1 + 40xB2 − (xB1 )2 − (xB2 )2]

+ λ[40− xA1 − xB1 − xA2 − xB2 ]

which yields the following first-order conditions.

0.4(40− 2xA1 )− λ = 0 [xA1 ]

0.4(60− 2xA2 )− λ = 0 [xA2 ]

0.6(60− 2xB1 )− λ = 0 [xB1 ]

0.6(40− 2xB2 )− λ = 0 [xB2 ]

xA1 + xB1 + xA2 + xB2 − 40 = 0 [λ]

From the first and the second equation, we get

xA2 = xA1 + 10,

which was the first condition we got for efficiency. From the third
and the fourth equation, we get

xB1 = xB2 + 10,

which was the second condition for efficiency. And, the last equa-
tion is the resource constraint.Now, from the first and the third
condition, we get

xB1 =
50 + 2xA1

3

By solving the four equations, we get exactly the same allocation

xA2 = 12, xB1 = 18, xA1 = 2, xB2 = 8
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2. (a) Efficiency requires the following conditions to be satisfied:

xA1 = xA2 + 1,

xB1 = xB2 + 1, and

xA1 + xB1 + xA2 + xB2 = 30.

Hence, all allocations (xA1 + xB1 + xA2 + xB2 ) that satisfy these
conditions are efficient. Equity requires the following conditions
to be satisfied:

xA1 = xB1 ,

xA1 = xA2 + 1,

xB1 = xB2 + 1, and

xA1 + xB1 + xA2 + xB2 = 40.

Hence, the only allocation that satisfies the equity conditions is

xA2 = 7, xB1 = 8, xA1 = 8, xB2 = 7.

(b) The allocations that satisfy the efficiency conditions are the same
as above. Equity requires the following conditions to be satisfied:

0.25xA1 = 0.75xB1 ,

xA1 = xA2 + 1,

xB1 = xB2 + 1, and

xA1 + xB1 + xA2 + xB2 = 30.

Hence, the only allocation that satisfies the equity conditions is

xA2 = 11, xB1 = 4, xA1 = 12, xB2 = 3.

3. (a) Yes, it violates the condition that all markets are complete.

(b) Since agents cannot trade good x2, there will not be any exchange
of good x1 either, because neither agent is willing to give away
their units of good x1. Therefore, the only equilibrium allocation
is that each agent consumes their endowment:

(x∗A1 , x∗A2 , x∗B1 , x∗B2 ) = (x̄A1 , x̄
A
2 , x̄

B
1 , x̄

B
2 ) = (1, 2, 2, 1).
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(c) The equilibrium allocation is not Pareto optimal. It does not
equalize the agent’s marginal rates of substitution.

(d) Efficiency requires

MRSAx1x2 =
xA2
xA1

=
xB2
xB1

= MRSBx1x2 .

Plugging in the conditions

x̄A1 + x̄B1 = 3

x̄A2 + x̄B2 = 3,

we get
x̄A1 = x̄A2 , x̄B1 = x̄B2 .

Hence, if the initial endowment (x̄A1 , x̄
A
2 , x̄

B
1 , x̄

B
2 ) satisfies x̄A1 = x̄A2

and x̄B1 = x̄B2 , it is efficient.

(e) Let us denote the relative price of good x2 by p̄, i.e., p̄ = p2
p1

. By
solving the agent A’s utility-maximization problem

maxxA1 ,xA2
1

2
lnxA1 +

1

2
lnxA2

s.t. xA1 + p̄xA2 = x̄A1 + p̄x̄A2 = 1 + 2p̄,

we get

x∗A1 =
1 + 2p̄

2
, x∗A2 =

1 + 2p̄

2p̄

Similarly, we can also get

x∗B1 =
2 + p̄

2
, x∗B2 =

2 + p̄

2p̄

Using the market clearing condition for good x1, we get

1 + 2p̄

2
+

2 + p̄

2
= 3 ⇒ p̄ = 1

Hence, we get the equilibrium allocation for the economy

x∗A1 = x∗A2 = x∗B1 = x∗B2 =
3

2
.

And, any pair of the prices (p1, p2) that satisfy p1 = p2 is an
equilibrium price.
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4. (a) There are two Nash equilibria. In one equilibrium, player A plays
L and player B plays Y . In the other equilibrium, player A plays
R and player B playsN . Both Nash equilibria are Pareto optimal.

(b) In the subgame perfect equilibrium of the game player A plays L
and player B plays Y . The equilibrium is Pareto optimal.

(c) In the subgame perfect equilibrium of the game player B plays
N and player A plays R. The equilibrium is Pareto optimal.

5. (a) The strategy pair (a∗, b∗) is a Nash equilibrium if player A solves
the maximization problem

max
a

[100− 2(a+ b∗)]a

and player B solves the following maximization problem:

max
b

[100− 2(a∗ + b)]b.

Hence, (a∗, b∗) must satisfy:

a∗ = 25− 1

2
b∗

b∗ = 25− 1

2
a∗

Solving this pair of equations we obtain that the Nash Equilib-
rium of the game is

a∗ = b∗ =
50

3
.

(b) When player B moves second, he faces the following problem,
given the action a previously chosen by player A:

max
b

[100− 2(a+ b)]b.

Hence, player B’s reaction (or best response) function to player
A’s action is

b∗(a) = 25− 1

2
a.

When player A moves, she anticipates player B’s reaction to each
action a she may take. Hence, player A’s problem is:

max
a

[100− 2(a+ b∗(a))]a
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or

max
a

[
100− 2

(
a+

(
25− 1

2
a

))]
a.

Hence, player A’s optimal action is

a∗ = 25

and player B’s optimal reaction is

b∗ = 12.5

which characterizes the subgame perfect equilibrium of the game.

6. (a) Player A has a strictly dominated strategy which is B. To see
that, let us compare A’s action T and action B. When player B
chooses action L, the action T yields payoff 4 and action B yields
payoff 1 for player A. When player B chooses action C, action
T yields the payoff 1 and action B yields 0 for player A. When
player B chooses action R, the action T yields 5 and the action
B yields 3. That is, regardless of player B’s action, the action
T yields a strictly higher payoff than the action B for player A.
Therefore, strategy B is strictly dominated by strategy T .

(b) Player A does not have any strictly dominant strategies. Since
player A’s strategy B is a strictly dominated strategy, we only
need to compare strategy T and M . When player B chooses the
strategy L, strategy M yields a higher payoff than strategy T for
player A. When player B chooses the strategy C, T yields higher
payoff than the strategy M . Therefore, player does not have any
strictly dominant strategies.

(c) There does not exist any value of x such that player B has
a strictly dominant strategy. First, let us compare player B’s
strategies L and R. L yields a higher payoff than R for player B
when A chooses T , and R yields a higher payoff than L when A
chooses B. Moreover, the strategy C yields a lower payoff than
L and R when A chooses T or M . Therefore, player B does
not have any strategies that yield strictly higher payoffs than the
other actions for all the strategies of player A.

(d) Yes. If x < 3, the strategy C yields strictly lower payoff than
the strategy L, regardless of the strategy chosen by player A.
Therefore, when x < 3, player B has a strictly dominated strategy
C.
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(e) There is no value of x such that the game has a pure-strategy
Nash Equilibrium. To check it, we proceed as follows. First, we
fix the strategy of player B and get the best response of player
A. Once we get the best response of A, then we check whether
the strategy of B we fixed is a best response to A’s strategy.

First, suppose that player B plays L. Then, A’s best response is
M . Given A’s choice of M , player B’s strategy L is not a best
response, since he can be better-off by deviating to R. Hence,
there is no equilibrium where player B chooses action L. Second,
suppose that player B plays C. Then, A’s best response is T , and
given A’s choice of T , player B will be better-off by deviating to
L. Hence, there is no equilibrium where player B’s action is C.
Lastly, suppose that player B plays R. Then, A’s best response
is T . And, given A’s choice of T , player B will be better-off by
deviating to L. Hence, regardless of the value of x, there is no
(pure-strategy) equilibrium in the game.

Also note that the fact that there is no (pure-strategy) equilib-
rium regardless of the value of x can be shown in a more com-
pact way, if we use the method of Iterated Deletion of Strictly
Dominated Strategies and the fact that B is a strictly dominated
strategy for the player A, as follows.

Since B is a strictly dominated strategy for player A player A
will never use that strategy in the equilibrium. Hence, we erase
B, and the game is reduced to the following form.

A\B L C R

T 4,2 1,-1 5,0

M 6,2 0,0 2,3

Now, in the reduced game, C is a strictly dominated strategy
for player B. Hence, we delete C for player B and the game is
reduced as follows.

A\B L R

T 4,2 5,0

M 6,2 2,3

Now, when B plays L , A’s best response is M , which will give
player B an incentive to deviate to R. When B plays R, A’s best
response is T , which will give player B an incentive to deviate to
L. Hence, we can see that there is no equilibrium regardless of
the value of x.
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(f) The pair (B,C) is Pareto optimal if and only if x > 3. If x ≤ 3, we
can see from the table that there are other pairs such as (B,L)
and (M,R) that Pareto dominate (B,C). On the other hand,
since the maximum payoff for player B from other pairs is 3,
(B,C) will not be Pareto dominated by any other pairs if x > 3.

7. (a) There are two pairs of strategies that yield outcomes that are not
Pareto optimal. One is (T,L) which yields the payoff (0,3), and
the other one is (B,R) which yields the payoff (3,5).

(b) Neither outcome is a Nash equilibrium.

Answer key: Chapter 3

1. (a) There exists a Condorcet winner, and it is Joe. To check the
existence of a Condorcet winner and a Condorcet loser, we do
the following pairwise comparison.

• If we compare Joe with Pat, then Joe gets 18 votes while Pat
gets 12 votes. Hence, Joe wins.

• If we compare Joe with Ray, then Joe gets 17 votes while
Ray gets 13 votes. Hence, Joe wins.

• If we compare Pat with Ray, then Pat gets 22 votes while
Ray gets 8 votes. Hence. Pat wins.

(b) From the above comparison, we see that there also exists a Con-
dorcet loser, and it is Ray.

(c) Joe receives 65 points, Pat 64 points and Ray 51 points. So, Joe
is elected president. He is the Condorcet winner.

(d) Now, Pat gets 64 points, and both Joe and Ray get 58 points.
Pat is elected president.

(e) The Borda Count Voting rule does not satisfy the Independence
of Irrelevant Alternatives(IIA). The only change in the prefer-
ences was in the rank between Joe and Ray for group B, which
changed the winner of the election from Joe to Pat. Since the
rank between Joe and Pat was changed by the rank of Ray, who
was an irrelevant alternative, this voting rule does not satisfy IIA.

2. (a) See Figure 15.1.

(b) Project C is a Condorcet winner. Note that project C is a Con-
dorcet winner despite the fact that some individuals have prefer-
ences that are not single-peaked.
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Figure 15.1: Graphs of individual preferences.
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3. (a) In the first round, the liberal candidate receives 37 votes, the
moderate candidate 30 votes and the conservative candidate 33
votes. Since no candidate wins a majority, the two candidates
with the most votes, that is the liberal and the conservative,
move to the runoff round where the liberal candidate receives 67
votes and wins the election.

And, the liberal candidate is not a Condorcet winner. If we do
pairwise comparison of the liberal and the moderate, then the
liberal gets 37 votes and the moderate gets 63 votes. Thus, the
liberal is defeated by the moderate in the pairwise comparison.

(b) The moderate wins the election.

(c) The plurality rule with runoff does not satisfy the condition of
IIA. The rank between the conservative and the moderate and the
rank between the liberal and the moderate were both changed by
an irrelevant alternative, the libertarian.

4. (a) 20.

(b) 10.

(c) 40.

(d) 10.

5. (a) C1 gets 35 % of the votes, L1 gets 30%, L2 gets 25%, and C2
gets the remaining 10% of the votes. Therefore, C1 wins the
election. Clearly, C1 is not a Condorcet winner. If we do pairwise
comparison of C1 and L1, then C1 gets 45% of the votes, and L1
gets 55% of the votes.

(b) After the withdrawal of L2, L1 wins the election. L1 is a Con-
dorcet winner. To verify it, we do the following pairwise compar-
ison.

• If we compare L1 and L2, L1 gets 75% of the votes and L2
gets the rest. Hence, L1 wins.

• If we compare L1 and C1, L1 gets 55% of the votes and C1
gets the rest. Hence, L1 wins.

• If we compare L1 and C2, L1 gets 55% of the votes and C2
gets the rest. Hence, L1 wins.

(c) In the point of view of L2, the electoral outcome (L1) when she
withdraws is preferable to the electoral outcome (C1) when she
participates in the race. Therefore, the candidate L2 may want
to withdraw from the race.
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(d) The plurality rule also violates the IIA condition, since the rank
between C1 and L1 is changed by the existence of L2 in the set
of alternatives.

6. (a) First note that any decision that is made by the first town will
be accepted in the second stage. Since C is a Condorcet winner
there, it also is a Condorcet winner of the entire election.

(b) By the same logic as above, it is A.

(c) The important thing is that the first town has 2 electoral votes
which is more than the other town’s 1. Hence, it suffices to look
at the choice of the first town. And we can easily see that they
are choosing C.

(d) A is the Condorcet winner and B is the loser.

(e) A wins the election.

7. (a) A is the Condorcet winner.

(b) C is the Condorcet loser.

(c) A is the selected alternative.

(d) A is the Condorcet winner and C is the loser.

(e) A wins the election.

Answer key: Chapter 4

1. (a) False. The United States have a voting population much larger
than Luxembourg, which implies that the probability of being
pivotal is much lower in the USA. Hence, turnout should be higher
in Luxembourg.

(b) False. By definition group rule-utilitarians follow an equilibrium
strategy that, if followed by all the group members, maximizes
the aggregate utility of the group.

(c) True. This is based on the example where µ is distributed accord-
ing to the density function 2µ. In fact, minorities are actually ex-
pected to have a higher probability of voting than non-minories.

(d) False. Newspaper readers are generally more informed, and there-
fore less prone to make voting mistakes. The uncertain voter
model implies that individuals with a lower probability of mak-
ing mistakes when voting are more likely to turn out.
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(e) False. The uncertain voter model can explain why some individ-
ual abstain for some elections even though they are already at
the voting station, but the reason is not related to the physical
cost of voting. It is instead related by the adversity of individuals
in making voting mistakes.

2. (a) There is no equilibrium in this game. To see that, define the
dummy variable Vi taking value 1 if voter i votes and 0 other-
wise, the vector V = (V1, V2, V3), voter i’s utility Ui under the
current strategy profile V , and voter i’s utility when she unilat-
erally deviates from strategy profile V , U ′i . Let’s now analyze
each possible strategy profile:

i. V1 = V2 = V3 = 1 =⇒ U1 = 0.8, U2 = 0.8, U3 = −1.8.
All of them have an incentive to unilaterally deviate since
U ′1 = 1, U ′2 = 1, U ′3 = −1.

ii. V1 = 1, V2 = 1, V3 = 0 =⇒ U1 = 0.8, U2 = 0.8, U3 = −1.
Both voters 1 and 2 have an incentive to unilaterally deviate
since U ′1 = 1, U ′2 = 1.

iii. V1 = 1, V2 = 0, V3 = 0 =⇒ U1 = 0.8, U2 = 1, U3 = −1. Voter
3 has an incentive to unilaterally deviate since U ′3 = −0.8
(by deviating the expected benefit is 0 since it will be a tie).

iv. V1 = V2 = V3 = 0 =⇒ U1 = 0, U2 = 0, U3 = 0. All of them
have an incentive to unilaterally deviate since U ′1 = 0.8, U ′2 =
0.8, U ′3 = 0.2.

v. V1 = 0, V2 = 1, V3 = 0 =⇒ U1 = 1, U2 = 0.8, U3 = −1. Voter
3 has an incentive to unilaterally deviate since U ′3 = −0.8.

vi. V1 = 0, V2 = 1, V3 = 1 =⇒ U1 = 0, U2 = −0.2, U3 = −0.8.
Voter 1 has an incentive to unilaterally deviate since U ′1 =
0.8.

vii. V1 = 1, V2 = 0, V3 = 1 =⇒ U1 = −0.2, U2 = 0, U3 = −0.8.
Voter 2 has an incentive to unilaterally deviate since U ′2 =
0.8.

viii. V1 = 0, V2 = 0, V3 = 1 =⇒ U1 = −1, U2 = −1, U3 = 0.2.
Voters 2 and 3 have an incentive to unilaterally deviate since
U ′1 = −0.2, U ′2 = −0.2.

