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Chapter 13

Simulation

13A INTRODUCTION

Solving a scientific or an industrial problem usually involves mathematical analysis and/or
simulation. To perform a simulation, we repeat an experiment a large number of times
to assess the probability of an event or condition occurring. For example, to estimate the
probability of at least one 6 occurring within four rolls of a die, we may do a large number
of experiments rolling four dice and calculate the number of times that at least one 6 is
obtained. Similarly, to estimate the fraction of time that, in a certain bank all the tellers are
busy, we may measure the lengths of such time intervals over a long period X, add them,
and then divide by X . Clearly, in simulations, the key to reliable answers is to perform the
experiment a large number of times or over a long period of time, whichever is applicable.
Since manually this is almost impossible, simulations are carried out by computers. Only
computers can handle millions of operations in short periods of time.

To simulate a problem that involves random phenomena, generating random numbers
from the interval (0, 1) is essential. In almost every simulation of a probabilistic model,we
will need to select random points from the interval (0, 1). For example, to simulate the ex-
periment of tossing a fair coin, we draw a random number from (0, 1). If it is in (0, 1/2),we
say that the outcome is heads, and if it is in [1/2, 1),we say that it is tails. Similarly, in the
simulation of die tossing, the outcomes 1, 2, 3, 4, 5, and 6, respectively, correspond to the
events that the random point from (0, 1) is in (0, 1/6), [1/6, 1/3), [1/3, 1/2), [1/2, 2/3),
[2/3, 5/6), and [5/6, 1).

As discussed in Section 1.7 of the book, choosing a random number from a given in-
terval is, in practice, impossible. In real-world problems, to perform simulation we use
pseudorandom numbers instead. To generate n pseudorandom numbers from a uniform
distribution on an interval (a, b), we take an initial value x 0 ∈ (a, b), called the seed, and
construct a function ψ so that the sequence {x1, x2, . . . , xn} ⊂ (a, b) obtained recursively
from

xi+1 = ψ(xi), 0 ≤ i ≤ n− 1, (1)

satisfies certain statistical tests for randomness. (Choosing the tests and constructing the
function ψ are complicated matters beyond the scope of this book.) The function ψ takes
a seed and generates a sequence of pseudorandom numbers in the interval (a, b). Clearly,
in any pseudorandom number generating process, the numbers generated are rounded to
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a certain number of decimal places. Therefore, ψ can only generate a finite number of
pseudorandom numbers, which implies that, eventually, some x j will be generated a second
time. From that point on, by (1), a pitfall is that the same sequence of numbers that appeared
after xj’s first appearance will reappear. Beyond that point, numbers are not effectively
random. One important aspect of the construction of ψ is that the second appearance of any
of the xj’s is postponed as long as possible.

It should be noted that passing certain statistical tests for randomness does not mean
that the sequence {x1, x2, . . . , xn} is a randomly selected sequence from (a, b) in the true
mathematical sense discussed in Section 1.7 of the book. It is quite surprising that there are
deterministic real-valued functions ψ that, for each i, generate an x i+1 that is completely
determined by xi, and yet the sequence {x1, x2, . . . , xn} passes certain statistical tests for
randomness.

For convenience, throughout this chapter, in practical problems, by random number
we simply mean pseudorandom number. In general, for good choices of ψ, the generated
numbers are usually sufficiently random for practical purposes.

Most of the computer languages and some scientific computer software are equipped
with subroutines that generate random numbers from intervals and from sets of integers.
For example, in Mathematica, from Wolfram Research, Inc. (http://www.wolfram.com),
the command Random[ ] selects a random number from (0, 1),Random[Real, {a, b}]
chooses a random number from the interval (a, b), and Random [Integer, {m, m + n}]
picks up an integer from {m,m + 1, m + 2, . . . , m + n} randomly. However, there are
computer languages that are not equipped with a subroutine that generates random numbers,
and there are a few that are equipped with poor algorithms. As mentioned, it is difficult
to construct good random number generators. However, an excellent reference for such
algorithms is The Art of Computer Programming, Volume 2, Seminumerical Algorithms,
3rd edition, by Donald E. Knuth (Addison-Wesley, 1998).

At this point, let us emphasize that the main goal of scientists and engineers is always
to solve a problem mathematically. It is a mathematical solution that is accurate, exact, and
completely reliable. Simulations cannot take the place of a rigorous mathematical solution.
They are widely used (a) to find good estimations for solutions of problems that either
cannot be modeled mathematically or whose mathematical models are too difficult to solve;
(b) to get a better understanding of the behavior of a complicated phenomenon; and/or (c)
to obtain a mathematical solution by acquiring insight into the nature of the problem, its
functions, and the magnitude and characteristics of its solution. Intuitively, it is clear why
the results that are obtained by simulations are good. Theoretically, most of them can be
justified by the strong law of large numbers, as discussed in Section 11.4 of the book.

For a simulation in each of the following examples we have presented an algorithm,
in English, that can be translated into any programming language. Therefore, readers may
use these algorithms to write and execute their own programs in their favorite computer
languages.

Example 13a Two numbers are selected at random and without replacement from the
set {1, 2, 3, . . . , �}. Write an algorithm for a computer simulation of approximating the
probability that the difference of these numbers is at least k.

Solution: For a large number of times, say n, each time choose two distinct random num-
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bers, a and b, from {1, 2, 3, . . . , �} and check to see if |a − b| ≥ k. In all of these n
experiments, let m be the number of those in which |a − b| ≥ k. Then m/n is the desired
approximation. An algorithm follows.

