CHAPTER 7 BEAM DEFLECTIONS DUE TO BENDING

EXERCISE 33, Page 156

1. Obtain an expression for the deflection y at any distance x from the left end of the uniform

section beam of shown.

2 kN/m
L _BLEN/m
(i i
wLe. .,
Ra y Ry

S TTTITY R

RA ! Amy ff Re

w=2=x/4

Taking moments about B gives:
1 1
RaX4=2x4%x2+ §X4X1X§x4

=16 + 2.667
i.e. Ra =4.667 kN

Resolving vertically gives:

(2+3)
RA+RB: 5 x4 =10 1

i.e. Rg =10-4.667 = 5.333 kN

2
El d—g:4.667x—zxxxgx—i(2+§jxx><1xx
dx 2 3 2 4 3

3
= 4.667x — 0.667x2 —%[2% +X—}

4

= 4.667x—0.667 x* —0.333 x*> —0.0417 x*
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d’y

i.e. El — =4.667x—x* —0.0417x°
dx
oy &Y _(4667Y 5 15 0'0417jx4+A
dx 2 3 4
ie. El % =2.333x*-0.333x* - 0.01043x"* + A
X

iy :(2.133])(3 _(0.3433jx4 _(0.015043])(5 Ay LB

i.e. Ely =0.778x% —0.0833x" —0.002086 x° + Ax + B
Atx=0,y=0, hence, B=0
Atx=4,y=0,
0=49.79-21.32-2.14 + 4A
from which, A =-26.33/4 =6.583

i.e. from equation (1),

y= % (0.778x> — 0.0833x* — 2.086x107° x> — 6.583)

1)

2. Determine the value of the reactions and end fixing moments for the uniform-section beam

shown. Hence, or otherwise, obtain an expression for the deflection y at any distance x from the left

end of the beam by the double integration method.
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and

and

i.e.

\ 3
Am s

' /
/\M(z_W% R
.
RA _

dy

El 2 =RaX—Ma— 0.667x% — 0.333x° — 0.0417x°

d2
El &% = RaX— Ma— 2 — 0.04175°

g9 _ R.X? M X 0.0417x* .
dx 2 A3 4

A

d
El 6% = 0.5 Rax? — Max — 0.333%° — 0.01043x* + A

_ 05R,x* M,x* 0.333x" 0.01043x’
3 2 4 5

Ely + Ax+B

Ely = 0.167 R —0.5M,x —0.0833x" — 2.086x10°x° + Ax + B

Atx=0,y=0 hence, B=0

Atx=0

dy _ _
'dx_o' hence, A=0

Therefore, from equation (i),

y= %{0.77 X3 —1.62 x* —0.0833x* — 2.086x10° x°}

Atx =4, %}é =0,

hence, 0=8Ra—4Mp—-21.31-267

i.e. 8RA—4Ma—-24=0
Atx=4,y=0,

hence, 0=10.69 Ra—8Mp—21.43-2.13
ie. 5.345Ra—4Mp—-11.73=0

Taking equation (2) from equation (1) gives:
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2.655RA—-1227=0

from which, Ra=4.62kN

Substituting equation (3) into equation (1) gives:
36.97-4Mp—24=0

from which, Ma=3.24KkNm
Rg =5.38 kN

Taking moments about B gives:
1 1
Mg+4.62x4=324+2x4x2+ EX4X1X §x4

i.e. Mg =—18.48 + 3.24 + 16 + 2.67

from which, Mg =343 kN m

3. Obtain an expression for the deflection y at any distance x from the left end of the uniform

section beam shown.

