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SYMBOLIC REPRESENTATION OF GENERAL AL-
TERNATING WAVES AND OF DOUBLE

FREQUENCY VECTOR PRODUCTS.

BY CHARLES PROTEUS STEINMETZ.

PART 1.

a. Graphically alternating currents and E. M. F.'s are usually
represelnted by vectors. A vector is a quantity having length
and direction. The length represents the intensity, the direction
the phase of the alternating wave. The vectors generally issue
from the center of co-ordinates.

In the topographical method, however, which is more conven-
ient for complex nietworks, as interlinked polyphase circuits, the
alternating wave is represented by the straight line between two
points, these points representing the absolute values of potential
(with regard to anv reference point chosen as co-ordinate center)
and their connection the difference of potential, in phase and in-
tensity. Algebraically these vectors are represented by complex
quantities. The impedance, admittance, etc., of the circuit is a
complex quantity also, In symbolic denotation.
Thus current, E. M. F.S impedanee and admittance are related

by muultiplication and division of complex quantities similar as
current, E. M. F., resistance and conductance are related by
Ohm's law in direct current circuiits.

In direct current circuits, power is the product of current into
E. M. F. In alternating current circuits, if .

E= '+jei
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The product:

Po0= El (el i ell ill) +± (ell1 + elIt11)
is not the power, that is multiplication and divisioni which are
correct in the inter-relatioll of current, E. M. F., impedance, do
not give a correct result in the inter-relatiorn of E. M. F., current
power. The reason is that E I are vectors of the same fre-
quency, and Z a constant numerical factor which thus does not
change the frequency.
The power P, however, is of double frequency eompared with

E and 1; and thus cannot be represented by a vector in the same
diagram with -L and 1.
PO EI is a quantity of the same frequency with E and I

and thus cannot represent the power.
h. Since the power is a quantity of double frequency of Eand

I, and thus the phase angle (c in E and I corresponds to a phase
angle 2 w in the power, it is of interest to investigate the pro-
duct EJ formed by doubling the phase angle.

Algebraically it is:

P= E I ( +j e)(i +j P)=

(el xl +f2 eli ill) + (j eiil + e1j i1l)
Sincej2 = - 1, that is 1800 rotation for E and I, for the double
frequency vector, P, j2 + 1, or 3600 rotation, and

jx1=j

1 XJ= -

Hence, substituting these values, it is:

P = [E I] = (el P1 + e1l ill) *j-j (e'1 t1 - e' i'1)

The symbol [El] here denotes the transfer from the fre-
quency of E and 1 to the double frequentcy of P.
The product: P_ [EI] consists of two components; the

real comiiponent:
P' = [El]' = (e' -4 ill)

and the imaginary component:

j P! =j [El]i =j (e"i - 6l i")
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The component:

pi = [EI]' = (el + e"i l1)
is the power of the circuit - E I cos (E I)

The component:

Pi = [E ]J (el' it - el il)
is what may be called the "swattless power," or the power]ess or
quadrature volt-amperes of the circuit, - E I sin (E 1).
The real component will be distinguiished by the index 1, the

imaginiary or wattless comiponent by the index j.
By introdu,ing this symbolism, the power of an alternating

circuit can be represented in the same way as in the direct cur-
rent circuit, as the symbolic product of currenit and E.MJF.

Just as the symbolic expression of current and E.M.F. as coin-
plex quantity does not only give the mere intensity, but also
tlhe phase:

E et +j e1'

2 2
E '\/e'+ dl

tan 5o =

,so the double frequiency vector product P [i 1] denotes
more than the mnere power, by giving with its two coulponents
P' = [E 1J] and Pi - [E 1 ]i the true energy volt-aimiperes, and
the wattless volt-amperes.

If:

- ~~E= et +j e"

:I - i +j i11

-thus

2 2
I =Veij + el

it is:
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pl~~ ~~~itEll_e , + ell 'l

= [EI]i = (el1li'e'i)
and:

2 2 2 2 2 2 2 2 2 2

2 2 2 2
-(e'+ e11) (jl + )

(E I)2

where Q = total volt-amperes of circuit.
That is:
The true power Pl and the wattless power PJ are the two

rectangular components of the total apparent power Q of the
circuit.
Herefrom it follows:
In symbolic representation as double frequency vector pro-

ducts, powers can be combined and resolved by the parallelogram
of vectors just as currents and E.M.F.'S in graphical or symbolic
represenWation.
Hereby the graphical methods of treatment of alternating cur-

rent phenomena are extended to inelude double frequency
quantities, as power, torque, etc.