STEP

1: Set i = 1;
2: Set m = 0;
3: While i ≤ n, do steps 4 to 7.
4: Generate a random number a from {1, 2, . . . , �}.
5: Generate a random number b from {1, 2, . . . , �}.
6: If b = a, Goto step 5.
7: If |a− b| ≥ k, then

Set m = m+ 1;
Set i = i+ 1;
Goto step 3.

else
Set i = i+ 1;
Goto step 3.

8: Set p = m/n;
9: Output (p).

STOP

Since the exact answer to this problem, obtained by analytical methods, is the quantity

(�− k)(�− k + 1)
2�(�− 1)

,

any simulation result should be close to this number. �

Example 13b An urn contains 25 white and 35 red balls. Balls are drawn from the urn
successively and without replacement. Write an algorithm to approximate by simulation
the probability that at some instant the number of red and white balls drawn are equal (a tie
occurs).

Solution: For a large number of times n, we will repeat the following experiment and
count m, the number of times that at some instant a tie occurs. The desired quantity is
m/n. To begin, let m = 0, w = 25, and r = 35. Generate a random number from (0, 1).
If it belongs to

(
0,

w

w + r

]
, a white ball is selected. Thus change w to w− 1. Otherwise, a

red ball is drawn; thus change r to r − 1. Repeat this procedure and check each time to see
if 25− w = 35− r. If at some instance these two quantities are equal, change m tom+ 1
and start a new experiment. Otherwise, continue until either r = 0 or w = 0. An algorithm
follows.

STEP

1: Set m = 0;
2: Set i = 1;
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3: While i ≤ n, do steps 4 to 10.
4: Set w = 25;
5: Set r = 35;
6: While r ≥ 0 and w ≥ 0 do steps 7 to 10.
7: Generate a random number x from (0, 1).
8: If x ≤ w/(w+ r), then

Set w = w − 1;
else

Set r = r − 1;
9: If 25− w = 35 − r, then

Set m = m+ 1;
Set i = i+ 1;
Goto step 3.

10: If r = 0 or w = 0, then
Set i = i+ 1;
Goto step 3.

11: Set p = m/n;
12: Output (p).

STOP �

EXERCISES

1. A die is rolled successively until, for the first time, a number appears three consecu-
tive times. By simulation, determine the approximate probability that it takes at least
50 rolls before we accomplish this event.

2. In an election, the Democratic candidate obtained 3586 votes and the Republican
candidate obtained 2958. Use simulations to find the approximate probability that
the Democratic candidate was ahead during the entire process of counting the votes.
Answer: Approximately 0.096.

3. The probability that a bank refuses to finance an applicant is 0.35. Using simulation,
find the approximate probability that of 300 applicants more than 100 are refused.

4. There are five urns, each containing 10 white and 15 red balls. A ball is drawn
at random from the first urn and put into the second one. Then a ball is drawn at
random from the second urn and put into the third one and the process is continued.
By simulation, determine the approximate probability that the last ball is red.
Answer: 0.6.

5. In a small town of 1000 inhabitants, someone gossips to a random person, who in
turn tells the story to another random person, and so on. Using simulation, calculate
the approximate probability that before the story is told 150 times, it is returned to
the first person.
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6. A city has n taxis numbered 1 through n. A statistician takes taxis numbered 31,
50, and 112 on three random occasions. Based on this information, determine, using
simulation, which of the numbers 112 through 120 is a better estimate for n.
Hint: For each n (112 ≤ n ≤ 120), repeat the following experiment a large
number of times: Choose three random numbers from {1, 2, . . . , n} and check to see
if they are 31, 50, and 112.

7. Suppose that an airplane passenger whose itinerary requires a change, of airplanes
in Ankara, Turkey, has a 4% chance, independently, of losing each piece of his or
her luggage. Suppose that the probability of losing each piece of luggage in this way
is 5% at Da Vinci airport in Rome, 5% at Kennedy airport in New York, and 4%
at O’Hare airport in Chicago. Dr. May travels from Bombay to San Francisco with
three suitcases. He changes airplanes in Ankara, Rome, New York, and Chicago.
Using simulation, find the approximate probability that one of Dr. May’s suitcases
does not reach his destination with him.
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13B SIMULATION OF COMBINATORIAL PROBLEMS

Suppose that X(1), X(2), . . . , X(n) are n objects numbered from 1 to n in a convenient
way. For example, suppose that X(1), X(2), . . . , X(52) are the cards of an ordinary deck
of 52 cards and they are assigned numbers 1 to 52 in some convenient order. One of the
most common problems in combinatorial simulation is to find an efficient procedure for
choosingm (m ≤ n) distinct objects randomly from X(1), X(2), . . . , X(n). To solve this
problem, we choose a random integer from {1, 2, . . . , n} and call it n1. Clearly, X(n1)
is a random object from {X(1), X(2), . . . , X(n)}. To choose a second random object
distinct from X(n1), we exchangeX(n) andX(n1) and then choose a random object from
{X(1), X(2), . . . , X(n − 1)}, as before. That is, we choose a random integer, n2, from
{1, 2, . . . , n−1} and then exchangeX(n2) andX(n−1). At this point,X(n) andX(n−1)
are two distinct random objects from the original set of objects. Continuing this procedure,
after m selections, the set

{X(n), X(n− 1), X(n− 2), . . . , X(n−m+ 1)}
consists ofm distinct random objects from {X(1), X(2), . . . , X(n)}. In particular, ifm =
n, the ordered set {X(n), X(n − 1), X(n − 2), . . . , X(1)} is a permutation of the set
{X(1), X(2), . . . , X(n)}. An algorithm follows.