Ra A

o

w:?’l—x :37: =0.75x kN/m

Taking moments about B gives:

R x4m = 3k—N><4—mx1x4m
m 2 3
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i.e. 4R =8 and R =2kN
Resolving vertically gives:

R1+R2=3L24=6kN

Hence, R,=6—-2=4KkN
g9 _y —R XX~ Wx2x2
dx? 2 3
3
_ 2X_O.75x

2 4
el 2()(—)— 015X | A

dx 2 4x6
. El % — 2 —~0.03125%" + A )
X

x®  0.03125x°
o

and Ely = 3 Ax+B 2

Atx=0,y=0,hence, B=0

4° 0.03125x4° N

Atx=4,y=0, hence, 0=—-— 4A
3 5

from which, 4A=6.4-21.33

1493

and A =-3.7325

3 5
Hence, Elyz%—%—&?BZSx 3)

or y = é(o.sssﬁ ~0.00643x° —3.7325x )

4. Determine the value of the reactions and end fixing moments for the uniform-section beam
shown. Hence, or otherwise, obtain an expression for the deflection y at any distance x from the left

end of the beam.
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W:3|_x :37?( =0.75x KN/m

Taking moments about B gives:
Ryx4m= M, + 0.75><4><ﬂ><ﬂ— Mg
2 3
ie. 4R, =M, +8—M,

Resolving vertically gives:

3 4
R,+R, =—x4x—=6
AR g 2

Hence, Ry =6—-R, (1)
2
El%zRAxx—MA——xfox_
X
0.75x°
= RX=M, —— )
. d’y
ie. El v R,x—M, -0.125x° (2a)
X
2 4
Y _r [ X | mx 012X @3)
dx 2 4
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Atx=0, 3—y=0, hence, A=0

X
2 0.125(4)"
Atx:4,d—y:0,hence, 0=R, o —4MA——()
dx 2 4
from which, 4M, =8R, -8
and M,=2R,-2

From equation (3):

R M,x* 0.125x° N

Ely =
Y 6 2 20

B

Atx=0,y=0,hence, B=0

Atx=4,y=0,hence, 0= RA(4)3 - MA(4)2 - 0'125(4)5
2 20
ie. 0=10.667R, —8M , —6.4
or M, =1.333R, -0.8
Equating equations (4) and (6) gives:
2R, —2=1.333R, —0.8
ie. 0.667R, =1.2
from which, R, :%27:1.8kN
From equation (1), R;=6-R,=6-1.8
ie. R, =4.2kN
Substituting equation (7) into equation (4) gives:
M, =2R, —2=2x18-2
le. M, =16kNm
At x =4, Elj—:(g:Mle.Sx4—1.6—QL(4)3

(4)

(®)

(6)

(")

(8)

(9)

from equation (2a)
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ie. M;=72-16-8=-24KkNm

3 2 5
From equation (5), Ely= R M,x" 0.125x N
6 2 20

B

1(18¢ 1.6x° 0.125x
6 2 20

ie. y =i(o.3x3 ~0.8x* ~0.00625x")
El
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EXERCISE 34, Page 160

1. Determine the position (from the left end) and the value of the maximum deflection for the

uniform-section beam shown.

0.7 kNJm

A c BT
1.5 m—>j— 2m
=a

G Re

Taking moments about B gives:

Rax35=0.7x15x%x275

from which, Ra =0.825 kN
d?y 0.7x 0.7 )
El g2 = 0.825x - — +7 (x-15)
d +0.117 (x - 1.5)°

- 2 _ 3
El ax - 0.413x<-0.117x° + A

Ely = 0.138x*-0.0292x* + Ax + B +0.0292 (x — 1.5)*

Atx=0,y=0, hence, B=0

Atx=3.5,y=0,
hence, 0=5.917-4.38 + 3.5A + 0.467
i.e. A=-0573

For 9, % =02 between C and B

0=0.413x*— 0.117x* — 0.573 + 0.117 (x* + 2.25x — 1.5x° — 3.375)

i.e. 0 = 0.238x* + 0.263x — 0.967

Lo 0263+ |/(0.263) 2 ~4(0.238)( -0.967)
- 2(0.238)

and =154m

Ely = 0.138x*-0.0292x* + Ax + B

and 0 = 0.543/E1
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2. Determine the deflections at the points C and D for the uniform-section beam shown, given that