It is:
pi

= p = cos w = lpower factor.
Q
pj q - sinwa = inductance factor
Q

of the circuit, and the general expresslon of power is:

P= Q(P+jq)
- Q (cos w +j sin w)

(G.) The introduction of the double frequency vector product
P = [E I] brings us outside of the liimits of algebra, however,
and the commatative principle of algebra: a x b b x a, does
not apply any more, but it is:

[El] unlike [I E]
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[El] = [El]' +j [EI]
[IE] = [IE]' +j [IE]3

_ [El]'-j [EI]i
it is:

[El]' = [IE]

[El ]J =- [E ]j
that is, the imaginary component reverses its sign by the inter-
change of factors.
The plhysical meaning hereof is : if the wattless power [EI_J

is lagging with regard to E, it is leading with regard to 1.
The wattless component of power is absent, or the total appar-

ent power is true power, if:

[ElI]3 = (e"l i' _ et til) -O0.
that is:

11t *11
e _ i

or:

tan (E) =tan (1),

that is, E and Iare in phase or ini opposition.
The true power is absent, or the total apparent power wattless,

if:

: [El] - (el il + elil) -

that is:

11l ,1

or:
tan E= -cot I

that is, E and I are in quadrature.
The wattless power is lagginig (with regard to E, or leading

with regard to I) if:

[E]i > 0
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and leading if:

[E Iji < 0

The, true power is necative, that is, power returns, if:

[EI]' < 0

It is:

[E --1] [-EI] =-[EI]
[- ,-I] + [E1]

that is, when representing the power of a circuit or a part of a
circuit, cuLrrent and E.M.F. must be considered in their proper
relative phases, but their phase relation with the remaining part
of the circuit is immaterial.

((I.) If
P1 [E1J1], P2 [E212 ....J [E. I.]

are the symbolic expressionis of the power of the different parts
of a circuit or network of circuits, the total power of the whole
circuit or network of circuits is:

P=P +P+.... + Pn
and it is:

p =Pl' +P2 + +Pn1

P=Pli + P2i + + Pn,

In other words the total power in symibolic expression (true as
well as wattless) of a circuit or system is the sum of the powers
of its in-dividual components, in symbolic expression.
The first equation is obviously directly a, resuilt from the law of

coniservation of energy.
One result derived herefrom is for instance:
If in a generator supplying power to a system the current is

out of phase with the E.M.F. so as to give the wattless power Pi,
the current can be brought into phase with the generator E.M.F.,
or the load on the generator made non-inductive by inserting
anywhere in the circuit an apparatus producinig the wattless
power - P that is, compensation for wattless eLcrrents in a sys-
tem takes place regardless of the location of the compensating
device.
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Obviously between the compensating device and the source of
wattless currents to be compensated for, wattless currents will
flow, and for this reason it may be advisable to bring the com-
pensator as near as possible to the cir'cuit to be compensated.

(e.) Like power, torque is a double frequency vector product
also, of magnetism and M.M.F. or current, and thus can be treated
in the saine way.

In an induction motor, the torque is the product of the mag-
netic flux in one direction into the component of secondary in-
duced current in plhase with thel nagnetic flux in time. but in
quiadrature position therewith in space, times the number of turns
of this current, or since the induced E.M.F. is in quadrature and
proportional to the magnetic flux and the numnber of turns, the
torque of the induction motor is the product of the induced E.M.F.
into the compoilent of secondary current in quadrature therewith
in time and space, or the product of the induced current into the
component of induced E.M.F. in quadrature therewith in time and
space.

Thus, if:
EE e1 +l e11 = induced E.M.F. in one direction in space.

I = it + j1" = secondary current in the quadrature direction
in space,
the torque is:

T= [Fili =ell l -e1 i'.

By this equation the torque is given in watts, the meaning be-
ingifl that T = [EIj is the power which -would be exerted by
tlhe torque at synehronous speed, or the torque in synchronous
watts.
The torque proper is then

T
2 w _Y

where:
p numnber of pairs of poles of the motor.