(b) With the utility levels being 0.5 if the preferred alternative wins
and −0.5 if the other one does, we have two equilibria: one where
only voter 1 votes and one where only voter 2 does. To see that
we can simply consider all the strategy profiles as in part (a)
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above and notice that for profiles V = (1, 0, 0) and V = (0, 1, 0)
voter 3 has no incentive to deviate since the cost of voting is too
high compared to the utility loss from alternative a winning.

(c) In order to determine whether this strategy profile is a BNE we
first need to determine the probability of being a pivotal voter.
Given the strategy profile, we know that the probability of an-
other player i voting is

p ≡ Pr(Vi = 1) = Pr(Ci = 0.2) = 0.5

where Vi is a dummy variable taking value 1 if i votes and 0
otherwise.

We can now construct the probability distribution of σ, which
denotes the number of voters other than i that vote:

Pr(σ = 0) = (1− p)(1− p) = 0.25

Pr(σ = 1) = 2(1− p)p = 0.5

Pr(σ = 2) = p2 = 0.25

The probability of being pivotal conditional on σ and preferred
alternative j ∈ {a, b}, denoted π(σ, j), is instead

• For j = a

π(0, a) = 1, π(1, a) = 0, π(2, a) = 0

• For j = b

π(0, b) = 1, π(1, b) = 1, π(2, b) = 0

Since the change in utility given by voting when being pivotal
is equal to 1, we get the following expected benefit from voting
given the preferred alternative j and that the other voters play
according to the strategy profile

EBi(a) = π(0, a) Pr(σ = 0) = 0.25

EBi(b) = π(0, b) Pr(σ = 0) + π(1, b) Pr(σ = 1) = 0.75.

As we can see, EBi(a) > 0.2 and EBi(b) < 0.8. That is, vot-
ers preferring a will vote (since the expected benefit of voting
is higher than the cost) while those preferring b will not (since
the cost of voting is higher than its expected benefit), which is
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exactly the profile strategy we are considering. As a result, this
is an equilibrium.

Now we can compute the expected turnout as

E(turnout) = 1 ∗ p3 + (2/3) ∗ 3 ∗ p2(1− p) + (1/3) ∗ 3 ∗ p(1− p)2

= 0.125 + 2 ∗ 0.125 + 0.125

= 0.5.

(d) Let’s go over the same steps as in (c) but with n = 5.

As above, given the strategy profile the probability of player i
voting is

p ≡ Pr(Vi = 1) = Pr(Ci = 0.2) = 0.5.

The probability distribution of σ is instead:

Pr(σ = 0) = (1− p)4 = 0.0625

Pr(σ = 1) = 4(1− p)3p = 0.25

Pr(σ = 2) = 6(1− p)2p2 = 0.375

Pr(σ = 3) = 4(1− p)p3 = 0.25

Pr(σ = 4) = p4 = 0.0625

The probability of being pivotal conditional on σ and preferred
alternative j ∈ {a, b} is exactly as before.

• For j = a

π(0, a) = 1, π(1, a) = 0, π(2, a) = 0

π(3, a) = 0, π(4, a) = 0

• For j = b

π(0, b) = 1 π(1, b) = 1 π(2, b) = 0

π(3, a) = 0 π(4, a) = 0

The expected benefit from voting is then

EBi(a) = π(0, a) Pr(σ = 0) = 0.0625

EBi(b) = π(0, b) Pr(σ = 0) + π(1, b) Pr(σ = 1) = 0.3125

which implies EBi(a) < 0.2 and EBi(b) < 0.8. As a result,
voters supporting a have the incentive to deviate and this strategy
profile is not an equilibrium.
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3. (a) Individuals vote only if Cei < Cj and abstain otherwise. There-
fore, they will bear the voting cost if and only if Cei < Cj . We
have then

E[Ci] =

∫ 1

0
1{C < Cj}CdC

=

∫ Cj

0
CdC

=
C2

2

∣∣∣∣∣
Cj

0

=
C2
j

2
− 0

2
=
C2
j

2

where 1{A} is the indicator function taking value 1 if the state-
ment A is true and 0 otherwise.

(b) Given that alternative a is implemented if

µ >
Cb

Ca + Cb
≡ µ

while alternative b is implemented otherwise, we can write the
aggregate expected utility of group a as follows

πa(Ca, Cb) =

∫ 1

0
µ [1{µ ≤ µ} (−1− E[Ci]) + 1{µ > µ} (1− E[Ci])] dµ

=

∫ µ

0
µ

[
−1− C2

a

2

]
dµ+

∫ 1

µ
µ

[
1− C2

a

2

]
dµ

=

∫ 1

µ
µdµ−

∫ µ

0
µdµ− C2

a

2

∫ 1

0
µdµ

=
µ2

2

∣∣∣∣∣
1

µ

− µ2

2

∣∣∣∣∣
µ

0

− C2
a

2

µ

2

∣∣∣∣∣
1

0

=
1

2
− µ2

2
− µ2

2
+

0

2
− C2

a

2

(
1

2
− 0

2

)
=

1

2
− µ2 − C2

a

4

=
1

2
−
(

Cb
Ca + Cb

)2

− C2
a

4
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Likewise, the aggregate expected utility of group b is given by

πb(Ca, Cb) =

∫ 1

0
(1− µ) [1{µ > µ} (−1− E[Ci]) + 1{µ ≤ µ} (1− E[Ci])] dµ

=

∫ µ

0
(1− µ)

[
1−

C2
b

2

]
dµ+

∫ 1

µ
(1− µ)

[
−1−

C2
b

2

]
dµ

=

∫ µ

0
(1− µ)dµ−

∫ 1

µ
(1− µ)dµ−

C2
b

2

∫ 1

0
µdµ

= µ

∣∣∣∣∣
µ

0

− µ2

2

∣∣∣∣∣
µ

0

− µ

∣∣∣∣∣
1

µ

+
µ2

2

∣∣∣∣∣
1

µ

−
C2
b

2

µ

2

∣∣∣∣∣
1

0

= µ− 0− µ2

2
+ 0− 1 + µ+

1

2
− µ2

2
−
C2
b

2

(
1

2
− 0

2

)
= 2µ− 1

2
− µ2 −

C2
b

4

= 2

(
Cb

Ca + Cb

)
− 1

2
−
(

Cb
Ca + Cb

)2

−
C2
b

4

(c) To find the equilibrium strategy profile we first need to find the
best response functions C∗a(Cb) and C∗b (Ca), then put them in a
system of equations and finally solve for C∗a and C∗b .

The best response function for group j is given by the F.O.C. of
the aggregate expected utility with respect to Cj , taking as given
the cutoff cost value of the other group.

∂πa(Ca, Cb)

∂Ca
= 2

C2
b

(Ca + Cb)3
− Ca

2
= 0

∂πb(Ca, Cb)

∂Cb
= 2

Ca
(Ca + Cb)2

− 2
CaCb

(Ca + Cb)3
− Cb

2
= 0

Finally, solving this system of equations we get

C∗a = C∗b =

√
2

2

.

4. (a) The probability is zero. This is because set of voters is a con-
tinuum which implies that a single voter has zero measure. As a
result, her vote alone cannot influence the outcome and therefore
can never be pivotal.
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(b) i. With the assumption of group rule-utilitarians voters, we
have that each group j ∈ {a, b} will choose a cost cutoff
Cj such that only individuals with C < Cj vote. Given the
assumption of uniformly distributed voting cost over [0, 1],
Cj also represents the fraction of group j members that turn
out to vote. As a result, the condition for alternative a to be
implemented can be expressed as

µCa > (1− µ)Cb =⇒ µ >
Cb

Ca + Cb

ii. Denoting by 1{} the indicator function (taking value 1 if
the statement in brackets is true and 0 otherwise) and by
D ≡ Cb/(Ca +Cb), the aggregate payoff function for group a
is computed as follows

πa(Ca, Cb) =∫ 1

0

[
1{µ > D}µ

(
1− C2

a

2

)
− 1{µ ≤ D}µ

(
1 +

C2
a

2

)]
3µ2dµ

which becomes

πa(Ca, Cb) =

∫ 1

D
3µ3dµ−

∫ D

0
3µ3dµ− C2

a

2

∫ 1

0
3µ3dµ

=
3

4
− 3D4

4
− 3D4

4
− 3C2

a

8

=
3

4
− 3

2

(
Cb

Ca + Cb

)4

− 3C2
a

8

For group b we have instead

πb(Ca, Cb) =∫ 1

0

[
1{µ ≤ D}(1− µ)

(
1−

C2
b

2

)
− 1{µ > D}(1− µ)

(
1 +

C2
b

2

)]
3µ2dµ
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which becomes

πb(Ca, Cb) =

∫ D

0
3(µ2 − µ3)dµ−

∫ 1

D
3(µ2 − µ3)dµ

−
C2
b

2

∫ 1

0
3(µ2 − µ3)dµ

= D3 − 3D4

4
− 1 +D3 +

3

4
− 3D4

4
−
C2
b

2

(
1− 3

4

)
= 2

(
Cb

Ca + Cb

)3

− 1

4
− 3

2

(
Cb

Ca + Cb

)4

−
3C2

b

8

iii. The equation that characterize the best response function for
group a given Cb is given by F.O.C.

∂πa(Ca, Cb)

∂Ca
= 6

(
Cb

Ca + Cb

)3

− 3

4
Ca = 0

which can be rearranged as(
3
√
Ca

)4
+ Cb

3
√
Ca − 2Cb = 0

As for group b we have instead

∂πb(Ca, Cb)

∂Cb
= −6

(
Cb

Ca + Cb

)2

+ 6

(
Cb

Ca + Cb

)3

− 3

4
Cb = 0

which can be rearranged as(
Cb

Ca + Cb

)3

−
(

Cb
Ca + Cb

)2

− Cb
8

= 0

iv. The Nash equilibrium will be given by those voting cost cut-
offs C∗a and C∗b that solve the system of equations composed
by the two best response functions above.

5. Given the joint probability distribution of the two alternatives we get

Ci(b)− Ci(a) = −xi
9

2
.

The optimal voting decision in the second stage of the game is to vote
for a if xi < 0 and vote for b if xi > 0 . Now given the optimal voting
rule if one were to vote,



84 Answer key: Chapter 4

• If (xa, xb) = (−2, 2) or (xa, xb) = (−1, 1) no individual would
make a mistake.

• If (xa, xb) = (−2, 1), those with xi ∈ (−1
2 , 0) would vote for a but

should vote for b. The cost is 3 + 6xi.

• If (xa, xb) = (−1, 2), those with xi ∈ (0, 12) would vote for b but
should vote for a. The cost is 3− 6xi.

• If (xa, xb) = (−2, 1) no one would make a mistake.

Thus, the expected voting cost for an individual with preferred policy
xi is

Cei (xi) =


0 if xi ∈ [−2,−1

2 ] ∪ [12 , 2]
3
4 + 3

2xi if xi ∈ (−1
2 , 0)

3
4 −

3
2xi if xi ∈ (0,−1

2)

For any realization of Di, every individual with xi ∈ [−2,−1
2 ] ∪ [12 , 2]

votes. For any realization of Di every individual with xi ∈ (−1
4 ,

1
4)

would never vote since the cost of voting is greater than the two pos-
sible realization of the direct benefits.

When Di = 3
8 , which occurs with probability 1

2 , individuals with xi ∈
(−1/2,−1/4]∪ [1/4, 1/2) will participate in the election. When Di = 0
these individuals abstain. Thus, the turnout in the election is 3.25/4 =
0.81%.

6. (a) The two distributions have different means. However, the vari-
ance of both triangular distributions in the second election is
larger than the first one. The variance of the distributions in
the second election is 13/72 and for the first one is 7/72. Since
the ideal ideologies are distributed uniformly, more uncertainty
is implied by the second election in terms of variance.

(b) We expect that the cost of voting for each alternative is higher
for every individual in the second election. Thus, the optimal
value of the second stage is lower in the second election. Since
the voters have the same distribution of preferred alternatives in
both elections, we expect a higher turnout in the first election

7. (a) Sincere voting behavior implies that each voter in each election
votes for her most preferred alternative. The most preferred al-
ternative for 1 and 3 is a1 and thus it will be elected. In the
second election, b2 is the most preferred alternative for 2 and
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3, so it will be elected. Thus, the outcome of sincere voting is
(a1, b2) which happens to be the most preferred outcome for 3.

(b) The outcome of the election cannot be any better for the third
individual than the one under sincere voting. So, there is no uni-
lateral profitable deviation for 3. Let’s check whether the second
individual can change her voting decision in the election unilat-
erally to improve the joint outcome for herself. By changing her
voting profile from (a2, b2) to (a2, b1) the outcome of the election
changes to (a2, b1) and she will be strictly better off. Thus, the
sincere voting strategy profile is not an equilibrium.

(c) The following voting profile is one of the possible equilibria: 1
votes for (a1, b1), 2 votes for (a2, b1), and 3 votes for (a2, b1).

Answer key: Chapter 5

1. (a) The Nash equilibrium is both candidates positioning themselves
at the median, 0.

(b) Suppose both candidates position themselves at 1
3 . Then, each

candidate gets 1/3 of the total vote. If a Downsian candidate de-
viates to a position to the right of 1

3 , she gets a vote share strictly
less than 1

3 and what she loses is absorbed by the other Downsian
candidate. Hence, she loses the election. This is also true if she
moves to the other direction. Hence, this is an equilibrium.

(c) Now positioning at 0 is an equilibrium with
1

4
of a chance to win

the election.

2. (a) Note that, when placed at the same policy, both candidates win
the election with half probability. Let’s consider any deviation. If
a candidate deviates to (−1,−1), he receives all 25 votes from that
point but shares any other votes (except obviously with those in
(1, 1)) and hence cannot improve his winning probability. Similar
calculations also hold for other deviations and hence this is an
equilibrium.

(b) It is. To see this, consider the deviation of the candidate who is
placed at (1,1) to (1,-1). Now he earns half the votes from (-1,-1)
but loses half the votes in (1,1). Hence, he gets no benefit. All
the rest of the possible deviations give the same result.
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(c) The above results are enough, because we can use symmetry to
argue that there are no positions that do not yield an equilibrium.

3. (a) No, a deviation to (0, 0) wins the election.

(b) No, a deviation to (0, 0) wins the election.

(c) It is, any deviation loses votes. Deviation to any policy by any
candidate would give the candidate 20 votes instead of 50.

(d) Yes. In a situation where one of the candidates is not positioned
at (0,0), that candidate will deviate to (0,0).