El = 4300 KNm?.
2kN SkNm‘L
A 1kN/m
Y
- Bl er
4m r1mi1m
S KN
2.KN
TKN/m
A c. D lB
P\AL 4y —t Re
Im I
w = Xx/6
Taking moments about B gives:
1 2
Rax6=2%x2+5+=x6x1x—x6
2 3
from which, Ra=21/6 =25kN
Taking moments about A gives:
1 2
Rex6+5=2x4+=x6x1x=x6
2 3
from which, Rg =(20-5)/6 =25 kN
1
2.5+2.5:§x6x1+2:5
d’y 1 X X
El — =25X——xXx—x— _ _ _ =\
NE. 5 6 3 2(x—4) 5(x-5)
dyy _ X
Elgx2 = 25% - 35 _2(x—4) _5(x—5)"
dy _ 2 X
Elgy = 1.25%° - 144+A —(x—4)? _5(x—5)
Ely=0.417x3 - ﬁ+Ax+B
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X - 4)3

—g(x-S)2

Atx=0,y=0, hence, B=0

Atx=6,y=0
Hence, 0=90-10.8+6A—-2.667—-25
from which, A=-1234
1
Atx =4, 8 = 7300 (26.69 — 1.422 — 49.36) = - 5.60x10°m
1
Atx =5, 6D:m(52.1—4.34—61.7—0.3) =-3.32x10°%m

3. Determine the position and value of the maximum deflection of the simply supported beam

shown, given that E | = 100 KN m? .

2 kN

1 kN/m
A T C

=0
e— 2m —t< Tm—>f<1m->]

2kNm

X

B,
P

Taking moments about B gives:

Rax4+2=2x2+2x1x3

from which, Ra=(10-2)/4 =2 kN

d? X2 X - 2)2 +2 (x—23)°
El 5= 2x-7 —2(x_z)+L2L

dy _ , X2 ,, x-2)° +2(x-3) 1)
Eldx—x-6+A -(x-2)+ 6

_x x (x-2° (x-2)* +(x-3)° )
Ely="3-57+Ax+B 3t

Atx=0,y=0, hence, B=0
Atx=4,y=0,

hence, 0=21.33-10.667 + 4A—-2.667 + 0.667 + 1
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from which, A=-9.663/4=-2.416

3 -2)3
Therefore, £l Y3 -2 _XE 2416 - (x - 22 + KX_6L4

. d
For maximum y, a¥ =05

Try second ‘span’:

3 3
- X 04163 +ax—a+ X2 12X 8 g
6 6 6 6
or 2416 +4x -4 - x*+2x—1.33=0
i.e. X2 +6x-7.746=0
—6+ /6% —4(-1)(-7. —6+2.
from which. . 6+ /62 —4(-1)( 7.746) 64224
2(-1) 2
i.e. x=1.88m

As 1.88 < 2, the maximum deflection does not occur in the second ‘span’.

Consider first ‘span’:

X3

0= x2—€—2.4l6 6

Try x=1.87,
then 0=3.497-1.0899-2416=0
i.e. x = 1.87 m (approximately) (3)

For maximum deflection, substituting equation (3) into equation (2) gives:
1
=g (2.18-0.51 - 4.518)7

i.e. =-0.0285m

4. The beam CAB is simply supported at the points A and B and is subjected to a concentrated load
W at the point C, together with a uniformly distributed load w between the points A and B, as

shown. Determine the relationship between W and wil, so that no deflection will occur at the point C.
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VA0 0.V 0Vl V. V. i Y T
c A BVt
7':.'_"0 t 1
e—j[2—>}e / >|
2
Ry M it
2 2
2
i.e RA:% wi +RA(X—|]—ﬂ(x_l
2 2 2 2
dy _ ) w 1Y’
El 2 =- WX Ry X—= |- = | X—=
o A( 2) 2" 2
QY_ W_X2 R | 2 W | 3
Bl =2 A LRy w X"j
dx 2 2( 2) 6( 2
Wx3 3 4
Ely=-—g-+Ax+B +&(X_lj _ﬂix_lj
6 2 24 2

Atx=0, y=0, hence, B=0

Atx=1/2, y=0,
3
hence, o:_viJrﬂ
48 2
2
i.e. A:MS
24
Atx =312, y=0,
3 3 4
therefore, 0= 2MWIT 3WIE Rys WD
48 48 6 24
ie __ 2w 3w 3w wlowl
- 48 48 12 12 24
. w wi
4 24
6w
.e wW=—
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5. Determine the position (from the left end) and the value of the maximum deflection for the

uniform-section beam shown.