Algorithm 13a:

STEP

1: Set i = 1;
2: While i ≤ m, do steps 3 to 5.
3: Choose a random integer k from {1, 2, . . . , n− i+ 1}.
4: Set Z = X(k);

Set X(k) = X(n− i+ 1);
Set X(n− i+ 1) = Z;

5: Set i = i+ 1;
6: Output {X(n), X(n− 1), X(n− 2), . . . , X(n−m+ 1)}.

STOP �

Example 13c In a commencement ceremony, for the dean of a college to present the
diplomas of the graduates, a clerk piles the diplomas in the order that the students will
walk on the stage. However, the clerk mixes the last 10 diplomas in some random order
accidentally. Write an algorithm to approximate, using simulation, the probability that at
least one of the last 10 graduates who will walk on the stage receives his or her own diploma
from the dean.

Solution: Number the last 10 graduates who will walk on the stage 1 through 10. Let the
diploma of graduate i be numbered i, 1 ≤ i ≤ 10. If X(i) denotes the diploma that the
dean of the college gives to the graduate i, then X(i) is a random integer between 1 and
10. Thus X(1), X(2), . . . , X(10), are numbered 1, 2, . . . , 10 in some random order, and
graduate i receives his or her diploma ifX(i) = i. One way to simulate this problem is that
for a large n, we generate n random orders for 1 through 10, findm, the number of those in
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which there is at least one i with X(i) = i, and then divide m by n. To do so, we present
the following algorithm, which puts the numbers 1 through 10 in random order n times and
calculates m and p = m/n.

STEP

1: Set m = 0;
2: Set i = 1;
3: While i ≤ n, do steps 4 to 10.
4: Generate a random permutation {X(10), X(9), . . . , X(1)} of

{1, 2, 3, . . . , 10} (see Algorithm 13a).
5: Set k = 0;
6: Set j = 1;
7: While j ≤ 10, do step 8.
8: If X(j) = j, then

Set j = 11;
Set k = 1;

else
Set j = j + 1.

9: Set m = m+ k;
10: Set i = i+ 1;
11: Set p = m/n;
12: Output (p).

STOP

A simulation program based on this algorithm was executed for several values of n. The
corresponding values of p were as follows:

n p

1,000 0.6090
10,000 0.6340

100,000 0.6326

For comparison, it is worthwhile to mention that the mathematical solution of this problem,
up to four decimal points, gives 0.6321 (see Example 2.28 of the book). �

EXERCISES

Warning: In some combinatorial probability problems, the desired quantity is very small.
For this reason, in simulations, the number of experiments should be very large to get good
approximations.

1. Suppose that 18 customers stand in a line at a boxoffice, nine with $5 bills and nine
with $10 bills. Each ticket costs $5, and the box office has no money initially. Write
a simulation program to calculate an approximate value for the probability that none
of the customers has to wait for change.
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2. A cereal company puts exactly one of its 20 prizes into every box of its cereals at
random.

(a) Julie bought 50 boxes of cereals from this company. Write a simulation pro-
gram to calculate an approximate value of the probability that she gets all 20
prizes.

(b) Suppose that Jim wants to have at least a 50% chance of getting all 20 prizes.
Write a simulationprogram to calculate the approximate value of the minimum
number of cereal boxes that he should buy.

3. Nine students lined up in some order and had their picture taken. One year later,
the same students lined up again in random order and had their picture taken. Using
simulation, find an approximate probability that, the second time, no student was
standing next to the one next to whom he or she was standing the previously.

4. Use simulation to find an approximate value for the probability that, in a class of
50, exactly four students have the same birthday and the other 46 students all have
different birthdays. Assume that the birth rates are constant throughout the year and
that each year has 365 days.

5. Using simulation, find the approximate probability that at least four students of a
class of 87 have the same birthday. Assume that the birth rates are constant through-
out the year and that each year has 365 days.
Answer: Approximately 0.4998.

6. Suppose that two pairs of the vertices of a regular 10-gon are selected at random
and connected. Using simulations, find the approximate probability that they do not
intersect.
Hint: The exact value of the desired probability is

1
11

(
20
10

)
(

20
2

)(
18
2

) ≈ 0.58.

7. Every day during the last 10 days, an executive wrote seven letters and his secretary
prepared seven envelopes for the letters. The secretary kept envelopes of each day in
chronological order in a packet, but she forgot to insert the letters in the envelopes.
Today, the secretary finds out that all 70 letters and all 10 packets of envelopes are
mixed up. If she selects packets of envelopes at random and inserts randomly chosen
letters into the envelopes of each packet, what is the approximate probability, ob-
tained by using simulation, that none of the letters is addressed correctly? Note that
the envelopes within a packet are left in chronological order but the packets them-
selves are mixed up.
Answer: Approximately 0.53416. For an analytic discussion of this problem, see the
article by Steve Fisk in the April 1988 issue of Mathematics Magazine.
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13C SIMULATION OF CONDITIONAL PROBABILITIES

LetS be the sample space of an experiment andA andB be two events of S withP (B) > 0.
To find approximate values for P (A | B), using computer simulation, we either reduce the
sample space to B and then calculate P (AB) in the reduced sample space, or we use the
formula P (A | B) = P (AB)/P (B). In the latter case, we perform the experiment a large
number of times, find n andm, the number of times in whichB andAB occur, respectively,
and then dividem by n. In the former case, P (AB) is estimated simply by performing the
experiment n times in the reduced sample space, for a large n, finding m, the number of
those in whichAB occurs, and dividingm by n. We illustrate this method by Example 13d,
and the other method by Example 13e.

Example 13d From an ordinary deck of 52 cards, 10 cards are drawn at random. If
exactly four are hearts, write an algorithm to approximate by simulation the probability of
at least two spades.