(e) The preferences are not defined on a unidimensional space and
hence the median voter theorem as we defined it in the class does
not hold.

4. (a) Since everyone in the town has the same ideology, normalize the
utility from ideology to 0. Hence, if a candidate does not run,
he receives 0. When a candidate runs alone, he gets the utility
B−C. When there are two candidates, both get B/2−C. Hence,
only one candidate running for the office is an equilibrium if and
only if B − C > 0 and B/2− C < 0. This implies B ∈ [C, 2C].

(b) When there are two candidates running for the office, they each
get B/2 − C. If one deviates not to run, he gets 0. Hence, we
need to have B > 2C. For a third candidate not to run, it must
be true that B/3− C < 0, which implies that B ∈ [2C, 3C].

(c) By the same logic above, the answer will be B ∈ [KC, (K+ 1)C].

5. (a) Assume there is one candidate running. There are three devia-
tions we need to check. First is obviously that of the candidate,
but as long as B −C > −∞, he will run. Now consider a citizen
from the same ideological group as the candidate. If he runs he
will get B/2− C. Hence, we need the condition B < 2C.

Now let’s check the incentives of the citizens who belong to the
other ideological group. If a member of that group does not run,
he gets -1. On the other hand, if he runs, he will get B/2−C−1/2
as he will win the election with half probability. Then, there is
no profitable deviation if B < 2C − 1.

Since 2C − 1 < 2C, the only condition we need is B < 2C − 1.
Then essentially, the benefit of the office does not fully justify the
cost and only a single candidate runs for the office.
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Note that this equilibrium cannot be unique since a candidate
from either group could run and these are different outcomes
with a single candidate running.

(b) There can be two kinds of equilibrium where two candidates are
running for the office. It is either the case that two candidates
with the same position are running or different positions. Let’s
take the first case.

Let’s first show that two candidates running from the same posi-
tion cannot happen in an equilibrium. In this case, both candi-
dates get the utility B/2 − C. A deviation to not running gives
the utility 0. Hence, no deviation would require B/2 − C > 0
which implies B > 2C. On the other hand, if a citizen from the
other ideological group runs, he gets B−C, since he will win the
election for sure. But that requires B < C − 1. Hence, we need:
2C < C−1 which implies C < −1. But that does not make sense
as C > 0.

Now consider the case where one candidate per group is running
for the office. Each candidate has 1/2 chance of winning the
election. Hence, they get B/2 − C − 1/2. A deviation to not
running would give −1. Hence, we need B > 2C − 1. Notice now
that the non-candidate citizens would never run for the office,
since if they do, their ideology would lose the election for sure
and would still pay the cost of running.

Obviously, the equilibrium we found is unique.

(c) First note that there must be an equal number of candidates
running for the office from both camps, otherwise the side with
more candidates loses for sure. Hence, let’s consider a case where
four candidates are running for the office.

In that case, a candidate’s utility is B/4−C−1/2. If he deviates
to not running he’d get 0, since they’d win the election. This
would imply that we need B/4− C > 1/2 or B > 4C + 2.

Now consider a generic citizen. If he runs for the election, they
lose the race for sure, and hence he would never get the benefit
and still would pay the cost. Hence, there is no reason to check
for such a deviation.

So yes, there is an equilibrium where two candidates from the
same camp run for the office. It requires the benefits from the
office to be quite large.



88 Answer key: Chapter 5

(d) If everyone runs for the office, they have an equal chance of win-
ning and the enacted policy is of their group with half probability.
Hence, their utility is B/400 − C − 1/2. However, if an individ-
ual does not run, he will vote for someone within his group and
since everyone else will receive a single vote, his ideology will be
enacted. This gives him a utility of 0. Hence, the no deviation
requirement is B > 200 + 400C.

Therefore, it is possible that every citizen will run for the office.

6. (a) When there is no citizen running for the office, each citizen gets
−100. If a citizen deviates to run, he will get B − C. Hence,
for no candidate to be an equilibrium, we need B < C − 100.
The answer does not depend on α, since when considering the
deviation of a citizen to run, he would definitely win the race and
hence get 0 utility from ideology.

(b) There cannot be such an equilibrium for any α. To see this,
consider a deviation by a citizen with the ideal position 0. If
there is only one candidate with ideal position −1 running for
the office, she’d get −α ≤ 0. If she instead runs for the office, she
will win the election for sure, resulting in a payoff of 1. Hence, she
has a profitable deviation. There cannot be any such equilibrium.

(c) There is. In the suggested equilibrium, the candidate gets B−C
and he will not deviate as long as B > C − 100. The citizens at

−1 get 0. If one of them decides to run, she’d get
B

2
−C. Hence,

to avoid deviation, we need
B

2
≤ C. A citizen at 0 gets utility

−α. If he deviates instead, he will win the election for sure and
get B −C. Hence, we need −α ≥ B −C. Lastly, a citizen at −1

will get −2α. Instead if she runs, she will get
B

2
−C. Hence, we

have only one condition that provides the requested equilibrium
α = 0 and B = C. Notice that this comes from the condition on
the citizen with the ideal point at 0.

(d) The unique one candidate equilibrium is where the candidate has
the ideal position of 0. The citizens on the either end (−1 or 1)
will never deviate to run, since they will lose if they do. The non-
candidate citizens at 0, on the other hand, will get −1/2 if any
one of them run since they will win with probability 0.5. Hence,
they won’t have an incentive to run.
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This equilibrium is unique (within one candidate equilibria) given
the parameters, since we know that any other eqilibria is not
possible by the previous part of the question. The result does
not depend on α.

(e) First consider the candidates. Each candidate will win the elec-
tion with half probability. Each candidate’s payoff at the equilib-
rium is −α+B/2−C. Note that the first component (α) comes
from the fact that with probability 0.5, she gets to set public
policy equal to her favorite and with probability 0.5, the other
gets to do so and she gets −2α. If a candidate deviates to not
running, the other candidates wins for sure, and hence gets −2α.
Hence, we get the condition B ≥ 2(C − α).

Now consider citizens. A citizen at 1 or −1 will not deviate to
run. By doing so, she will not only lose for sure, but also will
ensure that the other candidate running with the same ideology
will lose. On the other hand, a citizen from 0 will lose with
probability 1 as well, implying that she will not run.

Hence, the condition necessary is B ≥ 2(C − α). As α increases,
the cost of not running increases, in the sense that ideology be-
comes more important and citizens need lower benefit from the
office to run.

(f) Remember that the condition we previously found was B ≥ 2(C−
α). If B = 0 and C = 1, we need α > 1 to have the previous
equilibrium. That is even if the candidates do get benefits from
the office, their ideological preference may induce them to run for
office.

(g) No we can’t. Note that when a citizen from −1 or 1 decide to
run, she’d win since she’d carry 450 votes compared to 550/2 of
the other two. If she does not run, she gets −α and if she runs,
she gets B − C. Hence, we need −α ≥ 2, which is impossible.

(h) No. The candidate at 0 will not run knowing that she won’t win
the election.

7. (a) Given B = 3 and C = 2, no citizen with ideal point 1 will chal-
lenge the actual candidate. Also given B = 3 and C = 2, a citizen
at 0 or −1 will deviate to run for the office if winning is certain.
If a candidate from 0 runs, she will get N0 + N−1 votes. If a
candidate from −1 runs, she will get N0/2 + N−1 votes. Hence,
we need N1 > N0 +N−1.
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(b) First of all, note that candidates should be winning the election
with positive probability since no candidate will run if she will
lose for sure. This implies N1 = N = −1. Moreover, we need
to have no profitable deviation for a citizen at 0. This happens
when she knows that she will lose the election if she were to run
and hence requires N0 < N1 = N−1.

(c) By the same logic as above, we need N0 = N1 = N−1.

8. (a) No, there are no such conditions. Since B > C and the citizen at
0 will win for sure if she decides to run, she will deviate regardless
of α0.

(b) This will hold for any αi ≥ 0. Reason is simple, citizens at −1
or 1 cannot unilaterally change the outcome of the election by
running and citizens at 0 do not find it optimal to run because
of B and C and does not change the policy if they run.

(c) Regardless of αi, a citizen at 0 will not deviate to run for the
office since she will lose for sure. This is also true for a citizen at
−1 or 1, since deviating to run ensures that the candidate from
the other end of the spectrum will win.

Now consider a candidate at i, i ∈ {−1, 1}. Under the proposed
equilibrium, he gets −αi. If she deviates, she’d get −2αi. This
implies the condition −2αi > −αi, which is satisfied when αi > 0.

Answer key: Chapter 6

1. (a) False. In equilibrium the amount invested in mobilization by
both parties, I∗, is decreasing in the distance between the direct
benefits of voting of the two type of supporters. Therefore, parties
will invest more in e1 since both supporters receive exactly the
same benefit from voting.

(b) False. In equilibrium both parties invest exactly the same amount
I∗.

(c) False. The policy platform inside each party is chosen under
unanimity rule. Hence, a politician representing a minority group
has the veto power over a policy proposed by another member of
the party.

(d) True. A party where its politicians would rather leave and form
a smaller one cannot exist in equilibrium.
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(e) True. The only two equilibria of the model are mediocracy (both
parties selecting low ability candidates) and aristocracy (both
parties selecting high ability candidates).

(f) False. A higher γ implies that the party gets a relatively higher
payoff from the effort exerted during the recruitment phase. Hence,
the party will benefit from decreasing the discouragement effect
at this stage and will push for a mediocre selection, which will
lead to mediocracy.

(g) True. The majoritarian is a win-it-all system where there is no
positive outcome from losing. As a result, parties are incentivized
to select the best candidates in order to increase the likelihood
to win the election.

2. By modifying the objective function of the two parties to reflect the
difference in their benefit from the implementation of their positive
policy and setting the two F.O.C.s equal to each other we get:(

exp(I∗a +De
a + I∗b +De

b)

(exp(I∗a +De
a) + exp(I∗b +De

b))
2

)
Ba − I∗a

=

(
exp(I∗a +De

a + I∗b +De
b)

(exp(I∗a +De
a) + exp(I∗b +De

b))
2

)
Bb − I∗b .

Thus,

I∗a − I∗b = (Ba −Bb)
exp(I∗a +De

a + I∗b +De
b)

(exp(I∗a +De
a) + exp(I∗b +De

b))
2
,

and since Ba > Bb we get

exp(I∗a +De
a + I∗b +De

b)

(exp(I∗a +De
a) + exp(I∗b +De

b))
2
> 0

As a result, the optimal investment of the party a is higher than the
one of party b.

3. It can be shown that for a given investment of the party b the ob-
jective function of party a is single-peaked. To verify whether such
equilibrium exists, we plug in Ia = 0.15 in the first order condition
of the party b. By numerically solving the first order condition of
the party b, the best response of b to Ia = Ī = 0.15 is Ib = 0.223.
Now, it remains to show that Ia = 0.15 is the best response of a to
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Ib = 0.223. We plug in for Ib = 0.223 in the first order condition of
a to find the unconstrained best response of a. By numerically solv-
ing the equation, we get that the unconstrained best response of a is
Ia = 0.218. One can show that the objective function of party a has
a single peak in a’s investment for any given investment of b. Thus,
the best response of a will be to invest the maximum investment level.
Thus, (I∗a , Ib) = (0.15, 0.223) is a Nash equilibrium of the constrained
problem.

4. (a) The policy platform x = (0, 8, 0, 2) is not in the Pareto set P {a,c},
and therefore cannot be implemented in equilibrium given this
party configuration. To see that, suppose that {a, c} actually
chooses this policy. Politicians in this configuration will get indi-
rect utility equal to

Va(x) = −(0.8 + 1)2 − (0.2 + 1)2 = −4.68

Vc(x) = −(0.8)2 − (0.2− 1)2 = −1.28

Now consider, for example, policy platform x′ = (0, 0). We have
that

Va(x
′) = −(1)2 − (1)2 = −2

Vc(x
′) = −(0)2 − (−1)2 = −1

and therefore both politicians are strictly better off choosing x′

instead of x. As a result, x cannot be in the Pareto set since
there is at least one policy platform that Pareto dominates it.

The shaded area in Figure 15.2 includes all the policy platforms
that Pareto dominate x. In fact, all these points lie on indifference
curves closer to the most preferred points of both a and c.

Graphically, the Pareto set is given by the line connecting xa to
xc. The equation characterizing this Pareto set is then

x2 = 2x1, x1 ∈ [−1, 0].
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xa

xbxc

x

(0.8, 0.2)

Figure 15.2: Policy platforms that Pareto dominate x.
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(b) With party configuration ({a}, {b}, {c}) we have three possible
outcomes:

i. If a wins, she will offer policy platform xa = (−1,−1). The
indirect utilities are then

Va(x
a) = 0

Vb(x
a) = −(1 + 1)2 − (1 + 1)2 = −8

Vc(x
a) = −(1)2 − (1 + 1)2 = −5.

ii. If b wins, she will offer policy platform xb = (1, 1). The
indirect utilities are then

Va(x
b) = −(−1− 1)2 − (−1− 1)2 = −8

Vb(x
b) = 0

Vc(x
b) = −(−1)2 − (1− 1)2 = −1.

iii. If c wins, she will offer policy platform xa = (0, 1). The
indirect utilities are then

Va(x
c) = −(−1)2 − (−1− 1)2 = −5

Vb(x
c) = −(1)2 − (1− 1)2 = −1

Vc(x
c) = 0.

Now given these values we can determine the equilibrium plat-
forms. Specifically, an equilibrium platform is a situation in which
no other party in the configuration has the incentive to run for
the elections since it would lose. We can restrict our analysis to
the cases where parties run unopposed. We have then

i. {a} runs unopposed:

A. If also b runs, c would vote for b since

Vc(x
b) = −1 > −5 = Vc(x

a).

Hence, b would win.

B. If also c runs, b would vote for c since

Vb(x
c) = −1 > −8 = Vb(x

a).

Hence, c would win.
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ii. {b} runs unopposed:

A. If also a runs, c would still vote for b since

Vc(x
b) = −1 > −5 = Vc(x

a).

Hence, b would still win.

B. If also c runs, a would vote for c since

Va(x
c) = −5 > −8 = Va(x

b).

Hence, c would win.

iii. {c} runs unopposed:

A. If also a runs, b would still vote for c since

Vb(x
c) = −1 > −8 = Vb(x

a).

Hence, c still would win.

B. If also b runs, a would still vote for c since

Va(x
c) = −5 > −8 = Va(x

b).

Hence, c would still win.

As a result, the only equilibrium platform in this party configu-
ration is {c} running unopposed.

(c) By having 55% of the population supporting his policy platform,
and given that voters vote sincerely, the politician of group a will
always win the elections by running unopposed. Therefore, unless
there are some party configurations offering xa as equilibrium
platform, the only stable equilibrium party configurations will be
those where {a} runs unopposed.

The question now is which parties other than {a} can offer an
equilibrium platform equal to xa. Notice that policy platforms in
a party are chosen under unanimity rule, which implies that also
minority groups have veto power over the decision of running
for the elections. This implies that changes in group shares of
the population have no effect on equilibrium platforms. In this
specific case, if either politician b or c are in the same party with
a they always have the power to vote against participating in the
elections and let the other party (if there is one) run unopposed.