0.7 kKN/m

Taking moments about B gives:

Ry x5=0.7x2x4

from which, R,=5.6/5=1.12 kN
0.7x2 ! 07(x 2)2
dzy__ S X +_.__.__—
EI— 5 =112x = | 5
|
2 3 | 07(x-2)
gy 1128 01x L 07(x-2)
dx 2 6 | 6
\ '
112x 0.7x" 0.7(x-2)
s i +____.__-——
Ely= . + Ax+ B “ 24
Atx=0,y=0, hence, B=0
1.12(5)° 0.7(5)* 0.7(3)"
Atx=5m,y=0, hence, 0= ()— (5) +5A+ ()
6 24 24
i.e. 0=23.333-18.229+5A+2.363
i.e. 5A =18.229 — 23.333 - 2.363 = — 7.467
and =—7.467/5=-1.4934

. ) d
The maximum deflection, 6, occurs where d—y =0
X
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3

dy 112x* 0.7x% 0.7(x—2)

Since El +A+
dx 2 6 6
2 3 0.7(x=2)(x*—4x+4
o g Oy _112¢ 07¢ (x=2)( )
dx 2 6 6
: dy 112x* 07x° . 0.7(X’-6x*+12x-8)
le. El —= - + A+

dx 2 6 6
Hence, at maximum 8, 0=0.56x"—0.1167x>-1.4934+0.1167x® —0.7x* +1.4x—0.9333

ie. —0.14x* +1.4x—2.4267=0
Using a calculator or the quadratic formula,

X = 7.769 (which is neglected) or 2.231m

3 4 T(x-2)"
Elyz1.12x ~0.7x +AX+B+0 (x—2)
6 24 24
i.e. Ely =0.1867x° —0.029167x* —1.4934x +0.02917(x — 2)*
1

When x =2.231, 6= 5{0.1867(2.231)3 ~0.029167(2.231) - 1.4934(2.23) +0.02917(0.231)

=%{2.073—0.723—3.332+8.306><105}

1.98

i.e. o0=——""—
El

6. Determine the deflections at the points C and D for the uniform-section shown, given that EI =

4300 KN/m?.

2 kN 5 kN m

1 kN/m

C DL “BT =0

e

5m im im
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,,?JL\; SHV KJ7

Sm

Taking moments about B gives:

RAx7=ux7+2x2+5
2 3

=8.167+4+5=17.167
from which, R, =17.167/7=2.452 kN
Resolving vertically gives:

R, +R, = 127 2=55

Hence, Rg =5.5-2.452 =-3.048 kN
| 0
Iy o gspe-LxxxZxE | 2[x-5] - —5[x-6]
dx’ 7 23 | |
O Lo 2 S A ] | =5[x-6]
dc 2 Ax42 |2 '
|
5 gd X 4 [x-5T - —5[x-6] (1)
or dx =1.225x" = | [x-5] :
|
i |
1955 x - [x-35] Srese]
= - Ax+B | - [
Ey="=""5aqe " E 2
t
3
xs ‘ [X—S] ) __5_ _62 o)
ie. Ely=0.408x3—8—46+Ax+B | — % | [x-6] )
n

Atx=0,y=0, hence, B=0

5
Atx=7m,y=0, hence, 0=0.408(7)° - (7)0 7A—-2.667
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ie. 0=139.94-20.01+7A—-2.667

i.e. 7A =20.01 + 2.667 —139.94 = - 117.26
and A=-117.26/7 =-16.75
_ 1 . (5 :
Atx=5m, 8. =—10.408(5)" ———=+5A;  from equation (2)
El 840
1
= —{51-3.72-83.75}
4300
ie. 8. =—-8.48x10°m
_ 1 s (6) -
Atx=6m, 8, =—10.408(6) ———+6A; from equation (2)
El 840
1

= ——{88.13-9.26 -100.5}
4300

ie. 8, =-5.03x10°m

7. Determine the maximum deflection for the uniform-section beam shown, given that EI = 4300

KNm?.
2 kN 2kN m
B
A B—x
| -
X=0
| 3m j<1 m->}<1 m—>|

Taking moments about B gives:

R, x5+2=1x3x3.5+2x2
i.e. 5R, =10.5+4-2=125

from which, R,=125/5=25KkN
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l
2 2 s
By e L35 | :z[x—3]+lx[x2 | 2[x-4]"
X
|
|
| i
& 2.5x% X i 2 2 [x—?)]3 ‘
g 22X X Ly ‘ ——[x—3]"+ | +2[x—4] 1)
& 2 6 2 6
‘ |
25¢ & T e T )
Ely= ~§+Ax+B i == 3 MY | 5
|

Atx=0,y=0, hence, B=0

3 4 3 4
Atx=5m,y=0, hence, O=ﬁ—Q+5A—@+Q+E(1)2

6 24 3 24 2
ie. 0=52.083—-26.042+5A—-2.667+0.667+1
ie. 5A =—-52.083 + 26.042 + 2.667 — 0.667 — 1 = — 25.041
and =-25.041/5=-5.008
For maximum deflection, % =0
_ 25x° x°

Try the first span: 0 —E—5.008

Solving using a calculator or smart phone gives:
X = 6.860 m (which is impossible) or x=2.436 m or —1.80 m (which is impossible)

The value of 2.436 m is correct because it applies to the first quadrant — as the Macaulay bracket
cannot be negative.

3 4
Hence, maximum deflection, 6 = 125 X +5.008x
EI{ 6 24

3 4
1 {2-5(2-436) _(2.436) +5.008(2.436)]
4300 24

6
1
= —_(16.9308)
4300
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i.e. maximum, deflection, 6 = 0.00394 m

8. The beam CAB is simply supported at the points A and B and is subjected to a concentrated load
W at the point C, together with a uniformly distributed load w between the points A and B, as

shown. Determine the relationship between W and wl, so that no deflection will occur at the point B.

w
xio
fe—1/3—>}=< ! ™
o~
‘}W w
mmh
o [ # P e T2
F— —
(d—«tj';» =2
N0 KA‘ @
Taking moments about B gives:
wl?
RAXI =W (1333')4‘7
i.e. R, =1.333W +W?I 1)
) l ; 1T
w
EI%z—Wx l +R{x—§}5[ “g}
2 3
dy W R, _z[ _L]
El—-=———+4 23] el s
I 3 :
wx’ R\ 1 _K[X_i]
Ely=- 5 +Ax+ B | % 6\:x 3 a 3

Atx=0,y=0,hence, B=0

I 3
| W(s) |
Atx=—,y=0, hence, 0= _—+A(_j
3 6 3
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Wi Al

or 0= +
162 3
2 2
from which, :BWI :WI
162 54

At x =1.333l, y=0, hence,

W (1.3331)° 2) |2 4
0= WIS ) 355 W] +'—£1.333w +Mj—ﬂ
6 54 ) 6 2

24
. 3 I® wh)  wl?
i.e. 0=-0.395W I® +0.02471°W +—|1.333W + — |-—
6 2 24
Dividing throughout by I° gives:
1 wlh) wli?
0=-0.395W +0.0247™W +—|1.333W +— |———
6 2 24
i.e. 0=-0.395W +0.0247W + 0.222W +0.0833wl —0.04166wl
ie. 0= -0.1483W + 0.04164wl
from which, W= M
0.04141
. 3.582W
ie. W=
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EXERCISE 35, Page 164

1. Determine the position (from the left end) and the maximum deflection for the uniform-section

beam shown, together with the reactions and end fixing forces by the double integration method.

0.7 kN/m 2\
Ma A§F = ;n}n_ﬂﬁﬂ.
1.5 m—>pe——2 m—~
“;Rf Rs
/
O-7
M A <A /‘YYYY’\C e YMBE
»
b S 2w fe
RA
d? 0.7x2 0.7
Eld—%:RAx-MA-TX +7 (x-15)2
X
2
d RAX
El g =—"5—-Ma x-0.11673 + A +0.1167 (x - 1.5)°
RaAXS Max2
Ely = ’2 i ';‘ -0.292x% + AX + B +0.0292 (x — 1.5)*