Numerous instances of the the application of this are given in
my previous paper il the single-plhase induction inotor.

As a further instance,ewe may consider the case of two poly-
phase in(luction motors in concateniation; t-hat is, two equal in-
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duction mnotors in wlhich the secondary of the first motor is
closed by the primary of the seconid motor, the motors being
meehanically connected so as to run at the same speed.

in this case let:

NV_. frequency of main circuit,
8 _ slip of the first motor from synchronism.

the frequency induced in the secondary of the first motor and
thus impressed upon the primary of the second motor is, 8 -N.

Th'e speed of the first motor is (1 -s) N, thus the slip of the
second motor or the frequency induced in its seconcdary is

- sN-(1-) N = (28 1)N.
Let:
e = counter E.M.F. induced in the secondarv of the second

motor, reduced to full frequency.

ZO = ro-j x0 = primary self-inductive impedance.

z= -j xi = secondary self-inductive impedance.

Y = g + j 6 = primary excitinag admittance of each motor
all reduced to full frequency and to the primary by the ratio of
turns.

It is then:
Second motor:

secondary induced E.M.F.:
e (2 s 1)

secondary current:

I1= r-j(e(s28-1_ ) ) $ =e6 (ai +j a2)r1 -j (2 8 1) x,
where:

= (2 s-1) ri (2 s-1)2 xj
ri2 + (28 1)2X12 a2 r 12 + (2 s-1)2w12

primary exciting acurrent

- lo e (g +j 6)

thus total primary current:

12- -I1 +Jo_e (l+,+j b2)
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where:

b1= a1+g b a2+b
primary induced E.M.F.:

s e

primary imnpedance voltage:

12 'ro j 8 x0)
thus, primary impressed E.M.F.:

E2= s e + 12 (ro- s xo) = e (c +j 2)
where:

el 8 +reb 1 +8XO b2 c2=r. b2-sXo bl

:First motor:
secondary current:

12-e(t+jb2
secondary induced E.M.F.:

E3= E2 + 12 (r1 -JSr) -= e (d1 + d2)
where:

di= e1+ r b1+s 1,b2 d2 =C2 +r1 b2-Sx 11
primary induced E.M.F.:

E _F _ (fl+ jf2)

where:

fdl

primary exclting current:

14 =E4 (g'+b)
total primiiary current

I-12 -14 =e (l +j2)
* At 8 = 0 these termsf1 andf2 become indefinite, and thus at and very near

synchronism have to be derived by substituting the -complete expressions for
f1 andf2.
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where:

gi =i6 + g f bf2 q2 b2 + f2 +bfl
primary imnpedance voltage:

I (ro - x)
thus, primary impressed E.M.F.:

EO E4 +J (rO j 0) =e (hA +j A2)
where:

hA f, + rO q1 + X0 g2 h2 +f24 ro g --z0 g1

or, absolute:

e0 = e V/1L2 + h2
and:

e= eo
-/h12 + h22

Substituting now this value of e in the precedin-g gives the
values of the currents and E.M.F.'8 in the different circuits of the
motor series.

In the polyphase induction motor, the induced E.M.F. in
qluadrature iu space to the induced E.M.F., Eis:

jE.

Thus, in the second motor, the torque is:

T2 [je 1J]J [e 11] = ea

hence, its power output:

P3 S) 2 (1- ) e2 a

The power input is:

P2= [A2I2] = [E2 I21 +jA[2I2]'
62 [(l + jC2) (b+lj b2)]

hence, the efficiency:

P3 - (t--s)e2a - (1- )a1
P21 [E2 121' cl b,±+C 62
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the power factor:

P21 el[Ebl], + C2 b2
2 ½2 12 b(c, + o,) (6 -+ 1)2)

etc.
In the first motor:

the torque is:

1' = [FJ4 '2] = ea [(i +Jf2) (6b +,j b2)]
=, e'4(f,'6, f t6

Ie2 bil + /2 b2)
the power output:

P4 - 1 (1-8)

= eV(1-s) (f 761+f 62)
the power input:

PI = [1o I] = e2 [(hl +HA2) (.yl + i2)]

= [Eo 1J]' +i [Eo.J]
Thus the efficiency:

P4 _ (L-s)(f 1 +f2 2)
lL I] -[EF '2]1 (h gl -A+A2 2) -(c bl + cb )

the power factor of the whole system:

P, h1 ql + b2 q2
Eo I i/(,2 +Ah2A) ( 2)

the power factor of the first motor:

______P2 (At I -+ h2 g,) -(c, bl + 02 b2)
kO I - 2 12 =<(A1- A,l) (g,2+ a2)-2 2 +- C,2) (b,2 +26)
the total effieiency of the syster:

PJ +Ps= (1 8) (fl + bl+f,26 + a,)
[E,oJ] h2 ql + h2 '2

etc.
As instance are given in Fig. 1. the curves of total torque, of
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torque of the second motor, and of current, for the range of slip
from 8 = + 1.5 to 8 = .7 for a pair of induction motors in
concatenation, of the constants:

Zo=Z1=-.l3j

Y = .01 + .1

FIG. 2 gives the curves of total torque and of current, from
test of a motor of similar constants, for the range from

8 + 1 tos8 0.

TORQUE SYNCHR NOUS1

-

- - -_S 4600--- - -

-61000- -_ p - - - -__o % ____ _ _ __

-8400- --

---1 ----- -
SIIP% OF, S CHRONISM /

L414 1,!3 1 2 1651I I4 1_2_ _3_ _ ,__ A

FIG. 1. Concatenation of Induction Motors. Speed Curves.

Z=.i--ij Y=.O1+.lj

As seen, there are two ranges of positive torque for -the whole
system, one below half synchronism, and one from about .3 to
full synchronlism, and two ranges of negative torque, or generator
action of the motor, from half to two-third synchronism, and
above full synchronism.
With higher resistance in the secondary of the second motor,

the second range of positive torque of the system disappears
more or less and the torque curves become as shown in Fig. 3.
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PART II.

(a.) The vector representation:

A = a', +j al =a (cos a + jsin a)
of the alternating wave:

A = (0 cos -a)
applies to the sine wave only.

TRUE LBS.

-1-
-207~~~~~~~~-

-230- -

-30 _ tt a-

O___ 1 SL P0P' SYNNCHRO SM,.

-I-B - 5 -1200-llO.-

.~~~~~ 1

The general alternating wave, however, contains an infinite
series o:f terms, of odd frequencies:

A=l os - a,)+A, cos (3y 3)A, cos(5 Da5 l

thus can not directly be represented by one complex imaginary
vector quantity.
The repjlacement. of the general wave, by it's equivalen-t slille
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wave, that is a sine wave 6f equal effective intensity and equal
power, while suffieiently accurate in many cases, completely fails,
in other cases, especially in circuits containing capacity, or in eir-
cuits containing periodically (and in synchronism with the wave)>
varying resistance or reactance (as alternating arcs, reaction ma-
chinues, synchronous irnduction motors, oversaturated mnagnetice
circuits etc.)

Since however, the individual harmonics of the general alter-

D
0

I

0

-6000 j r-

-2000- _ / 1 >

-4000 -_

-6000-

-8 00

F0 3. Concatenation of Induction Motors Speed C-res.
Z-.1- -.3j Y=-.01 + -j

Res. in Secondary of Secon}d Motor.

iiating wave are independent of each other, that is,. all products,
of different harmonies vanisb, each term can be represented by a,

complex symlbol, and the3 equatio-ns of the general wave then are
the resultants of those of the individual harmonies.

This can be represented synibolically, by coIBbiiil}g in o'ne
formula s mboliG represe-ntation;s of different frequeneiesn thus:

y~~~~~~~~~~~~~~~~~~~~C
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A = 22n-1 (aXIII + jn anll)

where:

j/n=

and the index of thejn merely denotes that the j's of different in-
dices n, while algebraically identical, physically represent differ-
ent frequencies, and thus can not be combined.
The general wave of E.M.F. is thus represented by:

E = 2n-1 (enl + jn enll)

the general wave of current by:

_~I = 22n-1 (jl + inil)