Solution: The problem in the reduced sample space is as follows: A deck of cards consists
of 13 spades, 13 clubs, and 13 diamonds, but only 9 hearts. If six cards are drawn at random,
what is the probability that none of them is a heart and that two or more are spades? To
simulate this problem, suppose that hearts are numbered 1 to 9, spades 10 to 22, clubs 23
to 35, and diamonds 36 to 48. For a large number of times, say n, each time choose six
distinct random integers between 1 and 48 and check to see if there are no numbers between
1 and 9 and at least two numbers between 10 and 22. Let m be the number of those draws
satisfying both conditions; thenm/n is the desired approximation. For sufficiently large n,
the final answer of any accurate simulation is close to 0.42. An algorithm follows:

STEP

1: Set k = 1;
2: Set m = 0;
3: While k ≤ n, do steps 4 to 13.
4: Choose six distinct numbers X(1), X(2), . . . , X(6) randomly

from {1, 2, . . . , 48} (see Algorithm 13a, Section 13B).
5: For j = 1 to 6, do steps 6 and 7.
6: For l = 1 to 9, do step 7.
7: If X(j) = l, then

Set k = k + 1;
Goto step 3.

8: Set s = 0;
9: For j = 1 to 6, do steps 10 to 12.

10: For l = 10 to 22, do steps 11 and 12.
11: If X(j) = l, then

Set s = s+ 1;
12: If s = 2, then

Set m = m+ 1;
Set k = k + 1;
Goto step 3.
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13: Set k = k + 1; Goto step 3.
14: Set p = m/n.
15: Output (p).

STOP �

Example 13e (Laplace’s Law of Succession) Suppose that u urns are numbered 0
through u− 1, and that the ith urn contains i red and u− 1− i white balls, 0 ≤ i ≤ u− 1.
An urn is selected at random and then its balls are removed one by one, at random and with
replacement. If the first m balls are all red, write an algorithm to find by simulation an
approximate value for the probability that the (m+ 1)st ball removed is also red.

Solution: LetA be the event that the firstm balls drawn are all red, and letB be the event
that the (m + 1)st ball drawn is red. We are interested in P (B | A) = P (BA)/P (A).
To find an approximate value for P (B | A) by simulation, for a large n, perform this
experiment n times. Let a be the number of those experiments in which the first m draws
are all red, and let b be the number of those in which the firstm+1 draws are all red. Then,
to obtain the desired approximation, divide b by a.

To write an algorithm, introduce i to count the number of experiments, and a and b to
count, respectively, the numbers of those in which the first m and the first m+ 1 draws are
all red. Initially, set i = 1, a = 0, and b = 0. Each experiment begins with choosing t,
a random number from (0, 1). If t ∈ (0, 1/u], set k = 0, meaning that urn number 0 is
selected; if t ∈ (1/u, 2/u], set k = 1, meaning that urn number 1 is selected; and so on. If
k = 0, urn 0 is selected. Since urn 0 has no red balls, and hence neither A nor AB occurs,
do not change the values of a and b; simply change i to i+ 1 and start a new experiment. If
k = u−1, urn number u−1, which contains only red balls, is selected. In such a case both
A and AB will occur; therefore, set i = i + 1, a = a + 1, and b = b + 1 and start a new
experiment. For k = 1, 2, 3, . . . , u − 2, the urn that is selected has u − 1 balls, of which
exactly k are red. Start choosing random numbers from (0, 1) to represent drawing balls
from this urn. If a random number is less than k/(u − 1), a red ball is drawn. Otherwise,
a white ball is drawn. If all the first m draws are red, set a = a + 1. In this case, draw
another ball if it is red, then set b = b+ 1 as well. If among the first m draws, a white ball
is removed at any draw, then only change i to i+ 1 and start a new experiment. If the first
m draws are red but the (m + 1)st one is not, change i to i + 1 and a to a + 1, but keep
b unchanged and start a new experiment. When i = n, all the experiments are complete.
The approximate value of the desired probability is then equal to p = b/a. An algorithm
follows:

STEP

1: Set i = 1;
2: Set a = 0;
3: Set b = 0;
4: While i ≤ n, do steps 5 to 20.
5: Generate a random number t from (0, 1).
6: Set r = 1;
7: While r ≤ u, do step 8.
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8: If t ≤ r/u, then
Set k = r − 1;
Set r = u + 1;

else
Set r = r + 1;

9: If k = 0, then
Set i = i+ 1;
Goto step 4.

10: If k = u− 1, then
Set i = i+ 1;
Set a = a+ 1;
Set b = b+ 1;
Goto step 4.

11: Set j = 0;
12: While j < m, do steps 13 and 14.
13: Generate a random number r from (0, 1).
14: If r < k/(u− 1), then

Set j = j + 1;
else

Set j = m+ 1;
15: If j �= m, then

Set i = i+ 1;
Goto step 4.

16: If j = m, then do steps 17 to 19.
17: Set a = a+ 1;
18: Generate a random number r from (0, 1).
19: If r < k/(u− 1), then

Set b = b+ 1;
20: Set i = i+ 1;
21: Set p = b/a.
22: Output (p).

STOP

A sample run of a simulation program based on this algorithm gives us the following results
for n = 1000 and m = 5:

u 2 10 50 100 200 500 1000 2000 5000

p 1 0.893 0.886 0.852 0.852 0.848 0.859 0.854 0.853

It can be shown that, if the number of urns is large, the answer is approximately
m+ 1
m+ 2

=
6
7
≈ 0.857 (see Exercise 50 of Section 3.5 of the book). Hence the results of these simula-

tions are quite good. �
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EXERCISES

1. An ordinary deck of 52 cards is dealt among A, B, C, and D, 13 each. If A and B have
a total of six hearts and five spades, using computer simulation find an approximate
value for the probability that C has two of the remaining seven hearts and three of the
remaining eight spades.