Atx=0, y=0, hence, B=0

Atx =0, %209, hence, A=0

Atx =35, % =0

hence, 0=6.125Rp—3.5Ma—5+0.9336

or Ma=1.75Rs—1.162 ¥
Atx=35y=0

hence, 0=7.146 Ry —6.125 M — 4.382 + 0.4672

or Ma =1.167 Ry —0.6392 2

Equating equations (1) and (2) gives:

(1.75-1.167) Ra = 1.162 — 0.6392
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and RA = @
0.583

ie. Ra = 0.897 kN
From equation (1),
Ma = 1.75(0.897) — 1.162 = 0.407 kN m
Now, Rg = (0.7 x 1.5) - 0.897 = 0.153 kN
and Mg =0.155 kN m
To find ‘o’, try span CB:
0 = 0.4485x* — 0.407x — 0.1167x° + 0.1167 (X° — 3.375 + 2.25x — 1.5%°)

0 = 0.2735x? — 0.1444x — 0.394

——0.1444 +/(-0.1444)% — 4(0.2735)(~0.394)
2(0.2735)

i.e. X=

=149m

This is not possible as 1.49 < 1.5

Try span AC:
0 = 0.4485x% — 0.407x — 0.1167x°
ie. 0 =—0.1167x* + 0.4485x” — 0.407
and _——0407+ |J(~0.407)% — 4(0.4885)(-0.1167)
2(0.4885)
i.e x=2.375 or x=147m whichis OK
&= (0.4749 — 0.4397 — 0.1363)/E|
ie. =_0.101/El

2. Determine the end fixing moments and reactions for the encastré beam shown. The beam may be

assumed to be of uniform section.
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: SKNmr /A.‘
i (N i
; m "u1m*1m 2
nte ; ;i
d2 X X 3(x-3)2 (x-3)3
E|_%:RAX-MA:X.§.§ + ( ) ) +( 6) +5(X—4)0
2 3 4
dv RaX 4 3(x-3)° (x-3)
El gy =—5—-MaX-57+A tT g +5(x - 4)
d
@x:O,ale:O hence, A=0
Rax3 Max2 |5 +3(x-3)4+(x-3)5 +5(x-4)2

Atx=0, y=0, hence, B=0

_e Ay
Atx=5, =0,

0=125RA—5Mp—26.04 +4 + 0.667 +5

=125RaA—5Mp—16.373
or Ra=1.31+0.4 My 1)
Atx=5, y=0,

0=20.833RaA—125Mp—-26.04+2+0.27 + 2.5

= 20.833 Ra—12.5 Ma — 21.27 ©)

Substituting equation (1) into equation (2) gives:

0=27.29-4.167 Mp— 21.27

from which, Ma = 602 =1.445kN m 3)
4.167

Substituting equation (3) into equation (1) gives:
Ra = 1.31 + 0.4(1.445) = 1.888 kN

Resolving vertically gives:
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RA+RB:3L23 =45

from which, Rg=45-1.888=2.612 kN

Taking moments about A gives:

Mg+5+ 3L23><2=RB><5+MA

from which, Mg = (2.612)(5) + 1.445 — 5 — 9= 0.505 kN m

3. Determine the end fixing moments and reactions for the uniform-section encastré beam shown.

C ‘JD BLJ "g
2m—>|<—-——2m—*}<—2mAF ]
Rs
2 2 2
déy _ x4 (x-2)
EI" 5 =Rax-Ma- 5 11| B(x-2)+5 2 +10 (x - 4)°
NG 3 (x-22 (x-2)3
QY_ A X -5 + + _
El =5 -Max-F+A 2 3 10 (x-4)
d
@x=0312=0 hence A=0
" _RAX3 Mpx2 X_4+B _5(x-2)3+(x-2)4 L 10 X - 4)2
y= 6 - 2 12 6 12 2
Atx=0, y=0, hence, B=0
d
Atx=6, =0,
hence, 0=18Ra—6Mgs—72—40 +21.33 + 20
=18 Ra— 6 Ma— 70.67
or Ra = 0.333 Mj, + 3.926 1)
Atx=6, y=0,
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0=36 Ry—18 Ma— 108 -53.33 +21.33 + 20
ie. 0=36Ry— 18 Ma— 120 )
Substituting equation (1) into equation (2) gives:
0=12Ma+141.33-18 Ma—120
and Ma = 21.33/6 = 3.556 KN m (3)
Substitute equation (3) into equation (1) gives:
Ra =0.333(3.556) + 3.926 = 5.11 kN
Resolving vertically gives:
Ra+tRg=2%x2+5
from which, Rg=9-5.11 =3.89 kKN
Taking moments about A gives:
Mg+10+5x2+2%x2%x1=Rgx6+ My
i.e. Mg=3.89x6+3556-10-10-4

i.e. Mg = 2.896 kKN m

4. Determine the position (from the left end) and the maximum deflection for the uniform-section

beam shown, together with the reactions and end fixing forces.