If:
=, r-( +X+ )Z1-X0j v2M + lo, + Xc)

is the impedance of the fundamental harmonic, where:
Xa is that part of the reactance which is proportional to the fre-

queney (inductance, etc.)
x0 is that part of the reactance which is independent of the fre-

quency (mutual induction, synchronous motion, etc.)
e is that part of the reactance which is inverse proportional to

the frequency (capacity, ete).
the impedance for the nth harmonic is

Z-=r- (n rn+ xo+ j)

This term can be considered as the general symbolic expression
of theimpedance of a circuit of general wave shape.
Ohm's law, in symbolic expression, assumes for the general

alternating wave the form

I=- or:

22-I (in' Hj1ni") = '2n- e
1* 1 f-,n(flSm+Xo + c)
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E- IZor:

22n-I (e11' +Jn en")= 2n-1 r-n(nxm+O+)I inl+jn±inll)
1 1

ZEorOr
I~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
Z = r1 - jn(fnm + xo + n) Cn ±Jn $n

n n +in
The symbols of multiplication and division of the terms E, I, Z,

thus represent not algebraic operation, but multiplication anTd di-
vision of corresponding terms of L 1, Z, that is terms of the
same index n, or, in algebraic multiplication and division of the
series E, I, all compound terms, that is terms containing two
different n, vanish.

(b.) The effective value of the general wave:

a=A1 cos (r-a,)+A3 cos (3 (o-a3)+A5 COS (5 D-a,)+..

is the square root of the sum of mean squares of individual har-
monics:

A= t A,2 + A,2 + A2 ...

since, as discussed above, the compound terms, of two different
indices n, vanish, the absolute val:ue of the general alternating
wave:

A z= In-i 6tna + jn an'l
1 bnl +jn -bn"

la, ~ ~ ~ ~ ~ ~ ~ ~ ~ 1 .St'
is thfus: ;9 ;;

/ 2 2

A = 1\/32n-1an2 + Un

1 bnl lbnll

which offers an easy means of reduction from symbolic to abso-
lute values.

Thus, the absolute value of the E.M.F.
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* O~~~~~00

E = 22n-1 (en1 + jn enl')

is :
~~n n

E = /V"2n-1 (ens + en11)

the absolute value of the current:

1 2n-1 (inl +jn inll)
1

is :

2 2

I = '/ '2n- (i.n' + jall )
..

(c.) The double frequency p-ower- (torque, etc.) equation of
the general alternating wave has the same symbolic expression as
with the sine wave:

P [EI]

p +ij p

=[E 1]1 +j [EI]

22n-1 (en'ni1 + en"iin11) + 22n-1 jn(en"in'-eninII)
1 1

where:

pl = [E J]1 = 22n-i (e6n 'nl + enll in11)

Pj =[El ]' _ 22n-1 Jn (e,.i n en jll)

Thein enters under the summation sign of the "wattless
power Pi, so thatthe *vattless powers of the different harmonics
en not be algebraically added.
Thus:



286 STEINMIETZ ON SYJBOLLC REPRESENTATION [June 26,

The total "true power" of a general alternating current cir-
cuit is the algebraic sum of the powers of the individual harmo-
nies.
The total "1 wattless power " of a general alternating current

circuit is not the algebraic, but the absolute sum of the wattless
powers of the individual harmonics.

Thus, regarding the wattless power as a whole, in the general
alternating cireuit no distinction canl be made between lead aind
lag, since some harmonics may be leading, others lagging.
The apparent power, or total volt-amperes, of the circuit is:

/ 0X 2 2 r 2 2
Q = E I A/ 22n-1 (e.1 +ee111 )22n-1 (nl +inII)

1 1

The power factor of the circuit is:

pl 2~~~2n-1 (enl in' t e"lli 1n1)
1 Q /\/~~2n-1 (enl enl) 2_( 1+,ij

The term 'inductance factor" however, has no meaning any
more, si-nee the wattless powers of the different harmoniics are
not directly eomnparable.
The quanltity:

:as . .-
. wattless powerllas no physical signficanee, and is not o a

: ~~~total appareiit power

The term:
pj-
E I

= 22n ee n i niD - e,1i 1

1 E I

= 2n-1 qu

where:

en 1 inl el 11
qn =
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consists of a series of inductance factors qn of the individual
harmonies.
As a rule,

p2+ q <1

for the general alterniating wave, that is g differs from
2q0=

The complex quantity:

u- P-[1E] E[EI]+j[E ]j
k El El

222-I (e i 1 + e "1 inll) + 22n-t jn ("OR eni
\, 2n-1 (d1 + enI )e n22n-1 ( In + 'n111

=p + 22n-I in} n

takes in the circuit of the general alternating wave the same po-
sition as power factor and inductance factor with the sine
wave.