First, we can exclude parties {b}, {c} and {b, c} since xa is not
even included in their Pareto sets. So let’s now consider the
remaining three parties:
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i. Party {a, b} does not have xa as equilibrium platform since b
strictly prefers xc = (0, 1) to xa and will use its right to veto
in order to let {c} run unopposed.

ii. By the same token, party {a, c} does not have xa as equilib-
rium platform since c strictly prefers xb = (1, 1) to xa.

iii. Party {a, b, c} has xa as equilibrium platform since, being
the only party, every policy platform in P {a,b,c} will be im-
plemented in equilibrium.

As a result, the equilibrium party configurations are ({a}, {b}, {c}),
({a}, {b, c}), and ({a, b, c}) offering policy platform xa = (−1,−1).

5. First notice that, since this configuration is an equilibrium, each smaller
party is better off staying in the current coalition rather then leaving
and form a smaller party. Moreover, the equilibrium policy platform
must be the outcome of a mediation between all smaller parties in-
cluded in the coalition such that: (i) none of them would rather prefer
the outcome induced by the other coalition; (ii) none of them would be
better off forming a smaller party with other members of the coalition.

The fact that smaller parties split almost perfectly between the two
coalitions indicates that the xj ’s might be quite polarized in two main
focal policies: the center-right and the center-left one. In fact, if the
xj ’s were more spread out over the policy spectrum we could have, for
example, another coalition positioned in the center (since parties close
to the center might be better off forming their own coalition and offer
a policy closer to their preferred ones).

However, this last point is based on the assumptions that all small par-
ties have more or less the same size in the population, which is actually
not true in this Italian case. Both coalitions were centered around two
main parties (the ones of the respective leaders), namely L’Unione
for the center-left and La casa delle libertá for the center-right, and
almost all the other parties represented a much lower fraction of the
population. As a result, even if a subset of parties in a coalition had
preferences closer to each other than with the main party, they cannot
form their own coalition because they would lose the elections, as well
as suffer from a worse equilibrium policy platform given by the new
winning coalition that does not include them.

6. (a) The most preferred policies and indifference curves of the three
groups are displayed in Figure 15.3.
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xa

xb

xc

Figure 15.3: Most preferred policies and indifference curves.
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(b) This set includes all possible party configurations (also those
which are not played in equilibrium), that is:

{({a}, {b}, {c}), ({a, b}, {c}), ({a}, {b, c}), ({a, c}, {b}), ({a, b, c})}

(c) The Pareto sets are

P {a} = {(−1,−1)}
P {b} = {(1, 1)}
P {c} = {(−1, 0.5)}
P {a,b} = {(x1, x2) : x2 = x1 ∈ [−1, 1]}
P {b,c} = {(x1, x2) : x2 = 0.75 + 0.25x1, x1 ∈ [−1, 1]}
P {a,c} = {(−1, x2) : x2 ∈ [−1, 0.5]}
P {a,b,c} = {(x1, x2) : x1, x2 ∈ [−1, 1], x1 ≤ x2 ≤ 0.75 + 0.25x1}

Pareto sets P {a}, P {b}, and P {a,b} are the same as in section
6.2. P {b,c} contains all points lying on the upward sloping line
x2 = 0.75 + 0.25x1, while previously it consisted on a constant
flat line with x2 = 1. Therefore, if in section 6.2 b and c perfectly
agreed on policy dimension x2, now there is a disagreement and
getting close to one of the parties preferred policy platform means
that the other party has to sacrifice in both policy dimensions.

Both a and c still perfectly agree on policy dimension x1, but
now their position is closer in terms of the first dimension as
well. Indeed, P {b,c} is now smaller since it does no more contain
policies involving x2 > 0.5. Finally, the area of points included
in P {a,b,c} indicates how close the positions of each group are. In
section 6.2 we had that the (Euclidean) distance between xa and
xc and between xb and xc was equal to 2, and the area of points
in the set was equal to 2 as well. Now the distance between xa

and xc has decreased to 1.5 while the one between xb and xc has
increased to 2.06156. The area of points in P {a,b,c} is now 1.5,
implying that overall the groups have closer policy positions.

(d) First notice that if a party includes more than one group and
decides to run (implying that both internal groups will end up
vote for the party), the party will win the elections since it will
get at least 2/3 of the votes. The following are the equilibrium
policy platform for each party configuration:



Answer key: Chapter 6 99

• ({a}, {b}, {c}): Each party j that chooses to run will offer
its preferred policy xj . Notice that both group a and group
b would rather have xc than the policy offered by the other
party (xb and xa, respectively) and therefore party {c} will
run unopposed in equilibrium.

• ({a, b}, {c}): We have that group a strictly prefers xc to
policies (x, x) ∈ P {a,b} such that x ∈ (

√
1.125 − 1, 1], while

group b strictly prefers xc to policies (x, x) ∈ P {a,b} such that
x ∈ [−1, 1−

√
2.125). Therefore, the equilibrium platform is

going to be either politician a or b running unopposed and
offering policy (x, x) such that x ∈ (1−

√
2.125,

√
1.125− 1).

• ({a, c}, {b}): Both groups a and c strictly prefer each policy
platform in the Pareto set P {a,c} to xb. Hence, in equilibrium
either politician a or politician c runs unopposed offering a
policy platform x ∈ P {a,c}.
• ({b, c}, {a}): While group b strictly prefers each policy plat-

form in the Pareto set P {b,c} to xa, group c strictly prefers xa

to policies (x1, x2) ∈ P {b,c} such that x1 ∈ [1 −
√

2.11765, 1]
Hence, in equilibrium either politician b or politician c runs
unopposed offering a policy platform

(x1, x2) ∈ {(x1, x2) : x1 ∈ [−1, 1−
√

2.11765), x2 = 0.75+0.25x1}

• ({a, b, c}): In this case any policy platform in P {a,b,c} can be
implemented in equilibrium.

(e) In order to determine whether a party configuration is stable we
need to look at the incentive of each politician or group of politi-
cians to leave the party and form a smaller one. Let’s consider
each party configuration separately:

i. ({a}, {b}, {c}): This configuration is stable by definition since
each politician has his own party.

ii. ({a, b}, {c}): This is a stable configuration since if either a or
b leaves the party they’ll have to compete against {c}, which
will win (since both groups a and b prefers xc to the policy
offered by the other party) and implement (−1, 0.5), and both
of them will be worse off compared to the equilibrium policy
platform.

iii. ({a, c}, {b}): This configuration is stable only if party {a, c}
offers xc = (−1, 0.5). If another equilibrium platform is of-
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fered, {c} has the incentive to form his own party and offer
xc, which would eventually be the equilibrium outcome.

iv. ({b, c}, {a}): Exactly as in configuration ({a, c}, {b}), stabil-
ity is ensured only by {b, c} offering xc = (−1, 0.5). Other-
wise, {c} has the incentive to leave and induce equilibrium
outcome xc.

v ({a, b, c}): This configuration is stable only if the offered pol-
icy platform is (−0.25,−0.25), which is the only configuration
preventing c to leave the party and a and b to form their own
separate one.

From these results we can see that there are no qualitative dif-
ferences in terms of stability compared to the case where xc =
(−1, 1). The only thing that changes are the values of the policy
platform that ensure stability of the configurations.

7. The solution to this problem depends on your subjective understanding
of the election under consideration. We focus on the 2016 presidential
election in here, your answers may differ from the one here.

(a) In the recruitment phase, the Democratic party ran with lower
number of serious candidates than the Republican party. On the
Democratic side, Hillary Clinton and Bernie Sanders were com-
peting for the nomination, while on the Republican side more
than 17 major candidates filed as candidates. On the Demo-
cratic side, many party officials believed Hillary Clinton is one
of the most qualified and experienced politicians running for the
party’s nominee. However, on the Republican side there was no
clear choice to be qualified as the most qualified and the most
experienced candidate in years. One could argue, abstracting
away from many details of the reality, that the Democratic party
chose aristocracy while the Republican party decided to go with
mediocracy.

(b) It would be difficult to explain the outcome in part (a) under this
model. Since in equilibrium both parties should choose either two
mediocre or two aristocratic candidates.

(c) One can argue Clinton’s qualification’s suppressed a heated com-
petition in the Democratic party’s primary. However, due to the
mediocracy in the Republican party, even those with minimal po-
litical experience or revealed political ability continued to cam-
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paign vigorously throughout the primaries stage and energized
the party’s base.

Answer key: Chapter 7

1. (a) Yes. The equilibrium policy chosen by both candidates is the
policy most preferred by the lobby. Otherwise, one candidate
would have an advantage over the other and win the election.

(b) No. The lobbyist will not need to transfer resources to the can-
didate to induce her to choose its most preferred policy because
competition between the two candidates induces them to choose
the same policy.

(c) No. The equilibrium policy chosen by the politician is an aver-
age of the policy most preferred by the lobby and the one most
preferred by the median voter.

(d) Yes. Since without any transfer the politician would implement
the policy most preferred by the median voter, in order to obtain
a policy that is more favorable, the lobby has to make positive
transfers.

(e) The lobby would choose to offer campaign contributions to one of
the two candidates running in an election for two reasons. First,
the lobby gets its preferred policy, and second it does not have
to pay for it.

2. (a) False. Both candidates choose the most preferred policy of the
lobby.

(b) True. Because of competition between the two lobbies neither
lobby gets their most preferred policy.

(c) False. The politician chooses an equilibrium policy that is equal
to the average of the policy most preferred by the lobby and the
policy most preferred by the median voter.

(d) False. The politician chooses an equilibrium policy that is equal
to the average of the policies most preferred by the two lobbies
and the policy most preferred by the median voter.

(e) True. The policy outcome with ex ante lobbying is the policy
most preferred by the lobby which is always farther away from
the policy most preferred by the median voter than the average
of the policy most preferred by the lobby and the policy most
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preferred by the median voter, which is the policy outcome with
ex post lobbying.

3. (a) We first need to characterize the campaign contribution of lobby
R as a function of the policy choices of the two candidates. The
lobby chooses CR to maximize its expected utility:

EUR(XL, XR, CR) = πL
[
−(1−XL)2 − C2

R

]
+ πR

[
−(1−XR)2 − C2

R

]
=

(
1

2
− CR

)[
−(1−XL)2 − C2

R

]
+

(
1

2
+ CR

)[
−(1−XR)2 − C2

R

]
=

(
1

2
− CR

)[
−(1−XL)2

]
+

(
1

2
+ CR

)[
−(1−XR)2

]
− C2

R

Hence,

CR =
1

2

[
(1−XL)2 − (1−XR)2

]
We can now characterize the equilibrium policy choices of the two
candidates. Candidate L chooses XL to maximize

πL =
1

2
− 1

2

[
(1−XL)2 − (1−XR)2

]
from which it follows that

X∗L = 1

Candidate R chooses XR to maximize

πR =
1

2
+

1

2

[
(1−XL)2 − (1−XR)2

]
from which it follows that

X∗R = 1

Hence, the policies candidates L and R will choose in equilibrium
are

X∗L = X∗R = 1

(b)

C∗R =
1

2

[
(1−X∗L)2 − (1−X∗R)2

]
Hence, in equilibrium the lobby does not contribute any money
to the electoral campaign of candidate R.
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4. (a) We first need to characterize the campaign contributions of lobby
A and lobby B as a function of the policy choices of the two
candidates. Lobby A chooses CA to maximize its expected utility:

EUA(XL, XR, CA) = πL
[
−(α−XL)2 − 0.5C2

A

]
+ πR

[
−(α−XR)2 − 0.5C2

A

]
=

(
1

2
+ λCB − CA

)[
−(α−XL)2 − 0.5C2

A

]
+(

1

2
− λCB + CA

)[
−(α−XR)2 − 0.5C2

A

]
=

(
1

2
+ λCB − CA

)[
−(α−XL)2

]
+(

1

2
− λCB + CA

)[
−(α−XR)2

]
− 0.5C2

A

Hence,
CA =

[
(α−XL)2 − (α−XR)2

]
Lobby B chooses CB to maximize its expected utility:

EUB(XL, XR, CB) = πL
[
−(β −XL)2 − 0.5C2

B

]
+ πR

[
−(β −XR)2 − 0.5C2

B

]
=

(
1

2
+ λCB − CA

)[
−(β −XL)2 − 0.5C2

B

]
+(

1

2
− λCB + CA

)[
−(β −XR)2 − 0.5C2

B

]
=

(
1

2
+ λCB − CA

)[
−(β −XL)2

]
+(

1

2
− λCB + CA

)[
−(β −XR)2

]
− 0.5C2

B

Hence,
CB = λ

[
(β −XR)2 − (β −XL)2

]
(b) We now characterize the equilibrium policy choices of the two

candidates. Candidate L chooses XL to maximize

πL =
1

2
−
[
(α−XL)2 − (α−XR)2

]
+λ2

[
(β −XR)2 − (β −XL)2

]
from which it follows that

X∗L =
α+ λ2β

1 + λ2
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Candidate R chooses XR to maximize

πR =
1

2
+
[
(α−XL)2 − (α−XR)2

]
−λ2

[
(β −XR)2 − (β −XL)2

]
from which it follows that

X∗R =
α+ λ2β

1 + λ2

(c) In equilibrium, since X∗L = X∗R, C∗L = C∗R = 0. Hence, πR =
πL = 1/2.

(d) If α = 1, β = −1 and λ = 1, X∗L = X∗R = 0. If α = 1, β = −1
and λ = 0.5, X∗L = X∗R = 0.6. If α = 1, β = −2 and λ = 1,
X∗L = X∗R = −0.5. If α = 1, β = −2 and λ = 0.5, X∗L = X∗R = 0.4.

(e) If lobbying were not allowed the outcome of electoral competition
would be the policy most preferred by the median voter.

X∗L = X∗R = 0

Hence, the bias is the largest in case 2, followed by case 3 and
then 4. In case 1 there is no bias.

5. (a) We first need to characterize the willingness to pay of lobby R
for any policy X the elected politician P may implement other
than his most preferred policy 0. This is

TR = −(1−X)2 + 1 = −X2 + 2X.

We can now characterize the equilibrium policy choice of the
politician, who chooses X to maximize

−X2 +
(
−X2 + 2X

)
= −2X2 + 2X.

From which is follows that

X∗ =
1

2

(b)

T ∗R = −X∗2 + 2X∗ =
3

4
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6. (a) For lobby i, the willingness of pay can be found using the equation

−P 2
i = −(Pi −X)2 − αiTi

which implies

T ∗i =
−X2 + 2PiX

αi

(b) Given part (a), one can rewrite the problem of the politician as:

max−X2 + λ

[
−X2 + 2PAX

αA
+
−X2 + 2PBX

αB

]
Taking the first order condition and equating it to zero gives

X∗ =

λPA
αA

+
λPB
αB

1 + λ/αA + λ/αB

(c) Now lobby A will only transfer money if the policy chosen X is
positive. However, notice that the previous problem changes only
slightly and we have

T ∗A =

 −X2 + 2PX

αA
if X > 0

0 otherwise

Similarly, we have

T ∗B =

 −X2 − 2PX

αB
if X < 0

0 otherwise

(d) First note that gievn the parameter specifications, we have

T ∗A =

{
−X2 + 2X if X > 0

0 otherwise

and

T ∗B =

{
−X2 − 2X if X < 0

0 otherwise
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The optimal policy larger than 0 is the maximizer of −X2 +
λ(−X2 + 2X). Hence, if the politician were to chose a positive

policy, it would be X∗>0 =
λ

1 + λ
. Similarly, X∗<0 = − λ

1 + λ
.

Notice that both policies provide the politician with the util-

ity
λ2

1 + λ
> 0. Hence, politician is indifferent between choosing

λ

1 + λ
or − λ

1 + λ
and both are equilibria.