0.7 kN/m
X
i Q‘ c B)W’
A N<—2 m 1= 3m >
+ \
X=|=O
B R
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v,
ﬂ/\ —pL Ty ——n—-\'\—),lﬁ mfj”{/
& > 2
- DRROUN... .|
4}@/ T e
2 x> | 0.7
Yo px-u, -2 | +‘2—[x—2]2
|
2 X3 0.7 3
A g N |
dx 2 | 6
Atx=0, d_y =0, hence, A=0
dx I
3 2 4 |
Ely= Rx Myx 07x o +%[x_2]4

6 2 24 |
Atx=0,y=0, hence, B=0

Atx:5m,d—y:0
dx

R, (5 0.7(5)° 0.
Hence, 0= A (5) -M,(5)- ) +ﬂ[5—2]3
2 6 6
i.e. 0=12.5R, -5M, -14.583+3.15
or 5M, =12.5R, —11.433
and M, = 2.5R, —2.2866 1)
Atx=5m,y=0
R.(5° M,(5)° 07(5)°" 07 .
Hence, 0= - —~ +—[5-2]
6 2 24 24
i.e. 0=20.833R, —12.5M , —18.229 + 2.363
or 12.5M , =20.833R, —15.866
i.e. M, =1.6666R, —1.2693 (2

Equating equations (1) and (2) gives:
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2.5R, —2.2866 =1.6666R, —1.2693

ie. R, (2.5-1.6666) = 2.2866 —1.2693

i.e. 0.8334R, =1.0173

and R, = LOITS 4 291 kN 3)
0.8334

Substituting equation (3) into equation (1) gives:

M, =2.5R, —2.2866

= 2.5(1.221) —2.2866

ie. M, =0.766 kN m (4)
Taking moments about B gives:

R,x5=0.7x2x4+M,—M,
ie. 5R, =5.6+M, —M, (5)
Substituting equations (3) and (4) into equation (5) gives:

5x1.221=5.6+0.766—-M,
and M; =5.6+0.766-5x1.221
Ie. M;=0.261 kN m (6)

Resolving vertically gives:

R,+R; =0.7x2
and from equation (3) , 1.221+R, =14
from which, Ry =1.4-1.221=0.179 KN
. i dy
For maximum deflection, ax =0,
X
2 3
ie. 0= R M x=2X O T of
2 6 6
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2 3
ie. 0= L22DX° o egy 07X +£(x3—6x2+12x—8)
2 6
ie. 0=0.6105x% —0.766xX —0.1167X° + 0.1167x° — 0.7% + 1.4 — 0.9333
ie. —0.0895x2 +0.634x—0.9333 =0

Using a calculator or the quadratic formula,
X =2.087m or 4.997 m (which is ignored)

Hence, maximum deflection,

3 2 4
5:i RX™ M,x" 0.7x +B+£[x—2]4

El| 6 2 24 24

1.221)(2.087)’ 2 4
_ 1 |(L221)(2.087)" (0.766)(2.087)° 0.7(2.087) +°l[2_087_2]4
El 6 2 24 24
e 5 = 0372

El

5. Determine the end fixing moments and reactions for the encastré beam shown. The beam may be

assumed to be of uniform section.
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or