U = may be called the 'circuit factor."
Q

It consists of a real term p, the power factor, and a series of
;iaginary terms j q'n the inductance factors of the inidividual
lharrnonics.
The absolute value of the circuit factor:

/ O

= \/p2 + ( 2n-1 q1)2

,as a rule, is < 1.
Some applications of this symbolism will explain its mechanism

and its usefulness muore fully.

lst Instance: Let the E.M.F.:

5

E-=~22n-1 (en' + jn enll)
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be impressed upon a circuit of the imnpedance:

that is, containing resistance r, inductive reactance xm and ca-
pacity reactance x$ in series.

Let:

el1 720 e11 -- 540
1-_1283 e311 =-283
e1 -- 104 e51' = 138

or:
e1 = 900 tan o1 = .75
e3= 400 tan 3 =-1
e5 173 tan t)5 -1.33

It is thus in symbolic expression:
Zi-10+80 ,1 z1-80.6
Z3- 10 10

Z5=10 ---32)5 z5= 33.5
and, E.M.F.:
E (720 + 540j)) + (283-283)j) + (- 104 + 138)5)

or absolute:
E 1000

and current:

E= 720 + 540j, + 283-283j3 +-104 + 138)
/ 10 + 80 ji 10 10- 32)5

= (7.76- 8.04 j) + (28.3-28.3)3) + (-4.86-1.73j5)
or, absolute:

I 41.85

of which is of fundamental frequency: Il = 11.15
triple 3 = 40

"' " " " quintuple 5t= 5.1T
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The total apparent power of the circuit is:

Q = E I _41,850

The true power of the circuit is:

IP = [EI]' = 1240 + 16,000 + 270

= 17,510

the wattless power:

jPj _ j [EIV = 10,000 ji - 850 j5
thus, the total power:

P =17,510 +lO,OOOji 850)j
That is, the wattless power of the first harmonic is leading

that of the third harmonic zero, and that of the fifth harmonic
lagging.

-17,510 - I r as obvious.

The circuit factor is:

U_ P_ ][l]
Q EI

.418 + .239j- .0203j5
or, absolute:

== 4/.4182 + .25932

.492

The power factor is:

p=_ .418

The inductance factor of the first harmonic is: _ .239,
that of the third harmonic q3 = 0, and of the fifth harmonic q5

-.0203.
Considering the waves as replaced by their equivalent sine

waves, from the sine wave formula:

p +2q
the inductance factor would be:

qo = .914



290 STEIN3IETZ ON SYMBOLIC REPRESEATATION [June 26,

and the phase angle:

ta-n to = 2° _ *9 = 2.S cvto 65.40
P .418 ' =

giving apparently a very great phase displacement, while in re-
ality, of the 41.85 amperes total current, 40 amperes (the cur-
rent of the third harmonic) are in phase with their E.M.F.
We thus have here a case of a circuit with complex harmonic

waves wlich can not be represented by their equivalent sine
waves. The relative magnitudes of the different harmonics in
the wave of cuirrent and of E.M.F. differ essentially, and the cir-
,cuit has simlultaneously a very low power factor and a very low
inductanlce factor, that is a low power factor exists without cor-
responding phase displacement, the circuit factor being less
tlhan one-half.
Such circuits for instance are those including alternating arcs,

reaction maclhines, synchronous induction motors, reactances
with over-saturated maonetic circuit, high potential lines in
which the maximum difference of potential exceeds the voltage
at which brush discharges begin, etc. Such circulits can not cor-
ractly, and in many cases niot even approximately, be treated by
the theory of the equivalent sine waves, but require the symbol-
ism of the complex harmonic wave.
2nd Jnstanee: A condeniser of capacity O- 20 M.F. iS con-

nected into the circuit of a 60-cycle alternator giving a wave of
the form:

e E(cos o- .10 cos 3 -- .08 cos 5 o + .06 cos 7)

or, in symbolic expression:

E = e (11 -103 -.85 ± .067)

The synchronous impedance of the alternator is:

ZO = r40 jn xSo = jn

What is the apparent capacity C of the condenser (as calculated
fromi its terminal volts and amperes), when connected directly
with the alternator terminals, and. when connected thereto
through various amounts of resistance and inductive reactanee.
The capacity reactance of the condenser is:
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= 16 =132 ohims.
27r N co

or, in symbolic expression:

e 132.