2. From families with five children, a family is selected at random and found to have a
boy. Using computer simulation, find the approximate value of the probability that
the family has three boys and two girls and that the middle child is a boy. Assume
that, in a five-child family, all gender distributions have equal probabilities.

3. In Example 13e, Laplace’s law of succession, suppose that, among the first m balls
drawn, r are red and m − r are white. Using computer simulation, find the approxi-
mate probability that the (m+ 1)st ball is red.

4. Targets A and B are placed on a wall. It is known that for every shot the probabilities
of hitting A and hitting B with a missile are, respectively, 0.3 and 0.4. If target A
was not hit in an experiment, use simulation to calculate an approximate value for
the probability that target B was hit. (The exact answer is 4/ 7. Hence the result of
simulation should be close to 4/ 7 ≈ 0.571.)
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13D SIMULATION OF RANDOM VARIABLES

LetX be a random variable over the sample space S. To approximateE(X) by simulation,
we use the strong law of large numbers. That is, for a large n, we repeat the experiment
over whichX is defined independentlyn times. Each time we will find the value of X . We
then add the n values obtained and divide the result by n. For example, in the experiment
of rolling a die, letX be the following random variable:

X =

{
1 if the outcome is 6

0 if the outcome is not 6.

To find E(X) by simulation, for a large number n, we generate n random numbers from
(0, 1) and find m, the number of those that are in (0, 1/6]. The sum of all the values of X
that are obtained in these n experiments is m. Hence m/n is the desired approximation. A
more complicated example is the following:

Example 13f A fair coin is flipped successively until, for the first time, four consec-
utive heads are obtained. Write an algorithm for a computer simulation to determine the
approximate value of the average number of trials that are required.

Solution: Let H stand for the outcome heads. We present an algorithm that repeats the experiment
of flipping the coin until the first HHHH, n times. In the algorithm, j is the variable that counts the
number of experiments. It is initially 1; each time that an experiment is finished, the value of j is
updated to j + 1. When j = n, the last experiment is performed. For every experiment we begin
choosing random numbers from (0, 1). If an outcome is in (0, 1/2), heads is obtained; otherwise,
tails is obtained. The variable i counts the number of successive heads. Initially, it is 0; every time
that heads is obtained, one unit is added to i, and every time that the outcome is tails, i becomes 0.
Therefore, an experiment is over when, for the first time, i becomes 4. The variable k counts the
number of trials until the first HHHH, m is the sum of all the k’s for the n experiments, and a is the
average number of trials until the first HHHH. Therefore, a = m/n. An algorithm follows.

STEP

1: Set m = 0;
2: Set j = 0;
3: While j < n, do steps 4 to 11.
4: Set k = 0;
5: Set i = 0;
6: While i < 4, do steps 7 to 9.
7: Set k = k + 1;
8: Generate a random number r from (0, 1).
9: If r < 0.5, then

Set i = i+ 1;
else

Set i = 0;
10: Set m = m+ k;
11: Set j = j + 1;
12: Set a = m/n;
13: Output (a).

STOP
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We executed a simulation program based on this algorithm for several values of n. The
corresponding values obtained for a were as follows:

n a n a

500 29.28 50,000 30.00
5,000 29.90 500,000 30.03

It can be shown that the exact answer to this problem is 30 (see Section 10B, “Pattern
Appearance,” in the Companion Website for this book). Therefore, these simulation results
for n ≥ 5000 are quite good. �

To simulate a Bernoulli random variable X with parameter p, generate a random num-
ber from (0, 1). If it is in (0, p], let X = 1; otherwise, let X = 0. To simulate a binomial
random variable Y with parameters (n, p), choose n independent random numbers from
(0, 1), and let Y be the number of those that lie in (0, p]. To simulate a geometric random
variable T with parameter p, we may keep choosing random points from (0, 1) until for
the first time a number selected lies in (0, p]. The number of random points selected is a
simulation of T . However, this method of simulating T is very inefficient. By the following
theorem, T can be simulated most efficiently, namely, by just choosing one random point
from (0, 1).

Theorem 13a Let r be a random number from the interval (0, 1) and let

T = 1 +
[ ln r
ln(1 − p)

]
, 0 < p < 1,

where by [x] we mean the largest integer less than or equal to x. Then T is a geometric
random variable with parameter p.

Proof: For all n ≥ 1,

P (T = n) = P
(
1 +

[ ln r
ln(1 − p)

]
= n

)

= P
([ ln r

ln(1 − p)

]
= n− 1

)
= P

(
n− 1 ≤ ln r

ln(1− p)
< n

)
= P

(
(n− 1) ln(1− p) ≥ ln r > n ln(1 − p)

)
= P

(
ln(1− p)n−1 ≥ ln r > ln(1 − p)n

)
= P

(
(1 − p)n−1 ≥ r > (1 − p)n

)
= (1− p)n−1 − (1− p)n

= (1 − p)n−1
[
1 − (1 − p)

]
= (1 − p)n−1p,

which shows that T is geometric with parameter p. �
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Therefore,

To simulate a geometric random variable T with parameter p, 0 < p < 1,
all we must do is to choose a point r at random from (0, 1) and let
T = 1 +

[
ln r/ ln(1 − p)

]
.