(e) Notice that now we have

T ∗A =

 −X2 + 2X

2
if X > 0

0 otherwise

and

T ∗B =

{
−X2 − 2X if X < 0

0 otherwise

Note that the politician is indifferent in choosing X or −X since
his ideological bliss point is 0. Hence, he will always select to a
negative policy since she will get paid more by lobby B for the
same amount of deviation. Hence, now the unique equilibrium is

X∗ = − λ

1 + λ
.

7. (a) False. In the first stage voters decide whether to participate in an
election as candidates, and before lobbying the elected candidate
chooses the set of lobbies she will bargain with.

(b) False. The model of Ferri and Merlo is about ex-post lobbying
where lobbies try to influence the candidate in exchange of trans-
fers after she is elected.

(c) True. In both models of exogenous and endogenous lobbying the
policy outcome is the result of a bargaining process between the
candidate (which represent the preferences of the voters) and the
lobbies trying to influence the policy.

(d) False. One of the main findings of Ferri and Merlo is that in
equilibrium no elected candidate chooses to bargain with more
than one lobby.
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(e) True. By including the citizen-candidate framework in the model,
elections may end up having candidates with extreme preferences
who, once elected, will engage in bargaining with a lobby having
opposite preferences in order to maximize the amount of transfers
received.

(f) False. Elected candidates will engage in bargaining with a lobby
having opposite preferences in order to maximize the amount of
transfers.

8. (a) Since we are dealing with electoral campaign contributions, the
right model to consider is the ex-ante exogenous lobbies one. For
each lobby k, a binding limit on the contributions amount does
not allow to (potentially) spend the optimal amount c∗k(xD, xR).
Hence, its influence on policy-making is weaker (even though, in
equilibrium, the amount spent is 0). As a result, we would expect
European policies to be closer to the median voter preferences.
The rationale behind setting these limits is to reduce the policy
bias induced by lobbying, which is particularly strong if carried
out before elections take place.

(b) Pharmaceutical companies make enormous amount of revenues
by not having the government bargaining over drugs prices, which
makes lobbying in favor of the law an extremely profitable in-
vestment. Since they spent a lot of money in lobbying, we can
disregard the ex-ante lobbying model (which entails zero contri-
butions in equilibrium) and focus on the other two models in
order to interpret these facts.

Notice first that, since a large majority of the voters is against this
law (at least for the bargaining part), we can assume that elected
politicians represent the same preferences in Congress. Moreover,
we can also assume that pharmaceutical companies lobbies have
essentially low or no competition. Pharmaceutical companies are
too big, and there seems to be no other big competitor in the
market trying to compete against them.

As a result, both (ex-post) exogenous and endogenous lobbying
models are able to explain these facts in a very similar fashion.
With no competition in the lobbying market, the exogenous lob-
bying model implies that lobbies will strongly bias the policy out-
come. Furthermore, the large amount of transfers paid implies
that the preferred policy by the lobby, xL, is very distant from
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the median voter preference (assumed to be zero in the model).
In a similar way, we know that from the endogenous lobbying
model the elected representative will choose to bargain with only
one lobby and that the more distant are the preferences between
them, the higher will be the transfer the politician is able to ask
for.

Answer key: Chapter 8

1. (a) False. A career politician is a politician who works in the political
sector until retirement. A politician who leaves politics before
retirement in order to work in the private sector is instead one
with political careers.

(b) True. In fact, these politicians have involuntary political careers
since they want to run for re-election but they know they will
be defeated. The fact that these individuals run in spite of not
being elected is required in order to sustain the voters beliefs
that only people with p > p∗ will run for election but, given the
average political skill of the challenger equal to 1+p∗

2 , only those

incumbents with p > 1+p∗

2 will actually win the elections.

(c) True. As the definition of political careers itself states, individuals
with such careers leave office after the second period. Specifically,
those having VPC find optimal to use the first period in politics
to reveal their skill p to the market and then go to the private
sector.

(d) False. Individuals with p = 0 may consider a political career in
general (it is in their choice set) but they do not in equilibrium,
where only people with p > p∗ run for the elections.

2. We can characterize the only difference between the two countries as
θA > θB, i.e. workers in the private sector have a higher probability of
revealing their skills after one period of work. From the comparative
statics of the model we know that, in equilibrium, an increase in s
by the same amount in both A and B will increase the quality of
politicians more in country B (because of the lower θ) than in counry
A.

3. In the context of this model, we can interpret this retirement annuity
as a second period payoff, r > 0. The Five Star Movement agenda of
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removing such vitalizio implies setting r = 0. From the comparative
statics of the model we know that in equilibrium such a policy would:
(i) not change the average quality of politicians, (ii) increase turnover
in office, (i) decrease the average quality of political careers. That is,
such a policy will mainly increase the share of higher skills politicians
who leave office after just one period and keep in Parlamento lower
quality career politicians.

4. (a) For a given level of λ, integrating the probability specification
over [0, 1] with respect to p gives α + λ/3. Thus, at every level
of λ, the fraction of high ability individuals among those with
political ability is higher in the original specification.

(b) The fraction of high ability individuals under the first specifica-
tion is 2α + 2λ and under the second specification is 2α + 8/3λ.
Thus, for every value of λ the fraction of high ability individ-
uals among those with political ability is higher in the second
specification.

5. Based on the comparative statics of the model we can interpret these
different turnover rates in the following ways:

• Politicians’ per-period salary s is lower in A than in B.

• High-skilled in country A are paid more than in country B.

• Country B gives career politicians higher second period benefits
r compared to country A.

6. (a) Recall that individuals only know their political ability and are
unaware of their market ability. Let V 0(M,M) denote the ex-
pected value of working in market sector in the initial period.
Then,

V 0(M,M) = w̄ + θαwh + θ(1− α)wl + (1− θ)w̄.

(b)

V 0(P,M) = s+ w̄.

7. In the first period, no one’s market ability is revealed yet, thus, the
only offered wage level is w̄ that is offered to anyone who decides to
join the market sector. This wage is based on the belief of firms about
the distribution of high and low ability individuals among those who
decide to join the private sector in equilibrium.
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In the second period, the following types of individuals take part in
the market sector. Those who were employed in the market sector in
period one and their market ability is revealed to be high or low. Those
who were employed in the market sector in period one and their market
ability was not revealed. Those who joined the political sector in
period one and now with their revealed political ability have decided to
join the market sector. Those individuals joining the economy for the
first time in the second period with their unknown market or political
ability.

New entrants to the economy and those with employment in the mar-
ket sector in the first period with unrevealed types will be pooled
together and offered the same wage, the mass of individuals who are
offered this wage level are of a positive measure.

Individuals with employment in the market sector in the first period
with revealed types, are offered two distinct wage levels wh and wl for
those with the high type and the low type respectively. Both wage
levels are offered to a positive measure of individuals.

Lastly, a distinct wage wp is offered to every politician of the revealed
type p who decides to join the market sector for the second period. as
p > 0 is continuously distributed, the wage offered for every type is of
measure zero.

Answer key: Chapter 9

1. (a) True. CW will be the option most preferred by the agent with
median α. The efficient alternative will be the one most preferred
by the agent with mean α.

(b) False. MRT =
∑N

i=1MRSi.

(c) True. Regardless of the nature of the tax.

(d) False. The efficiency conditions are indifferent to the SWF.

(e) False. The efficiency condition will still be MRT =
∑

iMRSi
though the specified form this takes may change.

2. (a) The indirect utility function of a generic individual is

V (G) = ln

(
I − cG

n

)
+ α lnG
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where I denotes income, c the cost of one unit of the public
good and n the number of individuals in the community. Since
I = 200, c = 500 and n = 10, this function reduces to

V (G) = ln (200− 50G) + α lnG

To find the “peak” of the indirect utility function we calculate
the derivative with respect to G and put it equal to zero:

dV

dG
=

−50

200− 50G
+
α

G
= 0.

Solving for G we obtain:

Ĝ =
α

1 + α
4.

Using the Median Voter Theorem, we know that the outcome of
majority voting is the level of G most preferred by the median
voter. Since the median of the distribution of α in the community
is equal to 3, the outcome of majority voting is

ĜM =
3

1 + 3
4 = 3.

(b) The outcome of majority voting is efficient if and only if the
median of the distribution of α in the community is equal to the
mean. In this case, the median is equal to 3 and the mean is also
equal to 3. Hence, the outcome of majority voting is efficient.

3. (a) The median voter theorem applies. This means that the outcome
of majority voting is the level of expenditure most preferred by
the individual with median income (that is with income equal to
$200). The indirect utility function of the median voter is

V (E) = 200E − E2

and the peak of this function is at

E∗ = 100.

Hence, the level of expenditure that will be chosen by majority
voting is 100.
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(b) In this case mean income and median income coincide (they are
both equal to $200). Hence, the outcome of majority voting is
efficient.

(c) The outcome of majority voting is independent of the order in
which the votes are taken since it is a Condorcet winner.

4. (a) The indirect utility function is given by:

V (G) = ln(Ii −
cG

N
) + αi ln(G)

V (G) = ln(Ii −G) + αi ln(G)

(b) Note that
dV (G)

dG
=
−1

Ii −G
+
αi
G

which implies that the unique value of G such that
dV (G)

dG
= 0

is given by

G∗ =
αiIi

1 + αi
.

To verify that V is single-peaked, we have to show that G∗ is
a maximum and not a minimum, which is true if the second
derivative is always negative:

d2V

dG2
=

−1

(Ii −G)2
− α

G2
< 0

(c) Median voter theorem applies. The peak for the first group is 50,
the peak for second group is 75, the peak for the third group is
60. So the median peak is 60, which implies that GM = 60 is the
outcome of majority voting.

(d) Efficiency requires that∑
MRS = MRT

where

MRSi =
αi (Ii −G)

G
and

MRT = 10.

Hence,

4

(
100−G

G

)
+2

(
300−G

3G

)
+4

(
600−G

9G

)
= 10 =⇒ GE = 57.35.
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(e) First note that G = 50 is the peak of the indirect utility function
of the first group and G = 75 is the peak of the indirect utility
function for the second group. Hence, the third group will be
decisive. The utility they derive from a public library of size 50

is ln(550)+
1

9
ln(50) and from 75 is ln(525)+

1

9
ln(75). To be able

to compare these two equations, multiply both sides by 9. Then,
you can see that the utility from size 50 is larger than the one
from size 75 since:

9 ln(550) + ln(50) > 9 ln(525) + ln(75)

5509.50 > 5259.75

Hence, G = 50 is chosen.

5. (a) The normal form representation of the game is given by:

B
A Contribute Don’t
Contribute 1000,1100 950,1000
Don’t 1050,900 1000,900

It is trivial to see that the equilibria of this game are (Don’t, Con-
tribute) and (Don’t, Don’t). The efficient allocations are given by
(Contribute, Contribute) and (Don’t, Contribute). Hence, only
one equilibrium is an optimal allocation.

b. Notice that in the equilibrium studied above, individual B gets
$900. He would, on the other hand, get $1100 if contribution was
compulsory. Since the difference is larger than $150, he would
make this payment and contribution would be compulsory.

6. (a) Let Gej be the expected amount of public good provided by in-
dividuals belonging to group j. By assumption, all individuals
of the same type (group) will provide the same amount of public
good in equilibrium. Individuals belonging to group A expect
that the total provision of the public good will be

G = 11GA + 5GeB + 4GeC .

Therefore, the maximization problem of a generic individual of
type A who has to decide the level of contribution of all the
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individuals in group A is

max
xA,GA

lnxA +
1

4
ln (11GA + 5GeB + 4GeC)

s.t. xA + 20GA = 1400.

The Lagrangian is

L = lnxA +
1

4
ln (11GA + 5GeB + 4GeC) + λ (1400− xA − 20GA) .

At the optimal solution:

MRSA = 20 =⇒ 11

4

xA
G

= 20

and xA + 20GA = 1400

that is {
xA = 80

11 (11GA + 5GeB + 4GeC)

xA + 20GA = 1400.

Hence:
4

11
(11GA + 5GeB + 4GeC) +GA = 70.

Therefore, A’s reaction function is

GA =
770− 20GeB + 16GeC

55
.

Similarly, we can derive the B’s reaction function:

GB =
350− 22GeA + 8GeC

15

and the C’s reaction function is

GC =
210− 11GeA + 5GeB

7
.

In the Nash equilibrium we have that GNj = Gej for all j =
A,B,C: 

GNA =
770−20GeB+16GeC

55

GNB =
350−22GeA+8GeC

15

GNC =
210−11GeA+5GeB

7 .

By solving this system we get GNA = 98
11 , G

N
B = 14

5 , and GNC = 14.

The total amount of public good provided by the community
through voluntary contributions is given by GN = 1198

11 + 514
5 +

4× 14 = 168.
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(b) The indirect utility function of an individual of type j as a func-
tion of the public spending is given by:

V j(G) = ln(1400−G) + αj lnG.

Each individual votes for the level of G that maximizes his utility:

G∗j = argmax
G

ln(1400−G) + αj lnG (15.4)

The F.O.C. gives:

V j(G)

dG
: − 1

1400−G
+
αj
G

= 0

=⇒ −G+ αj(1400−G) = 0

=⇒ G∗j +
αj

1 + αj
1400

Remark: G∗j is increasing in αj . Since voters’ preferences are
single peaked, the median voter theorem holds. Therefore, the
outcome of the political process is:

Gp +
αM

1 + αM
1400 = 280

where αM = αA.

(c) Pareto Optimality requires that
∑

jMRSj = c and MRSj =

αj
xj
G . Hence:

∑
j∈{A,B,C}

N jαj
1400−G

G
= 20

where
∑

j N
jαj = 33

4 . Hence

1400−G =
80

33
G.

GE = 408.85

Notice that the provision of G that emerges in a majority voting
democracy coincides with the Pareto optimal provision if and
only if αM = ᾱ. If ᾱ < αM =⇒ over-provision of the public
good, and if ᾱ > αM =⇒ under-provision of the public good.
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Here ᾱ =
∑

j
Njαj
N = 33

80 and αM = 1
4 =⇒ under-provision of

the public good.

Finally, the private provision of the public good is also not effi-
cient and entails under-provision. In summary, we have that

GN < GP < GE .

7. (a) Notice that V i (x) = |ai + x| is not generally single-peaked in
[0, 10000] and hence Median Voter Theorem I cannot guarantee
the existence of a Condorcet winner. This does, however, depend
on ai. Notice that ai determines the alternative that provides
the lowest value of V i, specifically −ai will be the lowest point.
Hence, if there exist no ai ∈ (−10000, 0), then the preferences
are monotonic (a.k.a. single peaked on the extremes) and we can
guarantee the existence of a Condorcet winner by the MVT I. It
will be the extreme most-preferred by the median voter (ordered
by their “peaks”).

(b) Notice that V i is not single-peaked in [0, 10000] for all our voters
(it is for those with income of $100,000, but not for the others)
and hence Median Voter Theorem I cannot guarantee the exis-
tence of a Condorcet winner. This does, however, depend on Ii.
Notice that Ii/10 determines the alternative that provides the
lowest value of V i. This falls in (0, 10000) for voters with income
of $10,000, $20,000 and $30,000. So we cannot guarantee the ex-
istence of a Condorcet winner by the MVT I. We do, however,
observe that those with more income prefer less spending. So we
can employ MVT II which tells us that a Condorcet winner exists
and is the alternative preferred by the voter with median income.

Answer key: Chapter 10

1. (a) The superintendent will hold a referendum when the status quo
level is smaller than the level most preferred by the median voter
(or the level most preferred by all citizens). In this case the
superintendent can induce the citizens to vote for an increase in
the level of expenditure in public education.