Let:

Z,= r-n n x impedance inserted in series with the
condenser.
The total impedance of the circuit is then:

z zo +zi+jn
n

(.3 + r) - (5 + x] n

The current in the circuit is:

F

- e L3)~ 3)-.
_(.3+r)-j(x-132) (.3+r)-13(3x-29)

.08 .06

(.3+r)-j5x-14) (.3+r)-j5(x+ 16.1)_
and the E.M.F. at the condenser terminals:

E1 =j c
n

132j, 4.4j3_e
L(.3+Hr)-j(x-132) .3+r) j3(3x-29)

2.1)51+ 1.13j
(-3+r)-j5(5-_1.4) (.3+r)-j7(7x+ 16.1)

thus the appareint capacity reactance of the condenisers:

and the apparent capacity:
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1062 rN x

(a.) = 0: Resistance r irn series with the condenser. Re-
duced to absolute values, it is:

Wi2
1 .01 .0064 .0036

(.3 +r)2± 17424 (.3+r)2-+841 (.3+r)2 + 1.96 (.3+r)2+ 259
17424 + 19.4 4.4,h) 1.28

(.3+r)2+17424 (.3+r)2+ 841 (.3+r)2 + 1.96 (.3± r)2 + 259

(b.) r 0: Inductive reactance x in serics with the con-
denser. Reduced to absolute values, it is:
1 .

2

1 .01 .0064 00362__. _ +.09+(x-132)2 .09+(3x029)2±.O9+(5x_ 1.4)2 .09+(7x + 16.1)2
17424 19.4 4.45 1.28

.09+(x.--132)2 .09+ (3x-29)2 .09+(5x-1.4)2 .09+ (7x + 16.1)2

From _ are derived the values of apparenit capacity:

106
'2 7r N XI

and plotted in Fig. 4 for values of 'r and x respectively varying
from 0 to 22 ohms.
As seen, with neither additional resistance nor reactance in

series to the condenser, the apparent capacity with this generator
wave is 84 M.F., or 4.2 times the true capacity, and gradually de-
creases with increasing series resistance, to C 27.5 M.F.=
1.375 times the true capacity at r = 13.2 ohms or 1 the true
capacity reactance, with r = 132 ohms or withl an additional re-
sistance equal to the capacity reactance, C = 20.5 M. F. or only
2.5% iln excess of the true capacity Co, -and at r a CC=20.3
ME. F. or 1.5% in excess of the true capacity.
With reactance x but no additional resistance r in series, the

apparent capacity C rises from 4.2 times the true capacity at x
- 0, to a maximum of 5.03 times the true capacity or C =
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100.6 M. F. at x = .28 the conldition of resonance of the fifth
harmonic, then decreases to a minimum of 27 M. F. or 35 in ex-
cess of the true capacity, rises again to 60.2 M. F. or 3.01 times
the true capacity at x = 9.67, the condition of resonance with
the third harmonic, and finally decreases, reaching 20 M. F. or
the true capacity at x = 132 or an inductive reactance equal to
the capacity reactance, then increases again to 20.2 M.F. at x=-.

This rise and fall of the apparent capacity is within certain
limits independent of the magnitude of the higher harimonics of
the generator wave of E. M. F., but merely depends upon their
presence, and it thus follows that the true capacity of a conden-
ser cannot even approximately be determined by measuring volts
and amperes if there are anv higher harrmonics present in. the

5th HARMDNII _- - - - 10M--1- - X- - - -90
__ ------~~~~~-70-Ni->- *3rd HAR ON C

t-- -- -- -- +ii ----------

co

__RESISTIANCE 2T= ~ REACTANCEXW
2 3 4 5! 6 7 8 9 10 11 12 13 14 15 1 17 18 19 __- 1-L~ I. _- _ --

FiGe. 4. Capacity CO= 20 mf in circuit of'Generator
= E (1 - .1 - .08 + .06) of impedaince

°= .3-5 jn n with resistance r (I)
or reactance x (II) in series.

generator wave, except by inserting a very large resistance or
reactance in series to the condenser.