Let X be a negative binomial random variable with parameters (n, p), 0 < p < 1. By
Example 10.7 of the book,X is a sum of n independent geometric random variables. Thus

To simulate X, a negative binomial random variable with parameters
(n, p), 0 < p < 1, it suffices to choose n independent random numbers
r1, r2, . . . , rn from (0, 1) and let

X =
n∑

i=1

(
1 +

[ ln ri
ln(1 − p)

])
.

We now explain simulation of continuous random variables. The following theorem is
a key to simulation of many special continuous random variables.

Theorem 13b Let X be a continuous random variable with distribution function F .
Then F (X) is a uniform random variable over (0, 1).

Proof: Let S be the sample space over which X is defined. The functions X : S → R
and F : R → [0, 1] can be composed to obtain the random variable F (X) : S → [0, 1].
Clearly,

P
(
F (X) ≤ t

)
=

{
1 if t ≥ 1

0 if t ≤ 0.

Let t ∈ (0, 1); it remains to prove that P
(
F (X) ≤ t

)
= t. To do so, note that since F is

continuous, F (−∞) = 0, and F (∞) = 1, the inverse image of t, F −1
({t}), is nonempty.

We know that F is nondecreasing; since F is not necessarily strictly increasing, F −1
({t})

might have more than one element. For example, if F is the constant t on some interval
(a, b) ⊆ (0, 1), then F (x) = t for all x ∈ (a, b), implying that (a, b) is contained in
F−1

({t}). Let x0 = inf
{
x : F (x) > t

}
. Then F (x0) = t and F (x) ≤ t if and only if

x ≤ x0. Therefore,

P
(
F (X) ≤ t

)
= P (X ≤ x0) = F (x0) = t.

We have shown that

P
(
F (X) ≤ t

)
=

⎧⎪⎪⎨
⎪⎪⎩

0 if t ≤ 0

t if 0 ≤ t ≤ 1

1 if t ≥ 1,

meaning that F (X) is uniform over (0, 1). �
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Based on this theorem, to simulate a continuous random variable X with strictly in-
creasing distribution function F, it suffices to generate a random number u from (0, 1) and
then solve the equation F (t) = u for t. The solution t to this equation, F −1(u), is unique
because F is strictly increasing. It is a simulation of X . For example, let X be an ex-
ponential random variable with parameter λ. Since F (t) = 1 − e−λt and the solution to
1 − e−λt = u is t = −1/λ ln(1 − u), we have that, for any random number u from (0, 1),
the quantity−1/λ ln(1−u) is a simulation of X . But, if u is a random number from (0, 1),
then (1− u) is also a random number from (0, 1). Therefore,

−1
λ

ln
[
1 − (1 − u)

]
= −1

λ
lnu

is also a simulation of X . So

To simulate an exponential random variable X with parameter λ, it suf-
fices to generate a random number u from (0, 1) and then calculate
−(1/λ) lnu.

The method described is called the inverse transformation method and is good whenever
the equation F (t) = u can be solved without complications.

As we know, there are close relations between Poisson processes and exponential ran-
dom variables and also between exponential and gamma random variables. These rela-
tions enable us to use the results obtained for simulation of the exponential case

[
e.g., to

simulate Poisson processes and gamma random variables with parameters (n, λ), n be-
ing a positive integer

]
. Let X be a gamma random variable with such parameters. Then

X = X1 + X2 + · · · + Xn, where Xi’s (i = 1, 2, . . . , n) are independent exponential
random variables each with parameter λ. Hence

If u1, u2, . . . , un are n independent random numbers generated from
(0, 1), then

n∑
i=1

−1
λ

lnui = −1
λ

ln(u1u2 · · ·un)

is a simulation of a gamma random variable with parameters (n, λ).

To simulate a Poisson process
{
N (t) : t ≥ 0

}
with parameter λ, note that N (t) is the

number of “events” that have occurred at or prior to t. Let X1 be the time of the first event,
X2 be the elapsed time between the first and second events,X3 be the elapsed time between
the second and third events, and so on. Then the sequence {X 1, X2, . . .} is an independent
sequence of exponential random variables, each with parameter λ. Clearly,

N (t) = max{n : X1 +X2 + · · ·+Xn ≤ t}.

Let U1, U2, . . . be independent uniform random variables from (0, 1); then

N (t) = max
{
n : − 1

λ
lnU1 − 1

λ
lnU2 − · · · − 1

λ
lnUn ≤ t

}
= max

{
n : − ln(U1U2 · · ·Un) ≤ λt

}
= max

{
n : ln(U1U2 · · ·Un) ≥ −λt}

= max{n : U1U2 · · ·Un ≥ e−λt}.
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This implies that
N (t) + 1 = min{n : U1U2 · · ·Un < e−λt}.

We have the following:

Let
{
N (t) : t ≥ 0

}
be a Poisson process with rate λ. To simulate N (t),

we keep generating random numbers u1, u2, . . . from (0, 1) until, for the
first time, u1u2 · · ·un is less than e−λt. The number of random numbers
generated minus 1 is a simulation of N (t).

Let N be a Poisson random variable with parameter λ. Since N has the same distribu-
tion as N (1), to simulateN all we have to do is to simulateN (1) as explained previously.

The inverse transformation method is not appropriate for simulation of normal random
variables. This is because there is no closed form for F, the distribution function of a normal
random variable, and hence, in general, F (t) = u cannot be solved for t. However, other
methods can be used to simulate normal random variables. Among them the following,
introduced by Box and Muller, is perhaps the simplest. It is based on the next theorem,
proved in Example 8.28 of the book.

Theorem 13c Let V and W be two independent uniform random variables over (0, 1).
Then the random variables

Z1 = cos(2πV )
√−2 lnW and Z2 = sin(2πV )

√−2 lnW

are independent standard normal random variables.