(b) There is a negative relationship between the status quo level and
the outcome of the referendum. The smaller the status quo level
the higher the level of expenditure in public education citizens
are willing to support.
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(c) First, the probability of success of a referendum should be higher
if ESQ < EMV . Second, there should be a negative correlation
between ESB and ESQ. Third, there should be zero correlation
between ESB and EMV .

(d) First, the probability of success of a referendum should be in-
dependent of the relationship between ESQ and EMV . Second,
there should be zero correlation between ESB and ESQ. Third,
there should be a positive correlation between ESB and EMV .

2. (a) First, note that since everyone earns the same level of income, the
income tax rate charged to every individual is simply the chose
level of per-capita education spending divided by the average in-
come. Thus, the budget constraint for each individual i is given
by

200(1− τ) = 200(1− E

200
) = ci(E).

Plugging the expression above for the equilibrium consumption
of every individual into the utility function of young people gives

V y
i (E) = ln

(
200(1− E

200
)

)
+ 2 lnE

= ln 200 + ln(1− E

200
) + 2 lnE.

And, plugging it for the senior residents gives

V o
i (E) = ln

(
200(1− E

200
)

)
+ lnE

= ln 200 + ln(1− E

200
) + lnE.

The first order conditions with respect to the expenditure on
education, E for the young residents gives:

E∗y =
2

3
200 =

400

3
= 133.33

and doing the same for the senior citizens gives the optimal ex-
penditure level by

E∗o =
1

2
200 = 100.

Thus, the optimal spending level for the young people is 33%
higher than the one preferred by the senior citizens.
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(b) Preferences for all individuals are single-peaked and the space of
possible spending levels is uni-dimensional. The median voter
which in here is an individual from the young community de-
cides has the preferred spending level of 133.33. Thus, the su-
perintendent holds a referendum over this spending level and the
referendum is passed.

(c) The superintendent would like to increase the spending as high
as the median voter does not become worse off compared to the
status quo. In here, the status quo is the preferred spending level
for the seniors in the community. However, the median voter,
who is a young resident, clearly prefers any spending level higher
than the status quo, up to her preferred level which is 133.33.
However, the appointed superintendent will go higher than this
and chooses E∗S such that V y

i (ESQ) = V y
i (E∗S). Thus,

ln 200 + ln(1− 100

200
) + 2 ln 100 = ln 200 + ln(1−

E∗S
200

) + 2 lnE∗S

=⇒ ln
(
(E∗S)2 − (E∗S)3/200

)
= 8.52

=⇒ (E∗S)2 − (E∗S)3/200 = 5014.05

Thus, E∗S = 161.6.

3. (a) Note that a middle class resident will be the median voter in
this setup. The mean income is given by Ī = 108. Since in-
dividuals only vary with respect to their income and are ho-
mogeneous with respect to their preferences (single-peaked), the
optimal per-capita expenditure level is the same for every indi-
vidual, regardless of their level of income. Thus, using the first
order condition from the indirect utility of any individual we get
E∗ = 108/3 = 36. Which in this case is the level of expenditure
that the superintendent proposes in a referendum and it passes.

(b) In the previous part we calculated the optimal level of expendi-
ture to be $36 per-capita. The status-quo of $50 is to the right
side of the optimal level of spending. The indirect utility function
is single-peaked with the peak located at the optimal expenditure
level. Thus, any level higher than the status-quo proposed by
the superintendent makes every individual worse-off and will be
rejected unanimously. Thus, in equilibrium the superintendent
either will not call for a referendum or calls for a referendum and
it will be rejected unanimously and the status-quo level prevails.
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4. The equilibrium level proposed by an elected superintendent is
given by E∗PESE = α

1+α Ī. Plugging it in the utility of the ap-
pointed superintendent in here gives

E − (E − α

1 + α
Ī)2.

Taking the first order conditions with respect to E we get

1− 2(E − α

1 + α
Ī) = 0.

Thus, the optimal level preferred by the appointed superintendent
is

E∗PESA =
1 + α+ αĪ

2(1 + α)
.

Or E∗PESA = 1
2E
∗
PESE . Thus, under this specification of the su-

perintendent’s objective function, the preferred level is 1/2 to the
right of the one preferred by the individuals. Now, if the status
quo is to the right of the individual’s optimal level and to the
right of the appointed superintendent, then the superintendent
calls for a referendum proposing E∗PESA and it will be passed
unanimously as every individual is better off. However, this is
still above the efficient level of expenditure.

If the status quo is to the right of E∗PESE and to the left of E∗PESA,
then there will be no referendum or one where the superintendent
proposes E∗PESA and rejected unanimously.

Finally, if the status quo is to the left of E∗PESE (obviously to
the left of E∗PESA too), let’s define ES as the largest possible ES
such that Vi(ES) = Vi(ESQ). Then, the superintendent proposes

min(ES , E
∗
PESA)

and it passes unanimously, thus still above the efficient level
E∗PESE .

5. (a) The expenditure level that will be chosen is E = 50. It will
be chosen by unanimity independent on the voting rule which is
used.

(b) If E0 < 50, the expenditure level that will be chosen as a function
of E0 is E(E0) = 100− E0. If E ≥ 50 the expenditure level that
will be chosen as a function of E0 is E(E0) = E0.
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6. (a) Under majority rule, the Condorcet winner will be selected. We
can use MVT I to find that CW. Note the budget constraint for
the government under a proportional taxation rate is

N∑
i=1

tIi = N × Epub,

where N = 100, Ii = 100 for all people and Epub is per capital
public education expenditure. Simple substitution will tell us
that Epub = tĪ = t × 100. Hence, the indirect utility function
over the tax rate t is

V (t) = ln ((1− t)Ii) + ln(tĪ).

Following MVT we find the peak of this indirect utility function
for the median voter (They are all median voters as everyone has
the same income Ii = Ī = 100.), which is the most preferred
tax rate of the median voter and therefore the Condorcet winner.
Let’s take the derivative of the indirect utility function and set it
equal to zero:

dV (t)

dt
:
−1

(1− t)Ii
+

1

tĪ
= 0

(1− t)Ii = tĪ =⇒ (1− t)100 = t100 =⇒ t∗ = .5

Recall Epub = t∗Ī. The expenditure level that will be chosen is
Epub = 50.

(b) The school board will act as bureaucrats a la Niskanen, meaning
they will pick the highest level of expenditure such that at least
half of the community will support the referendum. Hence, we
need to ask, at what level of expenditure will the community be
indifferent between the proposed level and the status quo. Said
in math terms, let’s find t such that

V (t) = V (.10).

This is not very hard:

ln ((1− t)Ii) + ln(tĪ) = ln ((1− .1)Ii) + ln(.1Ī)

ln ((1− t)100) + ln(t100) = ln (90) + ln(10)

t∗ = .1 or .9

The school board will pick the higher t hence expenditure will be
Es.b. = t∗100 = 90.



Answer key: Chapter 11 121

7. (a) False. A bureaucrat only calls a referendum when the status quo
level is lower than the level most preferred by the residents.

(b) True. A bureaucrat only calls a referendum when the status quo
level is different than the level most preferred by the residents.

(c) False, there should be a negative correlation.

(d) False, there should be a no correlation.

(e) True. A bureaucrat a la Niskanen would not lower the level of
spending on education.

Answer key: Chapter 11

1. (a) True. Availability of loans will alleviate some of the wealth con-
straint and allow individuals with lower wealth to afford a higher
level of education, if they see fit.

(b) True. In the absence of general equilibrium effects, this will be a
Pareto improvement since individuals have a larger set to choose
from.

(c) False. It may not be a Pareto Improvement over a pure private
system since it may make low-ability individuals worse off by
over-educating them.

2. (a) False. This holds only if the wealth constraints are not binding
for anyone.

(b) False. It is true that the resulting allocation will be inefficient.
However, one cannot guarantee constrained efficiency unless the
mean and the median of the relevant statistics are the same.

(c) False. A mixed system always represents a Pareto Improvement
over a pure public system, but it is not Pareto Rankable with
respect to a pure private system when the wealth constraints are
binding for some individuals under a private system.

3. (a) If education is provided only through a private system, each in-
dividual will choose E to maximize

C = (W − E)R+AEβ = (W − E)2 +A
√
E

subject to the constraint that E ≤W . Hence,

E = min

{
W,

(
A

4

)2
}
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which implies that each of the 20 individuals with W = 5 and A
= 4 will choose E = 1, each of the 20 individuals with W = 10
and A = 8 will choose E = 4, each of the 40 individuals with W
= 15 and A = 16 will choose E = 15 (they would like to choose
E = 16, but the wealth constraint is binding for them), and each
of the 20 individuals with W = 25 and A = 20 will choose E =
25. The resulting allocation is not efficient because 40 individuals
are wealth constrained and cannot invest in the optimal level of
education.

(b) If education is provided only through a public system, then E =
tW̄ = 14t where the tax rate t is chosen by majority voting. The
indirect utility function is

V (t) = (1− t)WR+AEβ = (1− t)W2 +A
√

14t

which is has a single peaked at

t = 14

(
A

4W

)2

.

Hence, for each of the 20 individuals with W = 5 and A = 4 the
most preferred tax rate is t = 14

25 , for each of the 20 individuals
with W = 10 and A = 8 the most preferred tax rate is t = 14

25 ,
for each of the 40 individuals with W = 15 and A = 16 the most
preferred tax rate is t = 224

225 , and for each of the 20 individuals
with W = 25 and A = 20 the most preferred tax rate is t = 14

25 .
Using the Median Voter Theorem, the tax rate that will be chosen
by majority rule is t = 14

25 and hence the level of education that
will be provided through the public system is E = 7.84. This
level is not efficient. It is also not constrained efficient, since
the constrained efficient level of provision of education through a
public system is

E =

(
Ā

4

)2

=

(
12.8

4

)2

= 10.24

4. (a) EPRi = min

{
Wi,

(
Ai
4

)2
}

. This implies that E1 = min {30, 1} =

1, E2 = min {36, 4} = 4 and E3 = min {54, 9} = 9.

(b) Since the wealth constraint is not binding for any of the individ-
uals, the allocation is efficient.
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(c) EPUi =

[
W

6

(
A

W

)
MED

]2
. Since W = 40 and med

(
A

W

)
= 1/3,

we get EPU = (20/9)2. The implied tax rate is t = 1/40(20/9)2 =
10/81.

(d) You can immediately see that the public provision is not con-
strained efficient since W 6= WMED but A = AMED, that is the
distributions of W and A are not symmetric.

(e) Notice that transitioning from a pure public system to the mixed
private/public system will not change the incentives of the first
group since they have the lowest level of ability and are already
receiving more than what they ideally would. The remaining
groups, however, would vote in favor of the transition since they
would ideally purchase more education.

5. (a) EPRi = min

{
Wi,

(
Ai
4

)2
}

. This implies that E1 = min {20, 25/4} =

25/4 and E2 = min {30, 25/16} = 25/16.

(b) EPUi =

[
W

4

(
A

W

)
MED

]2
. Since W = 24 and

(
A

W

)
MED

= 2,

we get E = E1 = E2 = 9. The implied tax rate is 9/24.

(c) Arrow’s impossibility theorem does not apply to this situation
since there are only two alternatives and the possible utilities
from education are limited. Hence, the unrestricted domain as-
sumption is violated. We can use the Median Voter Theorem.
This is fundamentally because the single-peakedness is trivially
satisfied when there are only two choices. Then, by construction,
there can only be one peak of the indirect utility function.

(d) It suffices to look at the incentives of group 1 since the median
voter will be one of them. Under the private school system, they
get a utility of 2(2025

4 ) + 25 = 105
2 . On the other hand, under

the public system, they get 40(1524) + 30 = 55. Hence, the public
education system is implemented.

(e) The efficient system is the private system since none of the credit
constraints are binding. However, the public education system is
voted victorious. The reason is that the relatively poorer indi-
viduals, where the median voter belongs, are more able and can
therefore get a cheaper education for a better outcome under the
public education.
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6. As a first step, we need to characterize the indirect utility of each
individual i as a function of the tax rate τ . In order to do that, we
have to substitute the optimal amount of topped up private education,
EPRmix, in the utility function. To simplify notation, define the following

E∗i ≡
[
βAi
R

] 1
1−β

Now let’s express EPRmix as a function of τ by substituting for EPUBmix =
τW :

EPRmix =

{
min {E∗i ,W} − τW , if τ <

E∗
i
W

0 , if τ ≥ E∗
i
W

where we used he fact that min{y − x, z − x} = min{y, z} − x.

Notice that if min{E∗i ,W} = E∗i we have that E∗i /W ≥ 1, while if
min{E∗i ,W} = W we get 0 ≤ E∗i /W < 1 (assuming both Ai and W
are positive). Since it must be that τ ∈ [0, 1], we can distinguish two
cases.

First, if E∗i ≥ W =⇒ E∗i /W ≥ 1 and therefore we will always get
EPRmix = (1− τ)W . That is, the individual will spend all her after-tax
wealth in private education. The indirect utility is then given by

Vi(τ) = AiW
β

which is constant. Hence, there is no unique τ∗ which maximizes the
indirect utility. Every value τ ∈ [0, 1] yields the same utility.

Second, if E∗i < W =⇒ E∗i /W ∈ [0, 1) we get

EPRmix =

{
E∗i − τW , if τ <

E∗
i
W

0 , if τ ≥ E∗
i
W

Hence

Vi(τ) =

{
(W − E∗i )R+Ai (E∗i )β , if τ <

E∗
i
W

(1− τ)WR+Ai (τW )β , if τ ≥ E∗
i
W

which shows that taxes affect indirect utility only if they are at least
as high as E∗/W .

If we take the F.O.C. just considering the interval τ ∈ [E∗/W, 1] we
get

−WR+ βWAi(τW )β−1 = 0
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then solving for τ we get

τ∗i =
1

W

(
βAi
R

) 1
1−β

=
E∗i
W

The S.O.C.is

β(β − 1)W 2Ai(τW )β−2 < 0

which follows from β ∈ (0, 1). The value τ∗i is then the global maxi-
mum in this interval and V (τ) is decreasing for τ > τ∗i .

The maximum indirect utility for τ ∈ [E∗/W, 1] is then

Vi(τ
∗
i ) = (W − E∗i )R+Ai (E∗i )β

which is exactly the same as the indirect utility for τ <
E∗
i
W . It follows

that for individuals with E∗i < W each value τ ∈
[
0,

E∗
i
W

]
is optimal,

and therefore single-peakedness is not satisfied.

However, notice that

∂V ′(τ ;Ai)

∂Ai
=


0 if E∗ ≥W
0 if E∗ < W and τ <

E∗
i
W

βW (τW )β−1 if E∗ < W and τ ≥ E∗
i
W

where βW (τW )β−1 > 0. Therefore

∂V ′(τ ;Ai)

∂Ai
≥ 0

for all Ai and we can apply MVT II which implies that the CW tax
rate is the one preferred by the median ability individual AM .