1:% ie. w=0.75x
X
| s 3 |
+[x~4] XE l
d? X X | 3
EI?ix—g/:RAx—MA—OJSxxExE | -] | 5[x — 5]
| [x-4] [+-4] ‘
D) 3
) e e e — —
2 | i[36—4»]4 l
- dy Rx 0.75x 4 3
Bt M g = T +[x—4] x05 | 5[x-5]
.;d..& —— S s S prr NI ‘,__ — e - o— o— c—— ’ s o i
Atx=0, —y=0, hence, A=0 |
dx l
|
| 4 \
dy R 0.75x* [x—4] P -
E1£=—f42——MAx— 1 Lt +0.5[x—4] | 5kx—3]
s " ' 2
CRY MY 075 | =4 [x-4]  5[x - 5]
By === 2axs '8 | x5 T3 2
| I
Atx=0,y=0, hence, B=0 l |
l ; ) |
_RY M X [x-4]" , [x—4] 12.5[x-5
Ey=="""2 10 T ‘ e
|
Atx=6m,y=0, hence,
R, (6)° M,(6) (6 (2)° (2)
0= A( ) _ A( ) _( ) +( ) +( ) +25(1)2
6 2 160 160 8
0=36R, —18M, —48.6+0.2+2+2.5
18M, =36R, —43.9
M, = 2R, —2.439 3)

Atx=6m, % =0, hence,

ie.

X

o_R(6) o, _075(6)" [6-4]°
2 A

- +0.5[6—4] +5[6 — 5]

0=18R, —6M, —40.5+0.5+4+5

© Carl Ross, John Bird & Andrew Little Published by Taylor and Francis




ie. 6M, =18R, —31
or M, =3R, -5.167 4)
Equating equations (3) and (4) gives:

2R, —2.439=3R, —5.167
from which, R, =5.167-2.439 =2.728 kKN
From equation (4), M, =3R,-5.167

= 3(2.728)-5.167
ie. M, =3.017 kN
Resolving vertically gives:

R, +Rg =O.75><4><g =6

Hence, Ry =6—2.728 = 3.272 KN

Taking moments about B gives:

RAx6+5=MA—MB+3;4x(g+2j

ie. 2.728x6+5=3.017—M, + 20
i.e. M, =3.017+20—2.728x6—5
ie. M, = 1.649 kN

6. Determine the end fixing moments and reactions for the uniform-section encastré beam shown.

2kN/m | SkN
M w 0 kN/m

A<§l j [
X 3Im—t«—3m—>{=<—3m T

X=0
Ra Rg
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E19Y _ R x— M, -02xx % | -5[x-3]
| +%[x—3]2~
i = i o |
dy R _; T [x-3]
El— =M A | 2[x 3] + :
|
Atx=0, @ =0, hence, A=0 |
’ l ‘
_RxX M x ST I )
Ey="¢ 2 12 | z[x | 12

Atx=0,y=0, hence, B=0

Atx=6m, ﬂ =0, hence,
dx

T2 3 277
ie. 0=18R, —6M, —72—22.5+9
ie. 6M, =18R, —85.5
or M, =3R,-14.25

Atx=6m,y=0, hence,

Ie. 0=36R,-18M, -108—-22.5+6.75

ie. 18M, =36R, —123.75
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or M, = 2R, —6.875 (4)
Equating equations (3) and (4) gives:

3R, —14.25=2R, —6.875
from which, R, =14.25-6.875 =7.375 kN 5)
From equations (4) and (5),

M, =2R, —6.875
= 2(7.375) —6.875
ie. M, =7.875 kN (6)
Resolving vertically gives:
R,+R; =2x3+5=11

Hence, Ry =11-7.375=3.625 kN

Taking moments about B gives:

Ryx9+10+M; =M, +2x3x7.5+5x6

. 7.375x9+10+ M, =7.875+45+30
ie. M, =7.875+45+30—7.375x9-10
ie. M, = 6.50 kN
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EXERCISE 36, Page 166

1. Determine the maximum deflection for the cantilever beam shown.

/2 >

A

dy
dx

1wl 2 I

El I 3

WI{1 3 1(5
6. =y.=0, hence, =— 4422
5= Ys Y El {3 4 4(3)}

or [(2|t93—yB)—(OXHA—yA)]:——{—x—XI><§+

W I°
2El

i.e. maximum deflection, y, =—

WI

21

X———y= éx moment of area of the M/l diagram about A

3l

2

x|+

WI

_X_

21

|
2

X(H

2l
3

)
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