Based on this theorem,

To simulate the standard normal random variable Z, we may generate
two independent random numbers v and w from (0, 1) and let

z = cos(2πv)
√−2 lnw.

The number z is then a simulation of Z.

The advantage of Box and Muller’s method is that it can generate two independent standard
normal random variables at the same time. Its disadvantage is that it is not efficient.

As for an arbitrary normal random variable, suppose that X ∼ N (μ, σ 2). Then, since
Z = (X − μ)/σ is standard normal, we have thatX = σZ + μ. Thus

If X is a normal random variable with parameters μ and σ2, to simu-
late X, we may generate two independent random numbers v and w

from (0, 1) and let t = σ cos(2πv)
√−2 lnw + μ. The quantity t is then a

simulation of X .

Example 13g Passengers arrive at a train station according to a Poisson process, with
parameter λ. If the arrival time of the next train is uniformly distributed over the interval
(0, T ),write an algorithm to approximate by simulation the probability that by the time the
next train arrives there are at least N passengers at the station.
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Solution: For a large positive integer n, we generate n independent random numbers t 1,

t2, . . . , tn from (0, T ). Then for each ti we simulate a Poisson random variable Xi with
parameter λti. Finally, we find m, the number of Xi’s that are greater than or equal to N .
The desired approximation is p = m/n. An algorithm follows.

STEP

1: Set m = 0.
2: Do steps 3 to 5 n times.
3: Generate a random number t from (0, T ).
4: Generate a Poisson random variable X with parameter λt.
5: If X ≥ N, then set m = m+ 1.
6: Set p = m/n.

7: Output (p).
STOP �

Example 13h Let us assume that the time between any two earthquakes in town A and
the time between any two earthquakes in town B are exponentially distributed with means
1/λ1 and 1/λ2, respectively. Write an algorithm to approximate by simulation the proba-
bility that the next earthquake in town B occurs prior to the next earthquake in town A.

Solution: LetX and Y denote the times between now and the next earthquakes in town A
and town B, respectively. For a large n, let n be the total number of simulations of the times
of the next earthquakes in town A and town B. If m is the number of those simulations in
whichX > Y, then p = P (X > Y ) is approximatelym/n. An algorithm follows.

STEP

1: m = 0.
2: Do steps 3 to 5, n times.
3: Generate an exponential random variableX with parameter λ1.
4: Generate an exponential random variable Y with parameter λ2.
5: If X > Y, then set m = m+ 1.
6: Set p = m/n.
7: Output (p).

STOP �

Example 13i The grade distributions of students in calculus, statistics, music, com-
puter programming, and physical education are, respectively, N (70, 400), N (75, 225),
N (80, 400), N (75, 400), and N (85, 100). Write an algorithm to approximate by simu-
lation the probability that the median of the grades of a randomly selected student taking
these five courses is at least 75.

Solution: LetX(1), X(2), X(3), X(4), andX(5) be the grades of the randomly selected
student in calculus, statistics, music, computer programming, and physical education, re-
spectively. Let X be the median of these grades. We will simulate X(1) through X(5),
n times. Each time we calculate X by sorting X(1), X(2), X(3), X(4), and X(5) and
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lettingX = X(3). Then we check to see if X is at least 75. In all these n simulations, let
m be the total number of X’s that are at least 75; m/n is the desired approximation. An
algorithm follows.

STEP

1: Set m = 0.
2: Do steps 3 to 12 n times.
3: Generate X(1) ∼ N (70, 400).
4: Generate X(2) ∼ N (75, 225).
5: Generate X(3) ∼ N (80, 400).
6: Generate X(4) ∼ N (75, 400).
7: Generate X(5) ∼ N (85, 100).
8: Do steps 9 and 10 for L = 1 to 3.
9: Do step 10 for j = 1 to 5-L.

10: If X(j)> X(j + 1), then
Set K = X(j + 1);
Set X(j + 1) = X(j);
Set X(j) = K .

11: Set X = X(3).
12: If X ≥ 75, set m = m+ 1.
13: Set p = m/n.

14: Output (p).
STOP �

EXERCISES

1. Let X be a random variable with distribution function

F (x) =

⎧⎪⎨
⎪⎩
x − 3
x − 2

if x ≥ 3

0 elsewhere.

Develop a method to simulateX .

2. Explain how a random variable X with the following probability density function
can be simulated:

f(x) = e−2|x|, −∞ < x < +∞.

3. Explain a procedure for simulation of lognormal random variables. A random vari-
able X is called lognormal with parameters μ and σ 2 if lnX ∼ N (μ, σ2)

4. Use the result of Example 11.11 of the book to explain how a gamma random variable
with parameters (n/2, 1/2), n being a positive integer, can be simulated.
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5. It can be shown that the median of (2n+1) random numbers from the interval (0, 1)
is a beta random variable with parameters (n+1, n+1). Use this property to simulate
a beta random variable with parameters (n+ 1, n+ 1), n being a positive integer.

6. Suppose that in a community the distributions of the heights of men and women,
in centimeters, are N (173, 40) and N (160, 20), respectively. Write an algorithm to
calculate by simulation the approximate value of the probability that (a) a wife is
taller than her husband; (b) a husband is at least 10 centimeters taller than his wife.

7. Mr. Jones is at a train station, waiting to make a phone call. There are two public
telephone booths next to each other and occupied by two persons, say A and B.
If the duration of each telephone call is an exponential random variable with λ =
1/8, using simulation, approximate the probability that among Mr. Jones,A, and B,
Mr. Jones is not the last person to finish his call.