Finally, we know that τ∗i is a global maximizer (even if not unique)
given each Ai, and therefore

EPUBmixed = τ∗MW

=

(
βAM
R

) 1
1−β
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which is equal to the level of education provided in a pure public
system with Wi = W :

EPUB =

[
βW̄

R

(
Ai
Wi

)
M

] 1
1−β

=

[
βW

R

(
AM
W

)] 1
1−β

=

(
βAM
R

) 1
1−β

7. (a) This is exactly as the pure private system. Individuals solve

max
Ei

(W − Ei)R+AiE
β
i

s.t. Ei ≤Wi

which yields

EPRi = min {E∗,Wi}

where

E∗i =

(
βAi
R

) 1
1−β

(b) The borrowers are defined as those with EPRi = Wi < E∗i . After
choosing their level of education EPRi they decide the optimal
level of borrowings b∗i by solving the following

max
bi
−biR+Ai(Wi + bi)

β

s.t. bi ≥ 0

The solution ignoring the non-negativity constraint is given by

b∗i =

(
βAi
R

) 1
1−β
−Wi

= E∗i −Wi

which satisfies the constraint since E∗i − Wi > 0. Therefore,
individuals optimally borrow just the amount needed to reach
the optimal educational level E∗i .
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(c) The utilitarian social welfare gain is the sum of the individuals’
utility gains given by the implementation of the policy. Since
only the borrowers’ utility is affected by the policy, we can just
focus on the social welfare gain for this group.

Let B be the set of borrowers. Each i ∈ B will optimally borrow
b′i = min{b, b∗i }. Using the definition of b∗i , the utility gain ∆i for
individual i ∈ B is given by

∆i =

{
−(E∗i −Wi)R+Ai(E

∗)β if E∗i −Wi ≤ b
−bR+Ai(Wi + b)β if E∗i −Wi > b

and the utilitarian social welfare gain is then∑
i∈B

∆i = −R
∑
i∈B

b′i +
∑
i∈B

Ai(Wi + b′i)
β

=
∑
b∗i≤b

[
−R(E∗i −Wi) +Ai(E

∗
i −Wi)

β
]
−NbRb+

∑
b∗i>b

Aib
β

(d) If L ≥
∑

i b
∗
i ≡ B

∗
, the government is able to give the optimal

loan amount to each borrower. As a result, giving exactly b∗i to
each borrower i ∈ B is a better policy than setting the credit
limit b. This is simply because those individuals with b∗i > b will
be able to get the additional financial resources needed to attain
the optimal level of education E∗i .

(e) In order to determine which individuals should have priority in
getting a loan to maximize the social welfare gain we need to look
at the marginal utility of the borrowers at Ei = EPRi = Wi. In
particular, the priority should be given to those who have higher
marginal utility, since a dollar lent to this borrowers will yield a
higher Social Welfare gain.

Let Ũi(Ei) be the utility of individual i as a function of education
purchased. We have

∂Ũi
∂Ei

∣∣∣∣∣
Ei=Wi

= −RWi + β
Ai

W 1−β
i

> 0

where the inequality comes from the fact that, by definition, the
level of education Ei = Wi is strictly less than the optimal amount
E∗i , and therefore an increase in education leads automatically to
an increase in utility.
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The equation above shows that marginal utility at Ei = Wi is
increasing in Ai and decreasing in Wi. As a result, conditional on
Ai the government should give priority to poorer people, while
conditional on Wi the priority should be given to high ability
individuals.

A merit-based priority criterion is not enough to optimally al-
locate loans in this case because it does not take into account
wealth.

(f) Following from point (e), if wealth, W , is constant among bor-
rowers the only criterion we need to prioritize is ability, Ai. By
setting a minimum ability level in order to give the loan, there
will always be a social welfare gain as long as at least one of the
borrowers has Ai ≥ A. However, this is clearly not the best policy
unless all borrowers have same ability A ≥ A.

In fact, it turns out that the best policy would be to give loans
as an increasing function of ability for two main reasons:

i. If multiple individuals are eligible to get a loan and they have
different ability levels, it would be more efficient to lend more
money to those with higher ability and less to low-ability
individuals instead of a constant amount b̃.

ii. Some eligible borrowers may not need the entire loan b̃ in
order to attain optimal education. Therefore, we can increase
efficiency by reallocating this excess loan amount to other
individuals (eligible or not eligible).

Obviously, a policy which perfectly discriminates individuals by
their ability can be very hard and costly to implement in prac-
tice (e.g. high administrative costs) and therefore the minimum
ability requirement policy might be a better choice from a cost-
benefit analysis point of view.

Answer key: Chapter 12

1. (a) False. Proportional taxation of labor income will induce ineffi-
ciency since it will distort the labor supply decisions.

(b) True. Proportional taxation of fixed endowments will not distort
decisions.

(c) False. Proportional transfers will distort the labor supply deci-
sions.



Answer key: Chapter 12 129

2. (a) To derive the labor supply for an individual we first plug the
budget constraints into the utility function so that it only depends
on L as in

U(L) = WL(1− t) + S + ln(1− L)

and then take the derivative with respect to L and put it equal
to zero.

∂U

∂L
= W (1− t)− 1

1− L
= 0.

Solving for L we obtain that

L∗ = 1− 1

W (1− t)
.

Remember that L∗ must be positive, which implies that

W > W ∗

where

W ∗ =
1

1− t
is the critical wage rate below which individuals do not work.

Note that as long as t is positive, each of the 60 individuals with
wage rate equal to 1 is never going to work, while each of the 40
individuals with wage rate equal to 4 is going to work as long as
t < 0.75. (Since when t ≥ 0.75 nobody works and so income is
zero, we can restrict attention to redistribution policies such that
t < 0.75.) Hence,

L∗ =

{
0 if W = 1

1− 1
4(1−t) if W = 4.

(b) Since y = WL, we have that

y =

{
0 if W = 1

4− 1
(1−t) if W = 4.

Hence, average income is equal to

ȳ =
40
(

4− 1
1−t

)
100

and median income is
yM = 0.
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(c) The indirect utility functions of the individuals in the community
are

V (t, S) =

{
S if W = 1

4(1− t)− 1 + S − ln(4(1− t)) if W = 4

and the slopes of their indifference curves are

dS

dt
=

{
0 if W = 1

4− 1
(1−t) if W = 4.

Hence, preferences satisfy the single-crossing property.

(d) The community’s budget constraint is

S = tȳ =
40t
(

4− 1
1−t

)
100

.

(e) Since the median voter has wage rate W = 1, the median voter
does not work and chooses the tax rate that maximizes the amount
of subsidy he receives (note that after substituting S with tȳ using
the community’s budget constraint, the indirect utility function
of the median voter is V (t) = tȳ).

Hence, the median voter solves the following maximization prob-
lem:

max
t

40t
(

4− 1
1−t

)
100

.

The first order condition for this maximization problem is

.4

(
4− 1

(1− t)2

)
= 0

and the only solution between 0 and 1 is t = 0.5. Hence, the tax
rate that will be chosen by majority voting is t = 0.5.

3. (a) To derive the labor supply for an individual we first plug the
budget constraints into the utility function so that it only depends
on L

U(L) = L(1− t) + S − 0.5(L−X)2

and then take the derivative with respect to L and put it equal
to zero

∂U

∂L
= (1− t)− L+X = 0.
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Solving for L we obtain that

L∗ = X + (1− t).

Note that L∗ is always positive (so everybody works).

(b) Since y = L, we have that average income is equal to

ȳ = X̄ + (1− t) = 0.5 + (1− t)

and median income is

yM = XM + (1− t) = 0.2 + (1− t).

(c) The indirect utility functions of the individuals in the community
are

V (t, S) = (X+(1−t))(1−t)+S−0.5(1−t)2 = X(1−t)+S+0.5(1−t)2

and the slopes of their indifference curves are

dS

dt
= X + (1− t).

Hence, preferences satisfy the single-crossing property.

(d) The community’s budget constraint is

S = tȳ = 0.5t+ t(1− t).

(e) The median voter solves the following maximization problem:

max
t
VM (t) = 0.2(1− t) + 0.5t+ t(1− t) + 0.5(1− t)2.

The first order condition for this maximization problem is

−0.2 + 0.5 + 1− 2t− 1 + t = 0

and the solution is t = 0.3. Hence, the tax rate that will be
chosen by majority voting is t = 0.3.

4. (a) The problem of the individual is:

max U(L) = L(1− t) + S − α(L)2

s.t. L ∈ [0, 1]
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The first order condition delivers:

L =
1− t
2α

Note that we have L ∈ [0, 1] for all α ∈ {1, 2, 3} and t ∈ [0, 1].
Hence, everyone works and the labor supply function is given by:

L∗ =
1− t
2α

(b) Mean income is given by

ȳ = (1− t)1

6

(
2 +

1

4
+

1

6

)
=

29

72
(1− t)

and median income is given by

yM =
1− t

2
.

(c) The indirect utility function is equal to:

V (t, S) =
(1− t)2

2α
+ S − α(1− t)2

(2α)2

=
(1− t)2

4α
+ S

and hence
dS

dt
= L∗ =

(1− t)
2α

.

It follows that
dS

dt
is always monotonically decreasing in α. Hence,

the single-crossing property is satisfied.

(d) The community’s budget constraint is characterized by the fol-
lowing equation:

S = tȳ =
29

72
t(1− t)

(e) The median voter belongs to the taste group with α = 1. Since
this group values leisure the least, they work the most and hence
earn the most. Hence, they will prefer no taxes or subsidies.
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5. (a) Average income decreases due to the fact that fewer people work
and those who work work less.

(b) There is no effect. Since utility is additively separable and linear
in consumption there is no income effect.

(c) The equilibrium relationship is described by the Laffer Curve.
The subsidy first increases with the tax rate but then it decreases.

(d) The likely effect is an increase in redistribution. If the poor are
the majority but only the rich vote, then the median voter dis-
likes redistribution. An extension of the franchise changes the
identity of the median voter from the rich to the poor, who likes
redistribution.

(e) One possible explanation is that in country A the median voter
is relatively less productive than the median voter in country B,
or country A is more unequal than country B. Another possible
explanation is that the citizens in the two countries have different
preferences.

6. (a) The only efficient income redistribution policy consists of lump-
sum taxes (or proportional taxes on fixed endowments) and lump-
sum transfers, because lump-sum taxes and transfers do not dis-
tort individual behavior (Second Fundamental Welfare Theorem)

(b) Any other income redistribution policy is inefficient because it
distorts individual behavior.

7. (a) To derive the labor supply for an individual we first plug the
budget and time constraints into the utility function so that it
only depends on L,

U(L) = 2L(1− t) + S + 2(1 +X − L)− (1 +X − L)2

and then take the derivative with respect to L and put it equal
to zero.

∂U

∂L
= 2(1− t)− 2 + 2 (1 +X − L) = 0

Solving for L we obtain that

L∗ = 1 +X − t.

Note that L∗ is always positive (so everybody works).
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(b) Since y = 2L, we have that average income is equal to

y = 2
(
1 +X − t

)
= 3− 2t

and median income is

yM = 2 (1 +XM − t) = 2.6− 2t.

(c) The indirect utility functions of the individuals in the community
are

V (t, S) = 2 (1 +X − t) (1−t)+S+2t−t2 = 2+2X−2t−2tX+S+t2

and the slopes of their indifference curves are

dS

dt
= 2 (1 +X − t) = y.

Since the derivative of the slope of the indifference curves with
respect to X is positive (in fact, it is equal to 2), we conclude
that preferences satisfy the “single-crossing” property.

(d) The community’s budget constraint is

S = ty = t(3− 2t).

(e) The median voter solves the following maximization problem:

max
t
.VM (t) = 2+2XM−2t−2tXM+t(3−2t)+t2 = 2+0.6−2t−0.6t+t(3−2t)+t2

The first order condition for this maximization problem is

−2− 0.6 + 3− 4t+ 2t = 0

and the solution is

t =
−2− 0.6 + 3

2
= 0.2

Hence, the tax rate that will be chosen by majority voting is
t = 0.2 and the per-capita level of redistribution is S = 0.52.
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Answer key: Chapter 13

1. (a) True. This happens because, given the assumptions of the model,
under perfect information the company chooses group-specific fee
and benefit that maximize the utility of the same group under the
financial self-sufficiency constraint. It follows that the optimal fee
f∗g for group g is exactly equal as the amount any individual in
this group would have saved in absence of an insurance market.

(b) True, the middle class would be better off with the rich class
policy compared to their. In order to prevent that, the insurance
can put a constraint to the rich class maximization problem in
order to avoid members of middle class pretending to be rich.
However, the introduction of this constraint causes a utility loss
for the rich class.

(c) True. By solving the SP problem we get that the optimal fee
under the private market with perfect information, f∗g , is efficient.
However, imperfect information causes utility losses to different
class member because of the constraints the insurance company
has to put on the maximization problem in order to avoid lower
classes pretending to be of higher classes and getting a better
contract.

(d) False. The CSPP gives an optimal tax rate of τ∗CPO = 0, which
directly implies no universal health care coverage provided by
the government. On the other hand, universal coverage is the
outcome of the political-economic equilibrium of the model.

2. (a) Let wi and si denote the wage and saving level of individual i.
Then, the expected utility function can be written in terms of si
as

E[U i(si)] =(1− exp(−2(wi − si)))+
βρ(1− exp(−2si))+

β(1− ρ)(1− exp(−2(wi + si))).

The first order condition with respect to si gives

−2 exp(−2(wi − si))) + βρ exp(−2si) + β(1− ρ) exp(−2(wi + si)).

This a non-linear function in si and generally there is no closed
form solution to it. The optimal level of saving s∗i is the solution
to the above equation.
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(b) Solving for the optimal level of saving in the F.O.C. gives s∗ =
0.097. In the absence of discounting the optimal saving will be
higher at 0.12.

3. (a) The insurance company will provide the policy that maximizes
each groups indirect utility function. Following the F.O.C. in
section 13.1.1., f∗poor = 1/4, f∗middle = 4/5, f∗rich = 1.

(b) We first set frich so that the poor cannot benefit from it. That is

max
frich

Vrich(frich)

s.t. Vpoor(frich) ≤ Vpoor(fpoor)

we need that, 2f−5/2f2 ≤ 1/16, i.e. frich ≥ 0.77 or frich ≤ 0.03.
f∗rich = 1 satisfies the first inequality and will not attract the poor.

Then, we do the same to ensure that the middle class individ-
uals do not prefer the plan intended for the rich individuals to
their own. Vmiddle(fmiddle) = 10.24. We need for frich to satisfy
28/5f − 2f2 ≤ 19.84. Which is trivially satisfied for all values.

Now it remains to check whether the poor would prefer the middle
class plan. For this we need fmiddle to satisfy 3/4f−5/4f2 ≤ 1/16,
i.e. fmiddle ≥ 1/2 or fmiddle ≤ 1/10.

We see that the first best outcome which is the collection of the
optimal policies in the previous part is still achievable even if the
insurer cannot distinguish between the different groups.

4. The financial sufficiency condition requires that

2brich + 5bpoor + 32bmiddle = 10fpoor + 10frich + 80fmiddle

Thus, any collection of benefits and fees that satisfy the above is finan-
cially sufficient. In particular, the collection of benefits and fees under
the self-sufficiency condition satisfy the unconstrained sufficiency con-
dition above. Note that any change in the fees and benefits for one
group, requires to be balanced off by a change in the fees and benefits
of another group, thus making them worse off. Therefore, there is no
Pareto improvement over the outcome in the previous problem.

5. This provision of the ACA will reduce the insurer’s ability to distin-
guish between different groups of individuals. However, the insurer
can still use other characteristics to price different groups of people.
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For instance, one can argue that the geographical location is highly
correlated with the income level of individuals and thus we expect a sig-
nificant correlation between the health risk of an individual and her ge-
ographical location, while controlling for age and other personal char-
acteristics permissible under the ACA. An evidence would be higher
premiums in the Exchange Markets in low-income counties in the U.S.
. In any case, restricting insurer’s ability to discriminate based on the
observable characteristics’ of the potential customers would disturb
the efficiency of the health insurance market. However, in here we are
not taking the other objectives of the policy maker into account.