3rd Instance: An alternating current generator of the wave:

Eo = 2000 [Il + .123 - .235- .137]
and of synchronous impedance:

Z0=.3-5 nj
feeds over a line of impedance:

Zl = 2- 4 'njn
a synchronous motor of the -wave:
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E1 = 22550 [(cos (o +j-j sin w) + .24 (cos 3 (0 j3 sin 3 (0)]
and of synchronous impedance:

Z2 = .3 - 6 fljn
The total impedance of the system is tlhen:

Z =ZO + ZI d- Z2
= 2.6 - 15 n

thus the current:
1Eo--1E-

z

2000-2250 cos o-2250j, sin wO 240-540 cos 3ow--540j3 sin 3w
2.6-15 + 2.6-45J3

460 260
2.6 -- 75 2.6 - 105) j7

= (a,1-- a11) + (a31+j3a311) + (a5l+jjA11) + (a71+j7a7II)
where:
aj'=22.5-25.2 cos w+146 sin(o aj1=130-146costo-25.2sinw)
a31=.306-.69cos3w+11.9 sin3wj a3t'1_5.3-11.9 cos 3o)-.69 sin 3w
5=-- .213 651=-6.12
al=-.061 271AS-2.48
or, absolute:

Ist. harrmonic:
/ 2 -

a,-- A/\1 + a,

3rd. harmonic:
2 2

a3 = \a31 a311

5th. harmonic:-
a5 = 6.12

7th. harmonic:
a7 = 2.48

I = i/a,2 + a32 + a52 + al7

while the total current of higher harmonics is:
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To= a82+ a5 + a72

The true input of the synchronou-s motor is:

_/-1-0

_.4~_- / __ -t -l-24

/- -160--10 0

-30C

0 2 0 60 803 0 120__140 160_ 1 200_ 220 240 2 0 2 0

10-

-2t0-4
____-2-70

300-

.-363C1
FIG. 5. Synchronous Motor.

= (cos. G) +j, sin. w) + .24 (cos..3 c + j3 sin 3 wt.)
Operated from Generator. -

eg = 2000 (1 + .12 -.23 -.13.)
Over total impedance.
Zn 2 Szn n
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- (2250 a,' cos w+2250a"11sin w)+(540a,' cos 3w+540a31l' sin 3wo)

p 1 + psi

P='= 2250 (a,' cos Iw + a11 sin w)

is the power of the fundamental wave,

P3' 540 (a3I eos 3 w + a3" sin 3 w)
the power of the third harmonic.
The 5th and 7th harmonics do not give any power, since they

are not contained in the synchronous mnotor wave.
Substituting now different numerical values for co the phase

angle between generator E.M.F. anid syinchronous motor counter
E.M.F., corresponding valuies of the currents I 1, and the powers
P1, P,1, P3' are derived. These are plotted in Fig. 5 with the
total current I as abeissae. To each value of the total current I
correspond two values of the total power Pl, a positive value
plotted as Curve 1 -synchronous motor--and a negative value
plotted as Curve IT -- alternating current geilerator-. Curve
III gives the total current of higher frequency 10, Curve IV, the
difference between the total current and the current of funda-
nental frequency, I - a1, in percentage of the total current I,
anid V the power of the third harmonic, P,L' in percentage of the
total power PI.

Curves III, IV and V correspond to the positive or synchron-
ous motor part of the power curve PI.
As seen, the increase of current due to the higher harmonics is

small, and entirely disappears at about-.180 amperes.
The power of the third harmonic is positive, that is, adds to

the work of the synchronous motor up to about 140 amperes or
near the maximum output of the motor and then becomes
negative.

It follows herefrom that higher harmonics in the E.M.F. waves
of generators and synchronous motors do not represent a mere
waste of current, but may contribuite more or less to the output
of the motor. Thuis at 75 amriperes total current, the percentage
of increase of power due to the higher harmonic is equal to the
increase of current, or in other words the higher harmonics of
current do work with the same efficiency as the fundamental
wave.