8. The distributions of students’ grades for probability and calculus at a certain uni-
versity are, respectively, N (65, 400) and N (72, 450). Dr. Olwell teaches a calculus
class with 28 and a probability class with 22 students. Write an algorithm to simu-
late the probability that the difference between the averages of the final grades of the
classes of Dr. Olwell is at least 2.
Hint: Note that if X1, X2, . . . , Xn are all N (μ, σ2), then

X̄ =
X1 +X2 + · · ·+Xn

n
∼ N

(
μ,
σ2

n

)
.
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13E MONTE CARLO METHOD

As explained in Section 8.1 of the book, if S is a subset of the plane with areaA(S) andR is
a subset of S with area A(R), the probability that a random point from S falls inR is equal
to A(R)/A(S). This important fact gives an excellent algorithm, called the Monte Carlo
method, for finding the area under a bounded curve y = f(x) by simulation. Suppose that
we want to estimate I, the area under y = f(x), from x = a to x = b of Figure 13a. To do
so, we first construct a rectangle [a, b]× [0, d] that includes the region under y = f(x) from
a to b as a subset. Then for a large integer n, we choose n random points from [a, b]× [0, d]
and count m, the number of those that lie below the curve y = f(x). Now the probability
that a random point from [a, b]× [0, d] is under the curve y = f(x) is approximatelym/n.
Thus

m

n
≈ area under f(x) from a to b

area of the rectangle [a, b]× [0, d]
=

I

(b− a)(d− 0)
=

I

(b− a)d
,

and hence I ≈ md(b− a)/n.

x

y

y = f (x)

a b

d

0

_______

Figure 13a Area under f to be calculated, using the Monte Carlo method.

This method of simulation was introduced by the Hungarian-born American mathe-
matician John von Neumann (1903–1957), and Stanislaw Ulam (1909–1984). They used
it during World War II to study the extent that neutrons can travel through various materi-
als. Since their studies were classified, von Neumann gave it the code name Monte Carlo
method. An algorithm for this procedure is as follows.

STEP

1: Set m = 0;
2: Set i = 1;
3: While i ≤ n, do steps 4 to 6.
4: Generate a random number x from [a, b].
5: Generate a random number y from [0, d].
6: If y < f(x), then

Set i = i+ 1;
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Set m = m+ 1;
else

Set i = i+ 1.
7: Set I =

[
md(b− a)

]
/n.

8: Output (I).
STOP �

Example 13j (Buffon’s Needle Problem Revisited) In Example 8.15 of the book,
we explained one of the most interesting problems of geometric probability, Buffon’s nee-
dle problem: A plane is ruled with parallel lines a distance d apart. If a needle of length
�, � < d, is tossed at random onto the plane, then the probability that the needle intersects
one of the parallel lines is 2�/πd. This formula has been used throughout the history of
probability to determine approximate values for π. For fixed and predetermined values of d
and �, � < d, rule a plane with parallel lines a distant d apart, and toss a needle of length �,
n times; then count m, the number of times that the needle intersects a line. Then m/n de-
termines an approximate value for the probability that the needle intersects a line, provided
that n is a large number. Thus 2 �/πd ≈ m/n and hence π ≈ 2 n�/md. In 1850, Rudolf
Wolf, a Swiss scientist, conducted such an experiment. With 5000 tosses of a needle he got
3.1596 for π. In 1855, another mathematician, Smith, did the same experiment with 3204
tosses and got 3.1553. In 1860, De Morgan repeated the experiment; with 600 tosses he
got 3.137 for π. In 1894 and 1901, Fox and Lazzarini conducted similar experiments; with
1120 and 3408 tosses, respectively, they got the values 3.1419 and 3.1415929. It should
be noted that the latter results are subject to skepticism, because it can be shown that the
probability of getting such close approximations to π for such low numbers of tosses of a
needle is extremely small. For details, see N. T. Gridgeman’s paper “Geometric Probability
and Number π,” Scripta Mathematika, 1960, Volume 25, Number 3.

To find more accurate estimates for π, using the result of Buffon’s needle problem, we
may use the Monte Carlo procedure. As we explained in Example 8.15 of the book, every
time that the needle is tossed, a point (Θ, X) is selected from the square [0, π]× [0, d/2],
and the needle intersects the line if and only if X/ sinΘ < �/2. Therefore, if for a large
number n, we select n random points from the square [0, π] × [0, d/2] and find m, the
number of those that fall below the curve x = (�/2) sinθ (see Figure 13b), then m/n is
approximately the probability that the needle intersects a line; that is,m/n ≈ 2 �/πd,which
gives π ≈ 2 n�/md. �
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x

__________` /2

Figure 13b The curve x = (�/2) sin θ.

EXERCISES

1. Three concentric circles of radii 2, 3, and 4 are the boundaries of regions that form
a circular target. If a person fires a shot at random at the target, use simulation to
approximate the probability that the bullet lands in the middle region.
Hint: To simulate a random point located inside a circle of radius r centered at
the origin, choose random points (X, Y ) inside the square [−r, r]× [−r, r] until you
obtain one that satisfiesX 2 + Y 2 < r2.

2. Using Monte Carlo procedure, write a program to estimate

Φ(3)− Φ(−1) =
∫ 3

−1

1√
2π
e−x2/2 dx.

Then run your program for n = 10, 000 and compare the answer with that obtained
from Tables 1 and 2 of the Appendix.

3. In Buffon’s needle problem, let � = 1 and d = 2, and use Monte Carlo procedure
to estimate π with n = 10, 000. Then do the same for � = 1 and d = 3/2, then for
� = 1 and d = 5/4.