6. One reason is the characteristics of the population. Let’s consider a
population where instead, 10 are rich, 40 are middle class, and 20 are
poor with the same wage and illness rate. Then, τ∗CPO = 0.18. Or,
when 10 are rich, 20 are middle class, and 40, then τ∗CPO = 0.22.

7. (a) Candidate B maximization problem can be rewritten as

max
τ

100∑
i=1

λi [log(wi(1− τ)) + ρi log(10τ) + (1− ρi) log(wi)]

= max
τ

4

[
log(2(1− τ)) +

1

4
log(10τ) +

3

4
log(2)

]
+ 4

[
log(3(1− τ)) +

1

2
log(10τ) +

1

2
log(3)

]
+ 4

[
log(4(1− τ)) +

1

4
log(10τ) +

3

4
log(4)

]
The F.O.C. with respect to τ is

− 1

2(1− τ)
+

1

40τ
− 1

3(1− τ)
+

1

20τ
− 1

4(1− τ)
+

1

40τ
= 0

which yields

τ∗ =
6

59

and that corresponds to a benefit of b∗ = 60
59 .

Substituting τ∗ and b∗ back in the utility function of each group
member we get the utility levels if B wins election

Upoor = 0.841857

Umiddle = 1.179462

Urich = 1.534098
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(b) The utility of the middle class if B wins the election is lower than
the one they would get if R wins, where the latter is equal to
1.84. Therefore, the middle class will vote for R. The same holds
for the other classes, whose utility under B is lower compared to
R. As a result, the whole population votes for R who eventually
wins the election.

Answer key: Chapter 14

1. In order to determine whether the political-economic equilibrium (PE)
is locally efficient we have to solve the Social Planner (SP) problem
for each community j ∈ {1, 2}. Since efficiency does not depend on
the functional form of the Social Welfare Function, we will use the
utilitarian SWF for convenience. The SP problem in community j is
given by

max
{ci}

nj
i ,Gj

nj∑
i=1

(ln ci + αi lnGj)

s.t.

nj∑
i=1

ci +Gj = nj

which leads to the Lagrangian

max
{ci}

nj
i ,Gj

nj∑
i=1

(ln ci + αi lnGj)− λ

(
nj −

nj∑
i=1

ci +Gj

)
.

The F.O.C.s are then

1

ci
= λ,∀i

nj∑
i=1

αi
Gj

= λ,∀i

nj∑
i=1

ci +Gj = nj
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Substituting we get

ci =
Gj∑nj
i=1 αi

,∀i

Gj = nj −
nj∑
i=1

ci,

and the level of public good Gj is then

Gj = nj −
nj∑
i=1

Gj∑nj
i=1 αi

=⇒ Gj

(
1 +

nj∑nj
i=1 αi

)
= nj

=⇒ Gj =

(
1

1 + 1
α

)
nj

where α is the mean α among the individuals living in community j.
The last equation can be re-written as

GSPj =

(
α

1 + α

)
nj

which is the same level of local public good in the political-economic
equilibrium, since (in expectation) mean and median α are the same
given the uniform distribution assumption.

Substituting for GSPj in the consumption equation above we get, for
each individual i,

ci = cSP =
1

1 + α
.

Finally, substituting the mean values of α in each community j, namely
α1 = 1/4 and α2 = 3/4, we will end up getting exactly the same values
as the political-economic equilibrium of section 14.1. Therefore, the
political-economic equilibrium outcome is efficient.

2. (a) True. Suppose for example that in community j there is a lower
provision of public good compared to community k, which implies
that each individual in j consumes more private good (recall that
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income is equal to 1 for all individuals). Since the utility is in-
creasing in G, the individual may prefer the provision of public
good in the other community as long as GPEk > GPEj and con-

sumption is fixed at cPEj . Notice that the question specifically
uses only the term ”prefers” and does not mention whether the
budget constraint must be satisfied.

(b) True. In fact we have that

d

dy

(
dSj
dτj

)
> 0

which implies that indifference curves of richer people are steeper.
Therefore, given an increase in τj richer individuals will need a
higher increase in subsidies compared to low income people in
order to make up for the utility loss generated by higher taxes.

(c) False. The median voter of community j maximizes her indirect
utility over τj taking as given the value τk, k 6= j. In fact, we
can look at the median voter indirect utility as a best response
function with respect of the action chosen by the median voter
in the other community.

3. (a) From the balanced-budget requirement for local community j we
know that

τj =
Gj
nj

and the individual’s budget constraint will then be

(1− τj) = 1− Gj
nj

= c(Gj)

where, in equilibrium, consumption c(Gj) is going to be constant
across individual in the same community j.

Substituting for consumption in the utility function we get then

Vi(Gj) = ln

(
1− Gj

nj

)
+
α

3
lnGj

and from the F.O.C.s with respect to Gj we get individual i’s
most preferred public good level

G∗i =

(
αi

3 + αi

)
nj .
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Finally, given the single-peakedness of the indirect utility V i()
we can apply MVT I and the level of public good provided in
community j is

G∗j =

(
αMj

3 + αMj

)
nj ,

where αMj is the median α in the community.

(b) The sorting equilibrium consists in a strategy profile where each
individuals has no incentive to move to the other community.
That is, if individual i lives in j = 1 we will have Vi(G

∗
1) ≥ Vi(G∗2),

and viceversa for those living in j = 2.
Based on the case of αi uniformly distributed on [0, 1] in section
14.1, we can characterize the following sorting equilibrium

• Individuals with αi ∈ [0, 1] will live in community 1.

• Individuals with αi ∈ [1, 2] will live in community 1.

with those with αi = 1 being indifferent between the two com-
munities and therefore living in either one or the other.

(c) Given the sorting equilibrium we have that the median voters
in the two communities will have αM1 = 1

2 and αM2 = 3
2 . The

political-equilibrium values of public good and consumption in
each community is then:

cPE1 =
6

7
, cPE2 =

2

3
, G∗1 =

1

7

(n
2

)
, G∗2 =

1

3

(n
2

)
4. (a) Given the equilibrium prices p̃1 = (1 + τ1)θ and p̃1 = (1 + τ1)θ,

individual y problem is given by

max
c,h

ln (c) + λh

s.t. y + Sj = h(1 + τj)θ + c

Substituting for c from the budget constraint we can reduce the
problem to the choice of h

max
c,h

ln (y + Sj − h(1 + τj)θ) + λh

From the F.O.C. we get

(1 + τj)θ + λ(y + SJ)− λ(1 + τj)θh = 0
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which gives the following optimal housing choice as a function of
Sj , and τj .

h∗(τj , Sj ; y) =
y + Sj

(1 + τj)θ
− 1

λ

(b) Substituting h∗(τj , Sj ; y) in the utility function we get the follow-
ing indirect utility

V (τj , Sj ; y) = ln

(
(1 + τj)θ

λ

)
+

y + Sj
(1 + τj)θ

− 1

λ

= ln (1 + τj) + ln (θ)− ln (λ) +
y + Sj

(1 + τj)θ
− 1

λ

In order to determine whether precerences over τj and Sj satisfy
the single crossing property, we first need to compute the the
slope of their indifference curves:

dV =
∂V

∂S
dS +

∂V

∂τ
dτ

=
1

(1 + τ)θ
dS +

(1 + τ)θ − (y + S)

(1 + τ)2θ
dτ

where subscript j is removed for notational convenvience.

Setting dV = 0 we get

dS

dτ
=
y + S

1 + τ
− θ

and
d

dy

(
dS

dτ

)
=

1

1 + τ
> 0

Hence, the single-crossing property is satisfied and we can apply
MVT III.

(c) From part (b) above we can see that individuals with higher
income display steeper indifference curves. This implies that
wealthier people are more adverse to higher taxation since, com-
pared to individuals with lower income, they will need a higher
increase in subsidy Sj in order to make up for the utility loss
of a given increase in the tax rate τj . Therefore, the richer the
individual, the lower is her preferred level of redistribution.
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As a result, individuals will sort themselves in the two communi-
ties based in their income y. In particular, we get the community
partitions C1 = [0, ym] and C2 = [ym, 1], where ym represents an
individual who is indifferent between the two communities.

We can now plug this sorting result into the government budget
constraints of each community:∫ ym

0
S1dy =

∫ ym

0
τ1θh

∗(τ1, S1; y)dy

=⇒S1ym = τ1θ

(
y2m + S1ym
(1 + τ1)θ

− ym
λ

)
=⇒S1 =

τ1[λym − θ(1 + τ1)]

λ

and ∫ 1

ym

S2dy =

∫ 1

ym

τ2θh
∗(τ2, S2; y)dy

=⇒S2(1− ym) = τ1θ

(
(1− y2m) + S1(1− ym)

(1 + τ1)θ
− 1− ym

λ

)
=⇒S2 =

τ2[(1 + ym)− θ(1 + τ2)]

λ

Then plugging S1 and S2 in he indirect utility function we get

V (τ1; y) = ln(1 + τ1) + ln(θ)− ln(λ) +
y

(1 + τ1)θ
+
ym
θ
− 1 + τ1

λ

and

V (τ2; y) = ln(1 + τ2) + ln(θ)− ln(λ) +
y

(1 + τ2)θ
+
ym + τ2

θ
− 1 + τ2

λ

In order to find the value ym we need to equate V (τ1; y) = V (τ2; y).
Unfortunately, we can see that there are infinite values of ym that
satisfy this equation (ym cancels out from both sides).

However, we can still compute τ1 and τ2 that maximize the individual’s
utility by taking the F.O.C.s and rearranging

τ∗1 (y) =
λ

2

(
1±

√
1− 4y

θλ

)
− 1

τ∗2 (y) =
θλ

2(θ − λ)

(
1±

√
1− 4y(θ − λ)

θ2λ

)
− 1
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which for certain values of θ and λ can be unique and inside the unit
interval [0, 1].

Finally, the median income in community 1 is going to be ym/2, while
in community 2 we have (1 + ym)/2. As a result, the level of taxation
in a political-economic equilibrium is given by

τ∗1 =
λ

2

(
1±

√
1− 2ym

θλ

)
− 1

τ∗2 =
θλ

2(θ − λ)

(
1±

√
1− 2(1 + ym)(θ − λ)

θ2λ

)
− 1

where the value of ym is the equilibrium income cutoff level such that

(a) Individuals with y ∈ [0, ym] will live in community 1.

(b) Individuals with y ∈ [ym, 1] will live in community 2.

(c) No individual has incentive to move to the other community.

5. The production functions are given by

F1(n1) =
(n1

5

) 1
2

F2(n2) =
(n2

5

) 1
3

Again, the competitive labor markets in each community implies that
the workers receive a wage equal to their marginal productivity. Thus,

w1 = F ′1(n1) =
1

2
√

5
n
− 1

2
1

w2 = F ′2(n2) =
1

3 3
√

5
n
− 2

3
2

The rich land owners receive the remaining rents

r1 =
(n1

64

) 1
2 − n1

16
n
− 1

2
1

r2 =
(n2

64

) 1
3 − n2

12
n
− 2

3
2 .

And, n1 + n2 = 1000.
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(a) The marginal product of labor in both communities would be
equalized. Thus, n1 that solves

1

16
n
− 1

2
1 =

1

12
(1000− n1)−

2
3 .

is given by n1 = 774 and n2 = 226.

(b) The free mobility of labor between the two communities implies
that the wages earned by the poor working class is equalized in
two communities. In here,

1

16
n
− 1

2
1 + S =

1

12
(1000− n1)−

2
3 + S

It’s clear to see the population of the two communities would not
change in presence of this equal transfer thus no distortion of the
optimal allocation of labor happens in here.

6. In this setting the cost-less and free mobility of labor ensures that the
wages paid in the two communities are equal. If the only deciding
factor in payment to workers is the competitive labor market in each
community, then the wage equality implied by the free mobility of
labor is equivalent to equal marginal productivity of labor. As we
know, this condition implies the optimal allocation of labor between
the two production technologies.

Now suppose that S1 < S2. The competitive markets still pay the
workers a wage equal to the marginal productivity of labor in that
community, but the community adds the additional transfer on top
of their wage to their payment. Now the free mobility implies that
MPL1(n1) = MPL(n2) + (S2 − S1), thus, MPl1(n1) > MPL(n2).
This means that the second community is hosting more poor residents
than the efficient level. Although the second community is producing
more, the total production of the economy is lower than what it could
be under the no transfer regime.

7. Let’s characterize the maximization problem of different players in
the economy. The poor workers seek to maximize their consumption,
which is the sum of the competitive labor market wage and the trans-
fers. Thus, workers maximize

βj
nj

+ Sj by choosing their community j

. Free and cost-less mobility implies β1
n1

+ S1 = β2
n2

+ S2.

The rich land-owners in community j try to maximize their net in-
come given the lump-sum tax and the contribution rate of the central
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government, by choosing the transfer to the workers in their commu-
nity. Therefore, they maximize: βj(ln(nj)− 1)− (1− zj)Sjnj − Tj by
choosing Sj . Note that the land-owners do realize that nj is a func-
tion of the subsidy level Sj that they choose. The labor demand in

community j = 1, 2 can be written as nj = n
(
βj
β1

)
, which implies

n1 =

(
β1

β1 + β2 + n(S2 − S1)/2

)
n

n2 =

(
β2

β1 + β2 + n(S1 − S2)/2

)
n

So the land-owner 1 chooses S1 to maximize

β1

[
ln

(
β1

β1 + β2 + n(S2 − S1)/2

)
+ ln(n)− 1

]
− (1− z1)S1

(
β1

β1 + β2 + n(S2 − S1)/2

)
n− Tj

The first order condition with respect to S1 gives

β1n(2(β1 + β2) + n(S2 − S1)) + 4β1S1(1− z1)(β1 + β2)

(2(β1 + β2) + n(S2 − S1))2
= 0

The central government’s objective is to (z1, z2, T1, T2) to give incentive
to the landowners to choose equal level of subsidies, i.e. S1 = S2.

We will not try to explicitly solve for the solution to the first order
condition above in here. We are interested in how the land-owners’
subsidy best response changes as the central government increase z1,
i.e. its contribution to the redistribution in community 1. Note that
as z1 increases, the term 4β1S1(1 − z1)(β1 + β2) in the numerator of
the F.O.C. decreases, and that for n large enough, a decrease in S1 in-
creases −β1n2S1 faster than it decreases 4β1S1(1−z1)(β1+β2). Thus,
the subsidy decision of community 1 is decreasing in the government’s
contribution. Similarly, for the second community. We can conclude
there are rates of contribution (z∗1 , z

∗
2) such that equilibrium subsidies

chose by the land-owners, (S∗1 , S
∗
2), satisfy S∗1 = S∗2 . It’s important to

note that the lump-sum tax Tj does not appear in the decision mak-
ing of the land-owners. Thus, the central government chooses (z∗1 , z

∗
2)

so that the subsidies are equalized and then chooses the lump-sum
taxes just to balance the budget. To conclude, we just showed that
in presence of a central government, by imposing lump-sum taxes and
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contributing to the local redistribution effort, efficiency can be estab-
lished.


	Overview and introduction
	Basic tools of microeconomics
	Basic tools of political economics
	Voters
	Electoral competition
	Parties
	Lobbies
	Political careers
	Public goods
	Public schools
	Higher education
	Redistribution
	Health care
	Mobility
	Answer key

